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Preface

In this text we present a treatise on optimization in function spaces. A concise but
thorough account of convex analysis serves as a basis for the treatment of Orlicz
spaces and Variational Calculus as a contribution to non-linear and linear functional
analysis.

As examples may serve our discussion of stability questions for families of opti-
mization problems or the equivalence of strong solvability, local uniform convexity,
and Fréchet differentiability of the convex conjugate, which do provide new insights
and open up new ways of dealing with applications.

A further contribution is a novel approach to the fundamental theorems of Varia-
tional Calculus, where pointwise (finite-dimensional) minimization of suitably con-
vexified Lagrangians w.r.t. the state variables = and z is performed simultaneously.
Convexification in this context is achieved via quadratic supplements of the La-
grangian. These supplements are constant on the restriction set and thus lead to equiv-
alent problems.

It is our aim to present an essentially self-contained book on the theory of convex
functions and convex optimization in Banach spaces. We assume that the reader is fa-
miliar with the concepts of mathematical analysis and linear algebra. Some awareness
of the principles of measure theory will turn out to be helpful.

The methods mentioned above are applied to Orlicz spaces in a twofold sense: not
only do we consider optimization and in particular norm approximation problems in
Orlicz spaces but we also use these methods to develop a complete theory of Orlicz
spaces for o-finite measures. We also employ the stability principles developed in this
text in order to establish optimality for solutions of the Euler-Lagrange equations of
certain non-convex variational problems.

Overview

In Chapter 1 we present the classical approximation theory for L! and C(T) em-
bedded into the category of Orlicz spaces. In particular we present the theorems of
Jackson (zeros of error function) and Bernstein (error estimates) and their extension
to Orlicz spaces. For differentiable (1-D) Young functions the non-linear systems of
equations that arise from linear modular and norm approximation problems are dis-
cussed. For their solution the rapidly convergent numerical methods of Chapter 4 can
be used.

Chapter 2 is devoted to Polya-type algorithms in Orlicz spaces to determine a best
Chebyshev (or L') approximation. The idea is to replace a numerically ill conditioned
problem, affected by non-uniqueness and non-differentiability, with a sequence of
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well-behaved problems. The closedness of the algorithm is already guaranteed by the
pointwise convergence of the sequence of Young functions. This is due to the stability
principles presented in Chapter 5. Convergence estimates for the corresponding se-
quence of Luxemburg norms can be gleaned from the Young functions in the discrete
and continuous case.

These estimates in turn can be utilized to regularize the Polya algorithm in order to
achieve actual convergence to a two-stage solution, a subject that is discussed within
a general framework in more detail in Chapter 5. For sequences of Young functions
with separation property the convergence of discrete approximations to the strict ap-
proximation of Rice is shown.

The last application in this chapter is of a somewhat different nature: it is well
known that many applications can be restated as linear programming problems. Semi-
infinite optimization problems are a generalization with potentially infinitely many
restrictions (for which a fairly large literature exists). We solve the problem by making
use of the stability results developed in this book: we approximate the restriction set
by a sequence of smooth restriction sets making use of the Lagrange mechanism and
the existence of Lagrange multipliers, which in turn is guaranteed by corresponding
regularity conditions.

In Chapter 3 we develop the theory of convex functions and convex sets in normed
spaces. We stress the central role of the (one-sided) directional derivative and — by
using its properties — derive necessary and sufficient conditions for minimal solutions
of convex optimization problems.

For later use we consider in particular convex functions on finite dimensional
spaces. It turns out that real-valued convex functions are already continuous, and
differentiable convex functions are already continuously differentiable. The latter fact
is used later to show that the Gateaux derivative of a continuous convex function is
already demi-continuous (a result that is used in Chapter 8§ to prove that a reflexive
and differentiable Orlicz space is already Fréchet differentiable).

We discuss the relationship between the Gateaux and Fréchet derivatives of a con-
vex function in normed spaces and give the proof of a not very well-known theorem of
Phelps on the equivalence of the continuity of the Gateaux derivative and the Fréchet
differentiability of a convex function.

Based on the Hahn—-Banach extension theorem we prove several variants of separa-
tion theorems (Mazur, Eidelheit, strict). Using these separation theorems we show the
existence of the subdifferential of a continuous convex function, and derive a number
of properties of a convex function together with its convex conjugate (in particular
Young’s equality and the theorem of Fenchel-Moreau).

The separation theorems are then used to prove the Fechel-duality theorem and —
in an unconventional way — by use of the latter theorem the existence of minimal
solutions of a convex function on a bounded convex subset of a reflexive Banach
space (theorem of Mazur—Schauder).
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The last section of this chapter is devoted to Lagrange multipliers where we show
their existence — again using the separation theorem — and the Lagrange duality theo-
rem which is used in Chapter 7 to prove the (general) Amemiya formula for the Orlicz
norm.

In Chapter 5 we turn our attention to stability principles for sequences (and fam-
ilies) of functions. We show the closedness of algorithms that are lower semi-con-
tinuously convergent. Using this result we derive stability theorems for monotone
convergence. Among the numerous applications of this result is the computation of
the right-handed derivative of the maximum norm on C(T") which in turn is used to
provide a simple proof for the famous Kolmogoroff criterion for a best Chebyshev
approximation (see Chapter 1).

Our main objective in this chapter is to consider pointwise convergent sequences of
convex functions. Based on an extension of the uniform boundedness principle of Ba-
nach, formulated originally for linear functionals, to families of convex functions, it
turns out that pointwise convergent sequences of convex functions are already contin-
uously convergent. We are thus enabled to consider sequences of convex optimization
problems ( f,,, M,,) where the functions f,, converge pointwise to f and the sets M, in
the sense of Kuratowski to M, while closedness of the algorithm is preserved. In the
finite dimensional case we can even guarantee the existence of points of accumulation,
provided that the set of minimal solutions of (f, M) is non-empty and bounded.

In the next section of this chapter we consider two-stage solutions where — un-
der certain conditions — we can guarantee the actual convergence of the sequence
of minimal solutions and characterize it. Among the methods being considered is
differentiation w.r.t. the family parameter: for example, it turns out that the best LP-
approximations converge for p — 1 to the best L'-approximation of maximal entropy.
‘Outer regularizations’ in the spirit of Tikhonov are also possible, provided that con-
vergence estimates are available.

In the final section of this chapter we show that a number of stability results for
sequences of convex functions carry over to sequences of monotone operators. If P
is a non-expansive Féjer contraction then I — P is monotone. Such operators occur in
the context of smoothing of linear programming problems where the solution of the
latter (non-smooth) problem appears as a second stage solution of the solutions of the
smooth operator sequence.

In Chapter 6 we introduce the Orlicz space L® for general measures and arbitrary
(not necessarily finite) Young functions ®. We discuss the properties and relations
of Young functions and their conjugates and investigate the structure of Orlicz spaces
equipped with the Luxemburg norm. An important subspace is provided by the clo-
sure of the space of step functions M®. It turns out that M/® = L® if and only if ®
satisfies an appropriate Ap-condition. Moreover, if ® does not satisfy a Ay-condition
then L® contains a closed subspace isomorphic to £*°, in the case of a finite not purely
atomic measure this isomorphy is even isometric. These statements are due to the the-
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orem of Lindenstrauss—Tsafriri for Orlicz sequence spaces and a theorem of Turett for
non-atomic measures. These results become important in our discussion of reflexivity
in Chapters 7 and 8.

In Chapter 7 we introduce the Orlicz norm which turns out to be equivalent to the
Luxemburg norm. Using Jensen’s integral inequality we show that norm convergence
already implies convergence in measure. We show that the convex conjugate of the
modular f® is f¥, provided that ¥ is the conjugate of the Young function ®. An
important consequence is that the modular is always lower semi-continuous. These
facts turn out to be another ingredient in proving the general Amemiya formula for
the Orlicz norm.

The main concern of this chapter is to characterize the dual space of an Orlicz space:
it turns out that for finite ® and o-finite measures we obtain (M®)* = LY, provided
that ¥ is the conjugate of ®. Reflexivity of an Orlicz space is then characterized by
an appropriate (depending on the measure) A,-condition for @ and V.

Based on the theorem of Lusin and a theorem of Krasnosielski, establishing that
the continuous functions are dense in M®, we show that, if ® and W are finite, and
T is a compact subset of R™, and ;1 the Lebesgue measure, then M® is separable,
where separability becomes important in the context of greedy algorithms and the
Ritz method (Chapter 8).

We conclude the chapter by stating and proving the general Amemiya formula for
the Orlicz norm.

Based on the results of Chapter 6 and 7 we now (in Chapter 8) turn our attention
to the geometry of Orlicz spaces. Based on more general considerations in normed
spaces we obtain for not purely atomic measures that //® is smooth if and only if ®
is differentiable. For purely atomic measures the characterization is somewhat more
complicated.

Our main objective is to characterize strong solvability of optimization problems
where convergence of the values to the optimum already implies norm convergence
of the approximations to the minimal solution. It turns out that strong solvability can
be geometrically characterized by the local uniform convexity of the corresponding
convex functional (provided that the term local uniform convexity is appropriately
defined, which we do). Moreover, we establish that in reflexive Banach spaces strong
solvability is characterized by the Fréchet differentiability of the convex conjugate,
provided that both are bounded functionals. These results are based in part on a paper
of Asplund and Rockafellar on the duality of A-differentiability and B-convexity of
conjugate pairs of convex functions, where B is the polar of A.

Before we apply these results to Orlicz spaces, we turn our attention to E-spaces in-
troduced by Fan and Glicksberg, where every weakly closed subset is approximatively
compact. A Banach space is an E-space if and only if it is reflexive, strictly convex,
and satisfies the Kadec—Klee property. In order to establish reflexivity the theorem
of James is applied. Another characterization is given by Anderson: X is an E-space
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if and only if X™* is Fréchet differentiable. The link between Fréchet differentiability
and Kadec—Klee property is then provided through the lemma of Shmulian [42].

With these tools at hand we can show that for finite not purely atomic measures
Fréchet differentiability of an Orlicz space already implies its reflexivity. The main
theorem gives in 17 equivalent statements a characterization of strong solvability, lo-
cal uniform convexity, and Fréchet differentiability of the dual, provided that L® is
reflexive. It is remarkable that all these properties can also be equivalently expressed
by the differentiability of @ or the strict convexity of W. In particular it turns out
that in Orlicz spaces the necessary conditions of strict convexity and reflexivity for an
E-space are already sufficient.

We conclude the geometrical part of this chapter by a discussion on the duality of
uniform convexity and uniform differentiability of Orlicz spaces based on a corre-
sponding theorem by Lindenstrauss. We restate a characterization by Milne of uni-
formly convex Orlicz spaces equipped with the Orlicz norm and present an example
of a reflexive Orlicz space, also due to Milne, that is not uniformly convex but (ac-
cording to our results) the square of its norm is locally uniformly convex. Following
A. Kaminska we show that uniform convexity of the Luxemburg norm is equivalent
to §-convexity of the defining Young function.

In the last section we discuss a number of underlying principles for certain classes
of applications:

 Tikhonov regularization: this method was introduced for the treatment of ill-
posed problems (of which there is a whole lot). The convergence of the method
was proved by Levitin and Polyak for uniformly convex regularizing function-
als. We show here that locally uniformly convex regularizations are sufficient
for that purpose. As we have given a complete description of local uniform
convexity in Orlicz spaces we can state such regularizing functionals explicitly.

 Ritz method: the Ritz method plays an important role in many applications (e.g.
FEM-methods). It is well known that the Ritz procedure generates a minimiz-
ing sequence. Actual convergence of the solutions on each subspace is only
achieved if the original problem is strongly solvable.

e Greedy algorithms have indeed drawn a growing attention and experienced a
rapid development in recent years (see e.g. Temlyakov). The aim is to arrive
at a ‘compressed’ representation of a function in terms of its dominating ‘fre-
quencies’. The convergence proof makes use of the Kadec—Klee property of an
E-space.

Viewing these 3 ‘applications’ at one glance it turns out that there is an inherent
relationship: local uniform convexity, strong solvability, and Kadec—Klee property are
3 facets of the same property which we have completely described in Orlicz spaces.

In the last chapter we describe an approach to variational problems, where the solu-
tions appear as pointwise (finite dimensional) minima for fixed ¢ of the supplemented
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Lagrangian. The minimization is performed simultaneously w.r.t. to both the state
variable x and z, different from Pontryagin’s maximum principle, where optimiza-
tion is done only w.r.t. the = variable. We use the idea of the Equivalent Problems
of Carathéodory employing suitable (and simple) supplements to the original mini-
mization problem. Whereas Carathéodory considers equivalent problems by use of
solutions of the Hamilton—Jacobi partial differential equations, we shall demonstrate
that quadratic supplements can be constructed, such that the supplemented Lagrangian
is convex in the vicinity of the solution. In this way, the fundamental theorems of the
Calculus of Variations are obtained. In particular, we avoid any usage of field theory.

We apply the stability principles of Chapter 5 to problems of variational calculus
and control theory. As an example, we treat the isoperimetric problem (by us referred
to as the Dido problem) as a problem of variational calculus. It turns out that the iden-
tification of the circle as a minimal solution can only be accomplished by employing
stability principles to appropriately chosen sequences of variational problems.

The principle of pointwise minimization is then applied to the detection of a smooth,
monotone trend in time series data in a parameterfree manner. In this context we also
employ a Tikhonov-type regularization.

The last part of this chapter is devoted to certain problems in optimal control, where,
to begin with, we put our focus on stability questions. In the final section we treat
a minimal time problem which turns out to be equivalent to a linear approximation in
the mean, and thus closing the circle of our journey through function spaces.

We take this opportunity to express our thanks to the staff of DeGruyter, in particu-
lar to Friederike Dittberner, for their friendly and professional cooperation throughout
the publication process.

Kiel, November 2010 Peter Kosmol
Dieter Miiller-Wichards



Contents

Preface

1 Approximation in Orlicz Spaces

1.1
1.2
1.3

1.4

1.5

Introduction . . . . . .. oL
A Brief Framework for Approximation in Orlicz Spaces . . . . . . . .
Approximationin C(T) . . . . . ... .. ... ... ... ...
1.3.1 Chebyshev Approximations in C(T") . . . . .. .. ... ...
1.3.2 Approximation in Haar Subspaces . . . . . .. .. ... ...
Discrete L®-approximations . . . . . ... ... ... ... ... ..
1.4.1 Discrete Chebyshev Approximation . . . . . ... ... ...
142 Linear L®-approximation for Finite Young Functions . . . . .
Determination of the Linear L®-approximation . . . . ... ... ..
1.5.1 System of Equations for the Coefficients . . . . . . .. .. ..
1.5.2  The Method of Karlovitz . . . . . .. ... ... .......

2 Polya Algorithms in Orlicz Spaces

2.1
2.2
2.3

24
2.5

2.6
2.7

3.1
32
33

34

The Classical Polya Algorithm . . . . . . ... ... ... ......
Generalized Polya Algorithm . . . . . . .. ... ... ... .....
Polya Algorithm for the Discrete Chebyshev Approximation . . . . .
2.3.1 The Strict Approximation as the Limit of Polya Algorithms .
2.3.2  About the Choice of the Young Functions . . . . .. ... ..
2.3.3  Numerical Execution of the Polya Algorithm . . ... .. ..
Stability of Polya Algorithms in Orlicz Spaces . . . . . . ... .. ..
Convergence Estimates and Robustness . . . . .. . ... ... ...
2.5.1 Two-Stage Optimization . . . . . . . ... .. .. ......
2.5.2 Convergence Estimates . . . . . . ... ... .........
A Polya—Remez Algorithmin C(T") . . .. ... ... ... .....
Semi-infinite Optimization Problems . . . . . . . ... ... ... ..
2.7.1  Successive Approximation of the Restriction Set . . . . . . .

Convex Sets and Convex Functions

Geometry of Convex Sets . . . . . . . .. ... ... ...
Convex Functions . . . . . . .. ... ... ...
Difference Quotient and Directional Derivative . . . . .. .. .. ..
3.3.1 Geometry of the Right-sided Directional Derivative . . . . . .
Necessary and Sufficient Optimality Conditions . . . . . . . . .. ..



Xii

Contents

3.4.1 Necessary Optimality Conditions . . . . . . ... ... ...

3.4.2 Sufficient Condition: Characterization Theorem of Convex
Optimization . . . . . . .. . ..
3.5 Continuity of Convex Functions . . . . ... ... ... .......
3.6 Fréchet Differentiability . . . ... ... ... ... ... ......
3.7 Convex Functionsin R™ . . ... ... ... ... ..........
3.8 Continuity of the Derivative . . . . . ... ... .. .. .......
3.9 Separation Theorems . . . . . . ... ... ... ... ..., .
3.10 Subgradients . . . . .. ...
3.11 Conjugate Functions . . . . . . .. ... ... ... ... ......
3.12 Theoremof Fenchel . . . . . . . ... ... ... ...........
3.13 Existence of Minimal Solutions for Convex Optimization . . . . . . .
3.14 Lagrange Multipliers . . . . . . . . . . ... ... ...

Numerical Treatment of Non-linear Equations and Optimization

Problems

4.1 NewtonMethod . . . . . . ... ... .. L

42 SecantMethods . . . . . .. ... L L

43 Global Convergence . . . . . . . . . . .
4.3.1 Damped Newton Method . . . ... ... ... .......
4.3.2 Globalization of Secant Methods for Equations . . . . . . ..
4.3.3 Secant Method for Minimization . . . . . . .. ... .....

4.4 A Matrix-free Newton Method . . . . . ... ... ... ... ....

Stability and Two-stage Optimization Problems
5.1 Lower Semi-continuous Convergence and Stability . . .. ... ...
5.1.1 Lower Semi-equicontinuity and Lower Semi-continuous
CONvergence . . . . . . .. v v v i e
5.1.2  Lower Semi-continuous Convergence and Convergence
of Epigraphs . . . . . . .. .. ... ... ..
5.2 Stability for Monotone Convergence . . . . . . . . .. ... .....
5.3 Continuous Convergence and Stability for Convex Functions . . . . .
5.3.1 Stability Theorems . . . . .. .. ... ... ... .....
54 Convex Operators . . . . . . . . oottt
5.5 Quantitative Stability Considerations in R™ . . . . . ... ... ...
5.6 Two-stage Optimization . . . . . . . . . . . . . .o
5.6.1 Second Stages and Stability for Epsilon-solutions . . . . . . .
5.7 Stability for Families of Non-linear Equations . . . . . . .. ... ..
5.7.1 Stability for Monotone Operators . . . . . . ... ... ...
5.7.2  Stability for Wider Classes of Operators . . . . . . ... ...
5.7.3 Two-stage Solutions . . . . . . ... ... ...



Contents xiii
6 Orlicz Spaces 175
6.1 YoungFunctions . . . . ... ... .. ... ... .. 175
6.2 Modular and Luxemburg Norm . . . . . . ... .. ... ... .. .. 185
6.2.1 Examples of Orlicz Spaces . . . . . ... ... ... ..... 188
6.2.2  Structure of Orlicz Spaces . . . . . .. ... ... ...... 193
6.2.3 TheAy-condition . . . . . . . .. . .. .. ... ... ..., 197
6.3 Propertiesof the Modular . . . . . .. ... ... ........... 208
6.3.1 ConvergenceinModular . . . .. ... ... ... ... .. 208
6.3.2 LevelSetsandBalls . . ... ... .............. 211
6.3.3 Boundedness of the Modular . . . . .. ... ... ...... 212
7 Orlicz Norm and Duality 214
7.1 TheOrliczNorm . ... ... ... ... .. ... . . ..... 214
7.2 Holder’sInequality . . . . ... ... ... ... ... ... 215
7.3 Lower Semi-continuity and Duality of the Modular . . . . . . .. .. 216
7.4 Jensen’s Integral Inequality and the Convergence in Measure . . . . . 220
7.5 Equivalenceofthe Norms . . . . . . . ... ... ... .. ...... 224
7.6 Duality Theorems . . . . . . . . .. . . L 227
7.7 Reflexivity . . . . . oL 233
7.8 Separability and Bases of Orlicz Spaces . . . . . ... ... ..... 234
7.8.1 Separability . . . . .. ... 234
7.82 Bases . . ... 236
7.9 Amemiya formula and OrliczNorm . . . .. ... ... ... .... 236
8 Differentiability and Convexity in Orlicz Spaces 241
8.1 Flat Convexity and Weak Differentiability . . . . .. ... ... ... 241
8.2 Flat Convexity and Gateaux Differentiability of Orlicz Spaces . 244
8.3 A-differentiability and B-convexity . . . ... ............ 247
8.4 Local Uniform Convexity, Strong Solvability and Fréchet
Differentiability of the Conjugate . . . . . . ... ... ... ..... 253
84.1 E-spaces . . . . .. ... 262
8.5 Fréchet differentiability and Local Uniform Convexity in Orlicz
Spaces . . .o e 267
8.5.1 Fréchet Differentiability of Modular and Luxemburg Norm . . 267
8.5.2  Fréchet Differentiability and Local Uniform Convexity . . . . 276
8.5.3  Fréchet Differentiability of the Orlicz Norm and Local
Uniform Convexity of the Luxemburg Norm . . . . . .. .. 278
854 Summary . . .. ... 280
8.6  Uniform Convexity and Uniform Differentiability . . . . . . . .. .. 281
8.6.1 Uniform Convexity of the OrliczNorm . . . . ... ... .. 283
8.6.2  Uniform Convexity of the Luxemburg Norm . . .. ... .. 288
8.7 Applications . . . . . ... 293



Xiv Contents
8.7.1 Regularization of Tikhonov Type . . . ... ... ... ... 294
872 RitzsMethod . . . . . ... ... oo 298
8.7.3 A Greedy Algorithm in Orlicz Space . . . . . . .. ... ... 299
9 Variational Calculus 309
9.1 Introduction . . . . . . . . .. ... 309
9.1.1 Equivalent Variational Problems . . . . . ... .. ... ... 311
9.1.2  Principle of Pointwise Minimization . . . . . . . . ... ... 312
9.1.3 Linear Supplement . . . . .. ... ... ... ... ... 313
9.2 Smoothness of Solutions . . . . . ... ... oL 316
9.3 Weak Local Minima . . . . . ... ... ... ... ... ....... 320
9.3.1 Carathéodory Minimale . . .. ... ... ... ....... 325
9.4 Strong Convexity and Strong Local Minima . . . . . ... ... ... 325
9.4.1 Strong Local Minima . . . . . .. ... ... .. ....... 330
9.5 Necessary Conditions . . . . . . .. ... ... .. ... ... 333
9.5.1 The Jacobi Equation as a Necessary Condition . . . ... .. 333
9.6 Cl-variational Problems . . . ... .................. 335
9.7 OptimalPaths . . . . ... .. ... ... ... ... 336
9.8 Stability Considerations for Variational Problems . . . . ... .. .. 337
9.8.1 Parametric Treatment of the Dido problem . . . ... .. .. 339
9.8.2 Didoproblem . . . . ... ..o 341
9.8.3 Global Optimal Paths . . . . . .. ... ... ......... 345
9.8.4  General Stability Theorems . . . . ... ... ... ..... 346
9.8.5 Dido problem with Two-dimensional Quadratic Supplement . 349
9.8.6  Stability in Orlicz-Sobolev Spaces . . . . . . ... ... ... 352
9.9 Parameter-free Approximation of Time Series Data by Monotone
Functions . . . . . . ... ... 354
9.9.1 Projection onto the Positive Cone in Sobolev Space . . . . . . 354
9.9.2 Regularization of Tikhonov-type . . . . . . . ... ... ... 357
993 ARobustVariant . . . ... ... ... 362
9.10 Optimal Control Problems . . . . . . ... ... ... .. ...... 363
9.10.1 Minimal Time Problem as a Linear L'-approximation
Problem . . . . . . ... . 365
Bibliography 371
List of Symbols 379
Index 381



Chapter 1
Approximation in Orlicz Spaces

1.1 Introduction

In the present textbook we want to treat the methods of convex optimization under
both practical and theoretical aspects. As a standard example we will consider ap-
proximation problems in Orlicz spaces, whose structure and geometry is to a large
extent determined by one-dimensional convex functions (so-called Young functions).

Convexity of a one-dimensional function f can be visualized in the following way:
if one connects two points of the graph by a chord then the chord will stay above the
graph of the function f.

This behavior can be described by Jensen’s inequality
FQs+ (1 =Nt) SAf(s) + (1= A)f(2)

forall A € [0, 1] and all s, ¢ in the interval, on which f is defined.

The function f is called strictly convex, if Jensen’s inequality for A € (0, 1) always
holds in the strict sense. If f is differentiable, then an equivalent description of con-
vexity, which is also easily visualized, is available: the tangent at an arbitrary point of
the graph always stays below the graph of f:
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This behavior can be expressed by the following inequality

f(to) + f'(to)(t —t0) < f(t) (1.1)

for all ¢, ¢y in the interval, on which f is defined. Later on we will encounter this
inequality in a more general form and environment as subgradient inequality.

A Young function @ is now defined as a non-negative, symmetric, and convex func-
tion on R with ®(0) = 0.

The problem of the approximation in the mean is well suited to serve as an illustra-
tion of the type of questions and methods, which are among the primary objectives of
this text.

The approximation in the mean appears as a natural problem in a number of appli-
cations. Among them are robust statistics (simplest example: median), where outliers
in the data have much smaller influence on the estimate than e.g. in the case of the
approximation in the square mean (simplest example: arithmetic mean). A further
application can be found in the field of time-optimal controls (see Theorem 9.10.5).

In its simplest setting the problem can be described in the following way: for a
given point x of the R™ we look for a point y in a fixed subset M of R, which
among all points of M has least distance to =, where the distance is understood in the
following sense:

m
e = ylli = 3l — wil. (1.2)
i=1

In a situation like this we will normally require that the set M is convex, i.e. the
chord connecting two arbitrary points of M has to be contained in M. We want to
visualize this problem geometrically. For this purpose we first consider the unit ball
of the || - ||;-norm in R?, and compare this to the unit balls of the Euclidean and the
maximum norm.

unit balls

We will treat the connection of these norms to the corresponding Young functions
in subsequent sections of the current and subsequent chapters, primarily under the
aspect of computing linear approximations and in Chapters 6, 7 and 8 under structural
points of view.
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The shape of the unit balls influences the solvability of the approximation prob-
lem: the fact that a ball has vertices leads to non-differentiable problems. Intervals
contained in the sphere can result in non-uniqueness of the best approximations.

The best approximation of a point x w.r.t. a convex set M can be illustrated in the
following way: the ball with center = is expanded until it touches the set M. The
common points of the corresponding sphere and the set M (the ‘tangent’ points) are
then the best approximations to be determined. It is apparent that different types of
distances may lead to different best approximations.

Example 1.1.1. Let z = (2,2) and M = {zx € R?|x; + 1, = 1} be the straight
line through the points P = (1,0) and @ = (0, 1). The set of best approximations in
the mean (i.e. w.r.t. the || - ||;-norm) is in this case the whole interval [P, )], whereas
the point (0.5,0.5) is the only best approximation w.r.t. the Euclidean norm and the
maximum norm.

The computation of a best approximation in the mean using differential calculus
creates a certain difficulty since the modulus function is not differentiable at zero.
Instead we will approximate the modulus function by differentiable Young functions.
By a suitable selection of these one-dimensional functions the geometrical properties
of the corresponding unit balls can be influenced in a favorable way. This does not
only refer to differentiability and uniqueness, but also to the numerical behavior.

In order to solve the original problem of computing the best approximation in the
mean, a sequence of approximating problems is considered, whose solutions converge
to a solution of the original problem. Each of these approximate problems is deter-
mined by a (one-dimensional) Young function. The richness of the available choices
provides the opportunity to achieve a stable behavior of the sequence of minimal so-
lutions of the approximating problems in the above sense.

In the sequel we will sketch the framework for this type of objective. The problem
of the best approximation in the mean described above will, in spite of its simple
structure, give us the opportunity to illustrate the principal phenomena.
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For this purpose we adopt a different notation.
Let @) : R — R be defined as ®y(s) := |s|, then we obtain for the problem of
approximation in the mean:

For a given = € R™ determine a point o € M, such that for all z € M
m m
Z‘Do(:ﬂi —7;) < Z‘Do(iﬂi — %). (1.3)
i=1 i=1

The function ®q is neither strictly convex nor differentiable at zero, resulting in a
negative influence on the approximation properties. If we replace the one-dimensional
function @y by approximating functions @y, where k plays the role of a parameter,
then we obtain for each £ the following approximate problem:

For given 2z € R™ determine a point v®) € M such that for all z € M
m k; m
Z@Mx,——uﬁ )) qu)k(mi—zi) (1.4)
i=1 i=1

holds. We consider a few examples of such approximating functions:
() Dy(s) = |s|'T*
(b) @p(s) =Vs2+ k% —k
() @p(s) = |s| — klog(1+ zls])
(d) Dy(s) = |s] + ks?
for k € (0, 0).
The first 3 examples represent strictly convex and everywhere differentiable func-

tions, the 4-th is strictly convex, but not differentiable at zero. The type of approxi-
mation of @y can be described in all cases by

lim ® =

lim ®y(s) = o(s)

for all s € R. The function in the 3rd example seems too complicated at first glance
but appears to be particularly well suited for numerical purposes. This is due to the

simple form of its derivative
S
/

Di(s) = k+ s

All examples have in common that for each k € (0, c0) the solution v*) is unique.

The mapping k — v(*) determines a curve in R ‘the path to the solution’ of the
original problem. If one considers this curve as a river and the set of solutions of the
original problem as a lake, then a few questions naturally arise:
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(a) Does the river flow into the lake? (Question of stability)
(b) How heavily does the river meander? (Question about numerical behavior)

(c) Does the mouth of the river form a delta? (Question about convergence to a
particular solution)

We will now raise a number of questions, which we will later on treat in a more
general framework. Does the pointwise convergence of the @y, to @ carry over to the
convergence of the solutions v(¥)? In order to establish a corresponding connection
we introduce the following functions for 0 < k < oo:

fOR™ 5 R
z Y D).
i=1

Apparently, the pointwise convergence of the one-dimensional functions @y, carries
over to the pointwise convergence of the functions f®* on R™. The stability theorems
in Chapter 5 will then yield convergence of the sequence (v*)) in the following sense:
each sequence (v#7)), oy has a convergent subsequence, whose limit is a solution of
the original problem (1.2). This behavior we denote as algorithmic closedness. If the
original problem has a unique solution o, then actual convergence is achieved

lim o™ = 5.
k—0

An implementation of the above process can be sketched in the following way: the
original problem of the best approximation in the mean is replaced by a parameter-
dependent family of approximate problems, which are numerically easier to handle.
These approximate problems, described by the functions @y, will now be chosen in
such way that rapidly convergent iteration-methods for the determination of v for
fixed k can be employed, requiring normally differentiability of the function f®*. If
a minimal solution for fixed k is determined, it is used as a starting point of the iter-
ation for the subsequent approximate problem, because it turns out that better ‘initial
guesses’ are required the more the approximating functions approach their limit. The
determination of the subsequent parameter k&’ depends on the structure of the problem
to be solved.

A process of this type we will denote as a Polya algorithm. The original application
of Polya was the computation of a best Chebyshev approximation by a process similar
to the one sketched above using the functions @), : s — |s|P (LP-approximation) for
p — oo (compare Example (a) with p = 1 + k). This application we will treat in
detail in Chapter 2 in a somewhat more general framework. In this context we can
raise the following question: under what conditions does the sequence (®y);, enforce
convergence of the whole sequence (v(k)), even if the best L!-approximations are
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not uniquely determined. The corresponding question for the continuous Chebyshev-
approximation is denoted as the Polya problem. Beyond that the question arises, how
this limit can be described. This question will be treated in Chapter 2 and — in a more
general setting — in Chapter 5 in the section on two-stage optimization.

Through an appropriate selection of Young functions the Orlicz spaces, which we
will introduce in the next section, will offer a common platform for the treatment
of modular and norm approximation problems. In this context we will adopt the
modern perception of functions as points of a vector space and obtain in this manner
a framework for geometrical methods and visualizations. A formulation in terms
of general measures will enable us to treat discrete and continuous approximation
problems in a unified manner. In particular we obtain a common characterization of
optimal solutions. For approximations of continuous functions on compact subsets of
R", in the simplest case on intervals, we merely need the Riemann integral, whereas
discrete problems can be described in terms of point measures.

In this chapter we will also treat the classical theorems of Chebyshev approximation
by Kolmogoroff, Chebyshev and de la Valleé-Poussin. In the framework of Haar
subspaces we discuss the extensions of the also classical theorems of Bernstein and
Jackson to linear approximations in Orlicz spaces. For differentiable Young functions
we investigate the non-linear systems of equations resulting from the characterization
theorem for linear approximations and supply a solution method based on iterative
computation of weighted L2-approximations. In a general setting we will discuss
rapidly convergent methods for non-linear systems of equations in Chapter 4.

The geometry of convex sets and the properties of convex functions, in particular
with respect to optimization problems, are considered in Chapter 3.

Based on the considerations about the structure of Orlicz spaces and their dual
spaces in Chapters 6 and 7, where again the properties of the corresponding Young
functions play a decisive role, we turn our attention to the geometry of Orlicz spaces
in Chapter 8. Our main interest in this context is the description of strong solvability
of optimization problems, where from convergence of the values to the optimum the
convergence of the minimizing sequence to the minimal solution already follows.
This behavior can be geometrically characterized by local uniform convexity of the
corresponding functionals, defined in Chapter 8.

Fréchet differentiability turns out to be a property, which is dual to local uniform
convexity.

Local uniform convexity and Fréchet differentiability also play a central role in
the applications discussed in the last sections of this chapter. This holds for regular-
izations of Tychonov type, where ill posed problems are replaced by a sequence of
‘regular’ optimization problems, for the Ritz method, where sequences of minimal
solutions of increasing sequences of finite-dimensional subspaces are considered, but
also for Greedy algorithms, i.e. non-linear approximations, which aim at a compressed
representation of a given function in terms of dominating basis elements.



Section 1.2 A Brief Framework for Approximation in Orlicz Spaces 7

1.2 A Brief Framework for Approximation in Orlicz
Spaces

In this section we briefly state a framework for our discussion of linear approximation
in Orlicz space. A detailed description of the structure of Orlicz spaces, its dual
spaces, its differentiability and convexity properties will be given in Chapters 6, 7
and 8.

Let (T, %, i) be an arbitrary measure space. We introduce the following relation on
the vector space of p-measurable real-valued functions defined on 7" : two functions
are called equivalent if they differ only on a set of -measure zero. Let E be the vector
space of equivalence classes (quotient space).

Let further ® : R — R be a Young function, i.e. an even, convex function with
®(0) = 0, continuous at zero and on R, continuous from the left (see Section 6.1). It
is easily seen that the set

L®(p) = {x €E

there is o > 0 with /

D(ax(t))du < oo}
te’l

is a subspace of F (see Section 6.2). By use of the Minkowski functional (see Theo-
rem 3.2.7) the corresponding Luxemburg norm is defined on L% (p):

]| (@) := inf{c>0‘/ <I)<x(t)>dlu< 1}_
teT c

In particular we obtain by choosing ®, : R — R as

0 forft| <1
oo otherwise

|x|m—inf{c>0’/ @m(x(t))dugl},
teT ¢

and the corresponding space L (u).

For the Young functions @, : R — R with ®,(¢) := [t|P one obtains the LP(u)
spaces (p > 1).

Furthermore we denote by M® (1) the closed subspace spanned by the step func-
tions of L®(u).

The modular f® : L®() — R is defined by

D (1) == {

the norm

o) = [  @x(t)du.

teT
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Remark 1.2.1. The level sets of f® are bounded, because let f®(x) < M (w.lo.g.
M > 1), then by use of the convexity of f®,

() - (e (- ) ==

hence by definition: ||z||@) < M.

In this chapter we will consider approximation problems of the following kind:

Let 7 € L®(). We look for a point in a fixed subset K of L®(y), for which the
modular f® or the Luxemburg norm || - | (@) assumes its least value among all points
uin K.

If K is convex we obtain the following characterization theorem for the modular
approximation:

Theorem 1.2.2. Let (T, %, pu) be a measure space, ® a finite Young function and K
a convex subset of L®. An element ug € K is a minimal solution of the functional f®,
if and only if for all w € K and h := u — ug we have

/ hcb;(uo)du+/ h®" (ug)du > 0.
{h>0} {h<0}

Proof. Due to the monotonicity of the difference quotient ¢ — w for all

s0,s € R (see Theorem 3.3.1) and the theorem on monotone convergence it follows
that

(f®),(z0,h) = /{h o h®', (xo)dp + /{h o h®'_(z0)dp.
> <

From the Characterization Theorem 3.4.3 we obtain the desired result. O

For linear approximations and differentiable Young functions we obtain the follow-
ing characterization:

Corollary 1.2.3. Let (T, %, i) be a measure space, ® a differentiable Young function,

and V a closed subspace of M®. Let v € M® (1) \ 'V, then the element vg € V is a
minimal solution of the functional f®(x —-) on V, if for all v € V we have

/ v®' (z — vo)du = 0.
T

An element vy € V is best approximation of x w.r.t. V in the Luxemburg norm, if for

all v € V we have
/vq,/(x—vo)du:o
T lz = voll(@)
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Proof. Set K := x — V and ug := x — vy, then the assertion follows for the mod-
ular approximation. In order to obtain the corresponding statement for the Luxem-
burg norm, let vy be a best approximation w.r.t. the Luxemburg norm, set ®;(s) :=
D( , then (see Lemma 6.2.15 together with Remark 6.2.23)

s
el

/q,l@_@duz/q,(w—v)duz/q,(H>dM:1
T T |z — v0||(<1>) T |z — U||(c1>)
:/q)](x—vo)d,u.
T

i.e. vo is a best modular approximation for f®' of z w.r.t. V.

Conversely let
/ oy (M) dj =0
T [ —wvoll(@)

hold, then vy is a minimal solution of f®!(x — -) on V, hence

/¢<H)duz/q)l(x—v)dp,>/q)1(x—vo)d,u:1
T ||=’17—U0||(<1>) T T
:/q,(x—v)du,
v \llz— vl

and thus ||z — v[|@) > [l — vol| (). =

Linear approximations are used e.g. in parametric regression analysis, in particular
in robust statistics (i.e. if @' is bounded). An example is the function

®(s) = |s| —In(1 + |s])

with the derivative @'(s) = ﬁ To the corresponding non-linear system of equa-
tions (see Equation (1.15)) the rapidly convergent algorithms of Chapter 4 can be
applied.

Further applications can be found not only in connection with Polya algorithms for
the computation of best L'- and Chebyshev approximations (see Chapter 2), but also
in Greedy algorithms.

1.3 Approximation in C(T)

Let T be a compact metric space. We consider the space C'(T) of continuous functions
on 7. Based on Borel’s o-algebra (generated from the open sets on 7") the elements of
C(T) are measurable functions. If we define a finite measure on this o-algebra then
C(T) can be considered as a subspace of L®(y).
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1.3.1 Chebyshev Approximations in C'(T')

In order to prove the criterion of Kolmogoroff for a best Chebyshev approximation
we use the right-sided directional derivative of the maximum norm (which is ob-
tained as an example in Theorem 5.2.4 for the Stability Theorem of Monotone Con-
vergence 5.2.3).

Theorem 1.3.1 (Kolmogoroff criterion). Let V' be a convex subset of C(T') and let
xeC(T)\V,v € Vand z := x — v. Let further

E(z):={teT[lz(t)] = 2]}

be the set of extreme values z of the difference function.
The element v is a best Chebyshev approximation of x w.r.t. V, if and only if no
v €V exists, such that

z(t)(v(t) —wvo(t)) >0 forallt € E(z).

Proof. Let f(z) = ||z||s and K := x — V. According to Theorem 5.2.4 and the
Characterization Theorem 3.4.3 vy is a best Chebyshev approximation of x w.r.t. V' if
and only if for all v € V' we have

fi(a = vo,v0 —v) = trenEaé){(vo(t) — o(t)) sign(x(t) — wvo(t))} = 0,

from which the assertion follows. O

Remark 1.3.2. If V' is a subspace one can replace the condition in the previous theo-
rem by: there is no v € V with z(¢t)v(t) > 0 for all ¢t € E(z) or more explicitly

v(t) >0 forte EY(2):={teT|z(t) =|z|lco}
v(t) <0 forte B (2) ={teT|z(t) = —| 2]}

As a characterization of a best linear Chebyshev approximation w.r.t. a finite-di-
mensional subspace of C'(1") we obtain

Theorem 1.3.3. Ler V' = span{vy,...,v,} be a subspace of C(T') and let © €
C(T)\ V. The element vy € V is a best Chebyshev approximation of x w.r.t. V,

if and only if there are k points {ty,...,tx} € E(x —vo) with1 <k <n+ landk
positive numbers «, . . . , g, such that for all v € V we have
k
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Proof. Let the above condition be satisfied and let Z?:l aj = 1. Set z := x — vp.
From z(tj) = ||z|| for j =1, ..., k it follows that

k k
1202 = a2 (ty) =D ajz(ty) (2(t;) — v(ty))
j=1 J=1

k
<lzlloo Yy max |2(t;) = v(t;)| < [|zllocllz = V]l
j=I

and hence ||z||oc < ||z — v]|oo = ||z — v0 — v||0o- As V is a subspace, it follows that
|z — v0]|loo < ||z — v||oo forallv € V.

Let now vy be a best Chebyshev approximation of = w.r.t. V. We consider the
mapping A : T — R", which is defined by A(t) := z(¢)(vi(t),...,v,(t)). Let
C := A(E(z)). We first show: 0 € conv(C): as a continuous image of the compact
set E(z) the set C'is also compact. The convex hull of C'is according to the theorem
of Carathéodory (see Theorem 3.1.19) the image of the compact set

n+1
Zajzl,aj>0,j:1,...,n+1}

Cn+1 % {a c ]RnJrl
j=1

. . 1
under the continuous mapping (ci, ..., ¢pt1, @) — Z;LL ajc; and hence compact.

Suppose 0 ¢ conv(C'), then due to the Strict Separation Theorem 3.9.17 there exists
a(ai,...,an) € R" such that for all £ € E(z) we have

Z a;z(t)v;(t) > 0.
i=1

For v, := >, ajv; and t € E(z) it follows that z(¢)v.(t) > 0, contradicting the
Kolmogoroff criterion, i.e. 0 € conv(C'). Due to the theorem of Carathéodory (see
Theorem 3.1.19) there exist £ numbers a;,...,ar > Owith 1 < k < n + 1 and
Z§:1 aj = 1,and k points c1, ..., ¢ € C, thus k points ¢y, ..., t, € E(z), such that

k k
0= Zajcj = Zaj(w(tj) — vo(t)) -
j=1 j=1

As vy,...,v, form a basis of V, the assertion follows. m|

Remark 1.3.4. Using the point measures d;;, j = 1,...,k and the measure p :=
Z?Zl ;¢ the above condition can also be written as

/T (2(t) — vo(6))o(£)du(t) = 0.
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As a consequence of the above theorem we obtain

Theorem 1.3.5 (Theorem of de la Vallée-Poussin I). Let V' be an n-dimensional sub-
space of C(T), let x € C(T) \ 'V, and let vy be a best Chebyshev approximation of x
w.r.t. V. Then there is a subset Ty of E(x — vy), containing not more than n+ 1 points
and for which the restriction vy|t, is a best approximation of x|g, w.r.t. V|r, i.e. for
all v € V we have

max |z(t) — vo(t)| = max |z(t) — vo(t)| < max |z(t) — v(?)].

max [2(t) = vo(t)] = max fa(t) = vo(t)| < max fa(®) = v(t)

In the subsequent discussion we want to consider L®-approximations in Cla, b].

We achieve particularly far-reaching assertions (uniqueness, behavior of zeros, error
estimates) in the case of Haar subspaces.

1.3.2 Approximation in Haar Subspaces

Definition 1.3.6. Let 7" be a set. An n-dimensional subspace V' = span{vy,...,v,}
of the vector space X of the real functions on 7' is called a Haar subspace, if every
not identically vanishing function v € V has at most n — 1 zeros in 7.

Equivalent statements to the one in the above definition are
(a) Forall {t1,...,t,} C T witht; # t; fori # j we have

U1 (tl) .. U](tn)

A

Up(t1) ... vp(tn)
(b) To n arbitrary pairwise different points ¢; € 1,7 = 1,.. ., n, there is for any set
of values s;,7 = 1,...,n,aunique v € V with v(t;) = s; fori = 1,...,n,ie.

the interpolation problem for n different points is uniquely solvable.

Proof. From the definition (a) follows, because if det(v;(t;)) = O there is a non-
trivial linear combination )" | a;z; of the rows of the matrix (v;(¢;)) yielding the
zero vector. Hence the function >, a;v; has {t1,...,t,} as zeros.

Conversely from (a) the definition follows, because let {¢,...,t,} be zeros of a
v € V withv # 0, hence v = )" | a;v; in a non-trivial representation, then we ob-
tain for these {¢1, . .., t,} a non-trivial representation of the zero-vector: » ;" | a;jz; =
0, a contradiction.

However, (a) and (b) are equivalent, because the linear system of equations

n
E ajvj(ti):si, i1=1,...,n,
J=1

has a unique solution, if and only if (a) holds. m]
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Examples for Haar subspaces:

(a) The algebraic polynomials of degree at most n form a Haar subspace of dimension
n + 1 on every real interval [a, b].

(b) The trigonometric polynomials of degree at most n form a Haar subspace of di-
mension 2n + 1 on the interval [0, 27].

(c) Let Ay,..., A\, be pairwise different real numbers, then V := span{e’\lt, cey e’\"t}
is a Haar subspace of dimension n on every interval [a, b].

In the sequel let V' be an n-dimensional Haar subspace of C'a, b].

Definition 1.3.7. The zero to of av € V is called double, if
(a) to is in the interior of [a, b]
(b) v is in a neighborhood of £y non-negative or non-positive.

In any other case the zero t( is called simple.

Lemma 1.3.8. Every not identically vanishing function v € V has — taking the mul-
tiplicity into account — at most n — 1 zeros.

Proof (see [112]). Lett; < --- < t,,, be the zeros of v on (a, b), let r be the number
of zeros at the boundary of the interval and let k& be the number of double zeros of v,
then v has — according to the definition — m — k + r simple zeros and we have:
r 4+ m < n — 1. Let further be ¢t( := a and ¢,,,+| := b, then we define

= min  max |v(¢)].
Osjsm teft)tj]

Apparently ;o > 0. Furthermore, there is a v; € V that assumes the value 0 in each
simple zero of v and in each double zero the value 1 (or —1 respectively), provided
that v is in a neighborhood of this zero non-negative (or non-positive respectively).
Let ¢ > 0 be chosen in such a way that

¢+ max |v(t)| < u,
te(a,b]

then the function v, := v — ¢ - v; has the following properties:
(a) each simple zero of v is a zero of v,

(b) each double zero of v generates two zeros of v,: to see this let £; € [¢;,¢;41] be
chosen, such that
max {v(t)] = |o(;)]
€[t t)1]

forj=0,1,...,m,then [v({;)| > p.
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Let now ¢; be a double zero of v and let v (t;) = 1, then we have

u(t;) = v(t;) — c-ui(t;) = —c
v(t;) =v(t;) —c-vi(t;) = p—c-lu(t;) >0

va(tj1) = v(lj41) — e viler) = p—c - oi(fj41)] > 0.

A corresponding result is obtained for v (t;) = —1.

For sufficiently small ¢ all these zeros of v, are different. Thus we finally obtain
r4+m-—k+2k<n-—1. O

Lemma 1.3.9. Let k < nand{t,...,tx} C (a,b). Then thereis av € V which has
precisely in these points a zero with a change of sign.

Proof. If k = n — 1, then — according to the previous lemma — the interpolation
problem v(a) = 1 and v(¢t;) = 0 fori = 1,...,n — 1 has the desired property,
because none of these zeros of v can be a double zero.
For k < n — 1 we construct a sequence of points (t;;?l, ..., t, ) — with pairwise
different components — in the open cuboid (t, b)””f’1 that converges component-
wise to b. In an analogous way as in the case & = n — 1 we now determine for

the points a,ty,...,tk, t;;r:)l, . ,tgi)l the solution v(™ = Yo agm)vi of the in-

terpolation problem v(a) = 1, v(t;) = 0 fori = 1,...,k and v(t§m)) = 0 for
i=k+1,...,n—1.

(m)

Let a := (ay,...,a,) be a point of accumulation of the sequence ||Z<m>\|’ where
al™ = (agm), . ,aW). Then 7 := )" | G;v; satisfies the requirements. O
Chebyshev’s Alternant

‘We start our discussion with

Theorem 1.3.10 (Theorem of de la Vallée-Poussin II). Let V' be an n-dimensional
Haar subspace of Cla,b] and x € Cla,b] \ V. If for a vy € V and for the points
t] < -+ < tyy in [a,b] the condition

sign(z — vo)(t;) = —sign(x — vo)(tix1) for € {1,...,n}
is satisfied, the estimate

- > min ||z — > mi t;) — vo(t;
2 = volloc = min 2~ vljoc > _min_ [o(t;) = en(t:)]

follows.
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Proof. Suppose for a v, € V we have

[ = valloo < _min (i) — vo(ti)];

1<i<n+1
then 0 # v, —vg = (z—v9)— (x—v,) and sign(vi.—vg) (¢;) = — sign(ve—wvp)(t;+1) for
i € {1,...,n} follows. Thus v, — vy has at least n zeros in [a, b], a contradiction. O

Theorem 1.3.11 (Theorem of Chebyshev). Let V' be an n-dimensional Haar sub-
space of Cla, bl and x € Cla,b]\ V. Then vy € V is a best Chebyshev approximation
of x w.rt. V, if and only if there are n + 1 points t| < -+ <t in [a,b] satisfying
the alternant condition, i.e. |x(t;) — vo(t;)| = ||x — volleo and

sign(x — vo)(t;) = — sign(z — vo) (ti+1)
forie{l,....,n}

Proof. Let vy be a best Chebyshev approximation. Due to the Characterization Theo-
rem there are k < n+1 points {¢1,...,tx} =: S C E(z—wvp) and k positive numbers
ay, ..., such that

k
Zaj(x(tj) —wvo(tj))v(t;) =0 forallv eV,
j=1

and vg|g is a best approximation of x|g w.r.t. V|s. As V is a Haar subspace, k =
n + 1 must hold, because otherwise one could interpolate x|g, contradicting the
properties of vg. We now choose 0 # © € V, having zeros in the n — 1 points
t,...,ti—1,tit2,...,tns1 (and no others). Then it follows that

ai(x(t;) —vo(ti))(t:) + civ1(z(tiv1) — vo(ti+1))0(tiv1) =0,

and signo(t;) = sign9(¢;41), because t,_1 < t; < t;41 < t;2. Conversely, if the
alternant condition is satisfied, then due to Theorem II of de la Vallée-Poussin v is a
best approximation of z w.r.t. V. |

Corollary 1.3.12. Let V' be an n-dimensional Haar subspace of Cla,b| and © €
Cla,b] \ V. Then the best Chebyshev approximation vy of © w.r.t. V is uniquely
determined and the difference function x — vy has at least n zeros.

Proof. Let v and vy be best Chebyshev approximations of x w.r.t. V. Then vy :=
%(vl + v) is also a best approximation and due to the theorem of Chebyshev there

are n + 1 points ¢} < -+ < t,4; in [a,b] with |x(¢;) — vo(t;)| = ||z — vo||leo and
sign(x — vg)(t;) = —sign(x — vo)(ti1) fori € {1,...,n}. Then we obtain
1 1
Iz = volloc 2 51(z = v1) ()] + Fl(z = v2)(t:)] 2 |(& — vo)(t:)| = Iz = volloo-
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It follows that |(z — v;)(t;)| = [|[x — volloc fori = 1,...,n+ 1 and j = 1,2.
Furthermore (z — v;)(t;) = (z — v)(t;) fori = 1,...,n + 1, because if for an
ioe{l,....n+1}

sign(((tiy) — vi1(ti)) = —sign(xz(tiy —v2(ti ),

then z(t;)) — 2 (vi(ts,) + va(tiy)) = z(ti) — vo(ti,) = 0, a contradiction. But from
(z —v)(t;) = (x —v)(t;) fori = 1,...,n + 1 it follows that vp(¢;) — vi(¢;) = 0

fori=1,...,n+ 1, thus v; = vy = v, because V is a Haar subspace.

Due to sign(x — vg)(t;) = —sign(z — vo)(ti+1) fori € {1,...,n} and |x(t;) —
vo(ti)| = ||z — vol|leo for i € {1,...,n + 1} we obtain using the continuity of x — vy
that x — vy has at least n zeros. O

Remark 1.3.13. The set {t; < -+ < t,+1} is called Chebyshev’s alternant. The
determination of a best approximation can now be reduced to the determination of
this set and one can pursue the following strategy (see Remez algorithm see [22]):
choose n + 1 points and try by exchanging points to achieve improved bounds in
the sense of the theorem of de la Valée-Poussin. This theorem then provides a stop
criterion.

Example 1.3.14 (Chebyshev Polynomials). Let P, (t) := cos(narccost) on [—1, 1].
P, is a polynomial of degree n, because from the addition theorem cos o 4 cos § =
2cos 3 (a4 f3) cos 5 (o — B) the recursion formula P, (t) = 2tP,(t) — Py—i(t)
follows, where Py(t) = 1 and Pi(t) = t for t € [—1,1]. For ¢; := cos ;- we have
P, (t;) = cosim = (—1) fori =0, 1,...,n. If we define

1
T(t) := an(t)a
then the leading coefficient of T, is equal to 1 and we have T,,(¢;) = % - (=1),
i.e. to,...,t, form a Chebyshev’s alternant for the approximation of z(t) = ¢" by

the subspace of the polynomials of degree n — 1 on [—1, 1]. The difference function
x — vy = T, has n zeros.

Uniqueness: The Theorem of Jackson in L®

According to Jackson an alternative holds for the L! approximation which is general-
ized by the following theorem (see [51]).

Theorem 1.3.15 (Jackson’s Alternative). Let @ be a finite, definite Young function
and let vo be a best f® or || - | @) approximation of x € Cla,b] \ V. Then x — vo has
at least n zeros or the measure of the zeros is positive.

If © is differentiable at O, then © — vy has at least n zeros with change of sign.
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Proof. Let at first v be a best f® approximation and let Z be the set of zeros of . —vy.
If 4(Z) = 0 then according to Theorem 1.2.2 forall h € V'

/ h®', (z — vo)dp + / h®" (x — vo)du > 0. (1.5)
{h>01\2 {h<0}\Z
If x — vo has only £ < n zeros with change of sign, say ?y,...,t,, we can due to

Lemma 1.3.9 find a v; € V such that
signv; (t) = —sign(x(t) — vo(t)) forallt € [a,b] \ Z.
As @ is symmetrical and definite, we have for s € R\ {0}
sign @’ (s) = sign®’_(s) = —sign®’, (—s) = —sign®’_(—s).

Hence for h = v; both integrands in (1.5) are negative, a contradiction.

If @ is differentiable at 0, then ®'(0) = 0 and hence also [, h®'(x — vo)dp = 0.
As x # vy and the measure is equivalent to the Lebesgue measure, we can repeat the
argument used in the first part of the proof.

Let now vg be a best || - ||«) approximation of x € Cla,b] \ V, and let ¢ :=
|z — voll(@). For ®i(s) := ®(%) apparently vy is a best f®1 approximation of z,
because for all v € V' we have

b _ b _
1:/ (I)(I UO)d,ug/ CI)<x U)d,u.
a c a c
Repeating the above argument for @, we obtain the corresponding property for the
best approximation in the Luxemburg norm. |

The uniqueness theorem of Jackson for the L!-approximation (see [1]) can be gen-
eralized to the best L® approximation under the following condition:

Theorem 1.3.16. Let V' be a finite-dimensional Haar subspace of Cla,b] and let ®
be a finite, definite Young function. Then every x € Cla,b] \ V has a unique best f®
and || - || @) approximation.

Proof. Let vy, vs be best f® approximations of = w.r.t. V, then also v := %(vl +v2),
and we have

1 b 1 b b
0—2/ CI)(x—m)d,u—i—z/ CD(x—vz)du—/ Dz — vo)dp

- /ab [;@(m —vp) + %(D(x —v)du — ®(x — vo)] dp.
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As @ is convex, the integrand on the right-hand side is non-negative. As x — vy is
continuous we have for all ¢ € [a, b]

1 1

ECD(x —up)(t) + ECI)(;E —v)(t) — ®(z — vy)(t) = 0.
Due to Jackson’s Alternative 1.3.15 z — vy has at least n zeros. As @ is only zero at 0,
the functions « — v; and « — v, and hence v; — v, have at least the same zeros. As V'
is a Haar subspace, v; = v, follows. In order to obtain uniqueness for the Luxemburg
norm, we choose as we have done above ¢ := ||z — vo[|(@) and @y (s) :=P(5). O

The following generalization of the theorem of Bernstein provides an error estimate
for linear approximations in C/a, b] w.r.t. the (n + 1)-dimensional Haar subspace of
the polynomials of degree < n:

Error Estimate: The Theorem of Bernstein in L®

Lemma 1.3.17. Let the functions x,y € C|a, b] have derivatives up to the order n+ 1
on [a, b and let for the (n + 1)-st derivatives "V and y ") satisfy

|2 (@)] <y V(@) forallt € [a,b). (1.6)
Then the following inequality holds:
[r2(t)] < |ry(t)] forallt € [a,b], (1.7)

where 1, = x — x,, and ry := Yy — yp denote the difference functions for the inter-
polation polynomials x,, and y, w.r.t. x and y resp. for the same interpolation nodes
to <ty <--+<tyinla,bl

Proof. Following the arguments of Tsenov [106]: for ¢t = ¢;, 7« = 0,1,...,n, the
inequality is trivially satisfied. Let now ¢ # ¢;,7 = 0, 1, ..., n. The auxiliary function

2(t) — wn(t) 2(s) — wn(s)
y(@) = yn(t) y(s) —yn(s)
has zeros at s = ¢ and at the n + 1 interpolation nodes. Hence, due to the theorem of
Rolle there is s € [a, b], where the (n + 1)-st derivative

2(t) = wa(t) 2 )(s)
y(t) = yult) ¥ (s)

z(s) :=

z<”+l)(s) =

is equal to 0, i.e.
2 (s0)ry (1) =y (s0)ra (0).

If now (") (s0) = 0, then () = 0, thus the Inequality (1.7) is trivially satisfied.
If m(”“)(so) = 0, then using (1.6) the assertion follows. m|
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In the sequel we will present a generalization of the subsequent theorem of S.N.
Bernstein.

Theorem 1.3.18 (Theorem of Bernstein). Let the functions x,y € Cla, b] have deriva-
tives of order n+ 1 in [a, b and let the (n + 1)-st derivatives " *V) and y™*V) satisfy

(@) <y () forallt € [a,b].

The following inequality holds:

where E,,(z) denotes the distance of z to the space of polynomials of degree < n w.r.
the maximum norm.

Definition 1.3.19. A functional f : C'a, b] — R is called monotone, if z,y € C|a, b]
and |z (t)| < |y(t)| forall ¢t € [a, b] implies f(x) < f(y).

Theorem 1.3.20. Let f : Cla,b] — R be monotone. Let the functions x,y € Cla,b]

have derivatives up to order n + 1 in [a,b] and let the (n + 1)-st derivatives =™ +1)
and y™ V) satisfy

@] <y () forallt € [a,b)].

Let further V' be the subspace of the polynomials of degree < n and let for vy, vy € V
@) f(z—wvy) =inf{f(z —v)|veV}and f(y —v,) =inf{f(y —v)|veV}
(b) the functions x — v, and y — v, have at least n + 1 zeros in [a, b].

Then the inequality f(x — v,) < f(z — vy) holds.

Proof. 1f we choose n + 1 zeros of y — v, as interpolation nodes and denote by v, the
interpolation polynomial belonging to x and these interpolation nodes , then, due to
the previous lemma |z (t) — 0, (t)| < |y(t) —vy(t)| forall t € [a,b]. The monotonicity
of f then implies

f(x_vx>§f(x_@x)§f(y_vy>' o

Remark 1.3.21. The modular f® as well as the Luxemburg norm || - l| (@) satisfy the
monotonicity requirement of the previous theorem.

Moreover, Jackson’s Alternative (see Theorem 1.3.15) provides for @ finite and
definite corresponding information about the set of zeros of the difference function.

Corollary 1.3.22. Let f be the Luxemburg norm and V' be as in the previous theorem
and let y(t) = t"*! and let E'ﬂ;(z) = infyey f(z —v). If for © € Cla, b] we have

|2 (@) < B forallt € [a,b],
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then the following inequality holds:

BE}(y)
i) < o pr

Corollary 1.3.23. Let V be the subspace of polynomials of degree < n on [—1, 1], let
y(t) = "1 and let E,(2) := infyey ||z — V|| 0. If for x € Cla, b]

2| < B forallt € [—1,1]

then the following inequality holds:

BE.(y) 5
(n+1)!  27(n+ 1)V

E,(x) <

because Ep(y) = | Th+1|lco = 2% (see Example 1.3.14).

1.4 Discrete L®-approximations

Let T be a set containing m elements, T' = {¢;,...,t,,} and x : T — R. Hence
we can view z as a point in R”" and consider the approximation problem in R". The
norms that are used in this section can be understood as norms on the R™.

For a given point = in R™ we try to find a point in a certain subset M of R™ that
among all points of M has the least distance to =, where the distance is understood in
the sense of the (discrete) Luxemburg norm

Z¢<M> < 1}.

teT

|z —yll@) = inf{c >0

In the subsequent discussion we will first consider the special case of the discrete
Chebyshev approximation which frequently results from the discretization of a con-
tinuous problem. On the other hand, due to the Theorems of de la Vallée-Poussin (see
above) the continuous problem can always be viewed as a discrete approximation.

1.4.1 Discrete Chebyshev Approximation

For a given point x in R™ we look for a point in a subset M of R™ that has the least
distance from = where the distance is defined as

Iz = ylloo = max |z (t) — y(?)]. (1.8)
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The Strict Approximation

J.R. Rice has introduced the strict approximation using the notion of critical points
(see Rice [98]). In the sequel the strict approximation is defined using the universal
extreme point (see also Descloux [25]).

Let T = {t1,...,tm}, V be a subspace of C(T) = R™ and z € C(T) \ V. Let
Py () denote the set of all best approximations of = w.r.t. V.

Definition 1.4.1. A point ¢t € T is called extreme point of a best approximation vg
of x w.r.t. V, if

() = vo(t)] = [l — vollco-

By EZ; we denote the set of all extreme points of a best approximation vy of x.

Lemma 1.4.2. The set
D= () EI

vo€ Py (93)

of the extreme points common to all best approximations (we will call these points
universal) is non-empty.

Proof. Suppose D = (), then we could for each i, i = 1,...,m, find a v; € Py (x)
such that

[viti) — = (ts)] < minflv - 2]joo.
But then the function
1 m
— E v, €V
m <
=1

would approximate the function x better than v; (i = 1,2,...,m). As, however
v; € Py (x) this would mean a contradiction. |

Let z ¢ V. A universal extreme point ¢t € D is called negative (or positive resp.)
w.r.t. a best approximation vy, if

sign(z(t) —vo(t)) = —1 (resp. + 1).

Lemma 1.4.3. Let x ¢ V. If a universal extreme point is negative (or positive) w.r..
a best approximation, then it is negative (or positive) w.r.t. every best approximation.
Therefore it is simply called negative (or positive).

Proof. If forvy,v; € Py(x)andat € D

z(t) —vi(t) = —z(t) + v2(t),
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then for
1
5(1)1 -+ 1)2) S Pv(x)
1
2(t) = 5 (vi(t) +v2(t)) =0,
contrary to ¢ being a universal extreme point. m]
Let now V be an n-dimensional subspace (n < m) of C'(T'). Every basis uy, . .., uy,

of the subspace V' defines a mapping B : T' — R",

Uq (t)

B(t) = uzft) . (1.9)

un(?)
For every set H C R" let [H| denote the smallest subspace of R™, containing H.
Lemma 1.44. Let P C T, Q = B~'([B(P)]), v1,v2 € Py(x) and
vi(t) = va(t) fort e P,

then also

vi(t) = wn(t) fort e Q.

Proof. Let vy and v; be represented in the above basis:
n
v = Zai.k)ui, k=1,2, £:=|P|and w.lo.g.
i=1

P = {t17t27"'7te}'

For t € () we have

w(®) ui(t)
B(t) = U2:(t) _ ZZ:CJ . uz(:tj)
wty ) T i)

and hence ,
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where ¢y, ¢y, ..., ¢y are real constants, thus

Lemma 1.4.5. Let T" be a proper subset of T and q : T' — R. If there is a best
approximation of x which extends q, then among these extensions there is at least
one, which approximates x best on T \ T'. Thus, if

W = {v € Py ()| volr = q} # 0,
then also

Z ={v1 e W||v1 = z|lp\pr < lvo — zl|pvge for all vg € W} # 0.

ﬂ ET\T’

vEZL

Furthermore

Proof. The function N : W — R with vg + [|vg — 2|77 assumes its minimum on
the convex and compact set W, hence Z # (). The proof of the second part can be
performed in analogy to the proof of Lemma 1.4.2, because W is convex. m|

The strict approximation is characterized by the following constructive definition:
Let

Vo=Py(x) ={vo € V|dy=||vo — 2|lcc < |lv — || forall veV}

be the set of all best Chebyshev approximations of x w.r.t. V' and let
Do= () EX
v V)
be the set of the universal extreme points (see Lemma 1.4.2) and

Ty = {t € T|t € B™([B(Dy)))}.

All best approximations v of x are identical in all points of 7T (see Lemma 1.4.4).
Among the vy € Py (x) we now look for those, which are best approximations of x
on T\ Tp

Vi ={vi € Voldi = [Jvi — z|lp\gy < [lvo — x|\, forall vy € Vo},

D = ﬂ EUTl\TO (see Lemma 1.4.5)
v EV]
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and
Ty ={teT|tec B Y([B(DyU Dy)))}.

Furthermore we have

Va={wneVi|d=|lva—z|n7, <ot —2|p\7, forall v € i},
D= () ELV

vV,

and
T,={teT|tec B Y([B(DyUD;U D))}

We observe: if T'\ T; is non-empty, T; is a proper subset of T} ;: in fact D; 1 C T;41,
but D; 1 NT; = (. The procedure is continued until 7}, = T". From the construction,
using Lemma 1.4.5, it becomes apparent that for vl(]), vl@ € V; we obtain: vE])|Ti =
o,
i 1T
Hence V}, consists of exactly one element, and this element we call the strict ap-

proximation of x w.r.t. V.

1.4.2 Linear L®-approximation for Finite Young Functions
Uniqueness and Differentiability

Before we turn our attention towards the numerical computation, we want to discuss
a few fundamental questions:

(a) How can the uniqueness of minimal solutions w.r.t. || - [|() be described?
(b) What can be said about the differentiation properties of the norm || - [|()?

Happily, these properties can be easily gleaned from the Young functions:

Strict convexity and differentiability of the Young functions carry over to strict
convexity and differentiability of the corresponding norms. The subsequent theorem
gives a precise formulation of this statement, which we will — in a more general and
enhanced form — treat in Chapter 8:

Theorem 1.4.6. Let © : R — R be a Young function.

(a) If D is differentiable, the corresponding Luxemburg norm is differentiable and
we have

(1.10)

(b) If @ is strictly convex, so is the corresponding Luxemburg norm.
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Proof. For the function F' : R™ X (0,00) — R with

(z,¢) — F(z,c): Zcp< )

teT

we have according to the definition of the Luxemburg norm

F(z, [|z]l@) = 0.

According to the implicit function theorem we only need to show the regularity of
the partial derivative w.r.t. ¢ in order to establish the differentiability of the norm. We

e 9 2(t) o (=) 1 (t) (t)
t x(t x(t
—F = B gy =—— — | =~ .
gef @) =2 - (C> D (C>
teT teT
Due to the subgradient inequality (see Inequality (3.3)) we have for arbitrary ¢t € R

@ (1)(0 — 1) < B(0) — (),

ie.
D(t) < D' (t)t. (1.11)

As Y yer O Hjﬁ“) ) = 1 we obtain

> mf)qf(m(t)) >1 forc= |- (1.12)

C
teT

Thus the regularity has been established and for the derivative we obtain using the
chain rule

d 0 0
0= —F(z, |lzll@) = 5-F(@.¢) + 5 F(z.0)V|z@

—i(;m(cﬂq"(@»v'””'@) *q"<||§|(|}l>> I

for ¢ = ||z]| (@) and hence the first assertion.
In order to show the second part of the theorem we choose x,y € R™ with

|ll@) = [lyll@) = 1 and z # y. Then Y, @(x(t)) = L and ), P(y(t)) = 1

and hence
1:2@@( ())+1c1> ) Z‘I’( >),

teT teT

hence

because due to the strict convexity of @ the strict inequality must hold for at least one
of the terms in the sum. Thus ||z + y||(@) < 2. O
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Approximation in the Luxemburg Norm

Let @ now be a twice continuously differentiable Young function. The set w.r.t. which
we approximate is chosen to be an n-dimensional subspace V of R™ with a given
basis {v, ..., v, } (linear approximation).

The best approximation 4® to be determined is represented as a linear combination
> i, a;v; of the basis vectors, where {ai, ..., a,} denotes the real coefficients to be
computed. The determination of the best approximation corresponds to a minimiza-
tion problem in R™ for the unknown vector @ = (ay,...,a,). The function to be
minimized in this context is then:

p:R" >R

a— pla):=

x(t) — Z a;v;i(t)

teT

(@)

This problem we denote as a (linear) approximation w.r.t. the Luxemburg norm.

System of Equations for the Coefficients

For a given @ we choose for reasons of conciseness the following abbreviations:

_ ozt =3 et

z(a,t) := =
(a.7) |z — >0 al”lH(@)

Ya) =Y 2(a, )@ (2(a,1)).

teT

The number y(a) is because of Inequality (1.11) always greater or equal to 1. Setting
the gradient of the function p to zero leads to the following system of equations:

! / = ori = n
Vp(a)i:—w;vi(t)d)(z(a,t))—o, f 1,...,n.

For the solution of this system of non-linear equations the methods in Chapter 4 can
be applied. For the elements of the second derivative matrix (Hessian) of p one ob-
tains by differentiation of the gradient using the chain rule (A(a) := (y(a) - ||z —

Sy all @)™
(:)2
8ai8ajp

(@)=Aa) Y (vi(t)+Vp(a)iz(a, 1) (v;() +Vp(a)jz(a, 1)) D" (=(a, 1).

te’l

Regularity of the Second Derivative

In order to obtain rapid convergence of numerical algorithms for computing the above
best approximation, the regularity of the second derivative (Hessian) at the solution is
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required. The richness of the available Young functions will enable us to guarantee
this property. At the solution the gradient is equal to zero. Hence here the second
derivative has the following structure:

82 1 /!
00" = Sy = S ey 2O )

teT

It turns out that it is sufficient to choose @ in such a way that ®” has no zeros, in
order to guarantee positive definiteness of the second derivative of p everywhere, be-
cause the second derivative is a positive multiple of Gram’s matrix of the basis vectors
{v1,...,v,} w.rt. the scalar product

(w,w): =Y u(t)w(t)®"(z(a,t)).

teT

In particular the unique solvability of the linear systems, occurring during the
(damped) Newton method, is guaranteed.

Remark. This property is not provided for the [” norms with p > 2.

In the expression for the gradient as well as in the Hessian of the Luxemburg norm
the Luxemburg norm of the difference function occurs ||z — )" | a;vi/| (). The com-
putation of this quantity can be performed as the one-dimensional computation of a
zero of the function g:

c—g(e) ::ZCID

teT

<x(t) — ai“i(t)> 1.

C

Instead of decoupling the one-dimensional computation of the zero in every itera-
tion step for the determination of the coefficient vector a, we can by introducing the
additional unknown a,, 41 := ||z — 37| ajv;|| (), consider the following system of
equations for the unknown coefficient vector a := (ay, ..., an, ant1) € R

Fi(a) =Y vi(t)®

teT

Fupifa) =) @

te’l

<x(t) —Z;‘llajvj(t)> =0, fore=1,...,n (1.13)

An+1

0. (1.14)

<x(t) - aj“j(ﬂ) 1

An+1
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For the Jacobian we obtain

Fz‘,j(a) = Zvi(t)vj(t) @”(I(t) - Z] 1 @505 (t))

teT Ont1
fore=1,...,nandj=1,...,n
1 z(t) — D25 a;v;(t) 1
Bl =~ Y oo ) )=-h
Ap+1 er Ap+1 An+41
forj =1
1 x(t) — 220 aui(t)  (x(t) — 225 ajv;(t)
Fn+],n+](a) = — Z D .
Ap+1 er Q1 An+1

One obtains the regularity of the corresponding Jacobian at the solution for ® with
®” > 0 in the following way: if we omit in the Jacobian the last row and the last
column, the resulting matrix is apparently non-singular. The first n elements of the
last row are equal to zero, because F;(a) = 0 fori = 1,..., n at the solution, and the
(n + 1)-st element is different from 0, because we have t®'(t) > ®(t) (see above),
hence:

Z OEDIE laJUJ(t)(D,<x<t) -2 1%”1@))

An 41

ZZq)(x( — lajv](t)> .

a
teT n+1

a
teT n+1

If the determinant of the total Jacobi matrix is expanded using the Laplace expansion
w.r.t. the last row, then apparently the determinant is non-zero.

1.5 Determination of the Linear L®-approximation

In the sequel we will generalize our point of view to arbitrary finite measures.

1.5.1 System of Equations for the Coefficients

Let @ be a differentiable Young function and let V' be an n-dimensional subspace of
M® with a given basis {vy, ..., v, }. From the characterization in Corollary 1.2.3 we
obtain the following system of equations:

/v@’(m—zajvj>du:0 fori=1,...,n (1.15)
T

J=1
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for the modular approximation and

x—>S" av;
/viq)’( 21 %0 )du:O fori=1,...,n
T

lz = 3271 4505l @)

for the approximation in the Luxemburg norm. If we introduce as in the case of the
discrete approximation a, := ||z — Z;Ll a;jvjl| (@) as a further variable, we obtain
the additional equation

z—=>" a;v;
/¢<Z:]1”>du_ 1=0.
T A1

The statements about the regularity of the Jacobian for twice continuously differen-
tiable Young functions carry over. Thus the methods in Chapter 4 are applicable (if
we are able to compute the integrals). Right now, however, we want to describe a
different iterative method, which already makes use of certain stability principles.

1.5.2 The Method of Karlovitz

Karlovitz presented in [47] a method for the computation of best linear LP-approxima-
tions by iterated computation of weighted L?-approximations. This algorithm carries
over to the determination of minimal solutions for modulars and Luxemburg norms,
in the discrete as well as in the continuous case:

Let @ be a strictly convex and differentiable Young function, whose second deriva-
tive exists at 0 and is positive there. By F': R — R with F'(s) := @
a continuous positive function.

Let T, X, 1 be a finite measure space and V' a finite-dimensional subspace of L (1)
and w € L™ ().

For the computation of a best approximation of w w.r.t. V' in the sense of the mod-
ular f® and the Luxemburg norm we attempt a unified treatment. By z(v) we denote
in the case of minimization of the modular the vector w — v, in the other case the

v

normalized vector —2—V—.
[lw=2||()

we then define

Theorem 1.5.1. Let vy € V, then we determine vy for given vy in the following
way: let g := F(z(vy)) and let the scalar product with the weight function gy, for
x,y € C(T)) be given by

(2,9) g, rI/Tgkxydu

then we define uy, as the best approximation of w w.r.t. V' in the corresponding scalar
product norm: uy, := M(||lw — -||g,, V). If we have determined the parameter py, in
such a way that for the modular

S (w — v + pr(ve — ur)) < fP(w —vg + p(op — ur))
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or for the Luxemburg norm

lw — vk + pr(vk — wr) (@) < llw —vi + p(vr — ur) || (@)

Jorall p € R, then we define vy 1 ‘= vy, — pr(vi — ug).

We finally obtain
(a) limg_,oo v = limg_ oo up = vy, Where v, is the uniquely determined minimal
solution of f®(w — -) or ||w — |l (@) respectively.

(b) if v # vs, then fP(w—vi11) < fP(w—vy) resp. [|w—vii1](@) < [w—2vi]|(@).
For the proof we need the following lemma, where for f® and || - | (@) we choose

the common notation h:

Lemma 1.5.2. Let vy € V and let uy be best approximation of w w.r.t. V in the norm
| - llgo- Then the following statements are equivalent:

(a) vo # uo
(b) thereis a p # 0 with h(w — vy + p(vo — up)) < h(w — vy)

(©) vy # Vs

Proof. Due to the requirements for ® the bilinear form (-, )4, is a scalar product and
hence the best approximation of w w.r.t. V' is uniquely determined.
(a) = (b): Let pg be chosen such that for all p € R:

h(w — vy + po(vo — up)) < h(w — vy + p(ve — ug))

and let h(w — vy + po(vo — up)) = h(w — vg). Because of the strict convexity of ©
the function £ is strictly convex on its level sets and hence pg = 0. The chain rule
then yields:

(W (w — o), vo — ug) =0,

and hence
| @G0 - w)du =0, (1.16)

Furthermore because of (w — ug,v)g, = 0 forall v € V:

Iw—W@=W—ww—%m=%/F@Mwwﬂmw—%Mt
T

= )\O/T(D’(z(vo))(w —ug)dp

with \g = 1 for h = f® and )\ = ||w — vo|| (@) for b = || - [|(). Together with (1.16)
we then obtain

||w — uO”gO = Ao/jjq)/(z(v()))(w - 'UO)dM = ||w - vo“;o’



Section 1.5 Determination of the Linear L®-approximation 31

and thus, because of the uniqueness of the best approximation vy = uy.
(b) = (a) is obvious.
(c) & (a): We have vy = uy if and only if for all v € V:

0= (w—v9,v)4 = )\0/ @ (2(vo))vdp,
T
in other words (h'(w — vg),v) = 0 if and only if vy = v, (see Corollary 1.2.3). O

Proof of Theorem 1.5.1. The sequence (vy) is bounded, because by construction w —
vg € Sp(h(w — v1)). Suppose now the sequence (uy) is not bounded, then there is
subsequence (vy,) and (u,,) and & € V such that ||u, ||cc > n and ||v,—7||cc — 0. The
continuity of F' yields the uniform convergence of g,, = F(z(v,)) to § = F(z(9)).
Thus the sequence || - ||4, converges pointwise to || - || on C'(7"). According to the
stability principle for convex functions (see Remark 5.3.16) also the sequence of the
best approximations (u,,) converges, a contradiction.

Let now @ be a point of accumulation of the sequence (vy). Then there are conver-
gent subsequences (v, ) and (ug, ) with vy, — © and uy, — 4. As above the stability
principle yields: 7 is best approximation of w w.r.t. V' in the norm || - ||5. Suppose
¥ # 1, then according to the lemma above there is g # 0 with

hMw—0+p(0—a)) < h(w — D).
Because of the continuity of A there isa § > 0 and a K € N such that
hw — v, + pok, — ug,)) < h(w —7) — 0
for k; > K. Furthermore by construction
h(w — vg,11) < h(w — vk, + plvg, — ug,))-
On the other hand we obtain because of the monotonicity of the sequence (h(w —vy))

the inequality h(w — ©) < h(w — vg,+1), a contradiction. Using the previous lemma
we obtain U = v,. O

Remark 1.5.3. If the elements of V' have zeros of at most measure zero, we can drop
the requirement ®”(0) > 0: let 2 € w + V, then z # 0, i.e. there is U € X with
w(U) > 0and z(t) # 0 forall t € U. Hence F(2(t)) > 0on U. Let v € V arbitrary
and N the set of zeros of v, then we obtain

/Tsz(z)d,u z/ v?F(2)dp > 0.

U\N
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Corollary 1.5.4. Let {by,...,b,} be a basis of V, let A : R" — V be defined by
Az = Y0 wbiand f @ R® — R by f(z) = h(w — Az). Let z := A vy
and yy, ~= A~ uy,. Then iterations defined in the previous theorem carry over to the
coefficient vectors by the following recursion:

Tyt = T — e (S () T (),

where S(x1,) denotes Gram’s matrix for the scalar products (-,-)g, w.rt. the basis
{bl,...,bn}, )\k = Yk = 1, lfh = fq), and >\k = Hw - Al’k”(cp) and Ve =

Jr 2(@)® (2(w))dp > 1 with 2 () = 252, if b = || - || @),
In particular py, > 0 for f'(zy) # 0.

Proof. As @'(s)(0 — s) < @(s) on R we have in the case of the Luxemburg norm

= /T ()@ (2(a))dp > / (=) dpt = 1.

T

According to the definition of uj, we have: S(x)yy = r, Where

Tkj = (wvbj)gk = (w— Axk’bj)gk + (Azy, bj)gk

—)\k/qu)/(z(l‘k))d,uz"r‘Zxki(bivbj)gk'
T

i=1

We obtain
S(xr)ye = =S’ (xx) + S(wp)xy,
i.e.
Tk =y = Mw(S(an)) " f (),
and due to

Tpy1 = Tk — Pk(xk - yk:)

the first part of the assertion follows.
Together with S(x},) also (S(x))~! is positive definite, and hence

fim L0 = @G@) @) = @) _ oy (§(0)) () < 0,

a—0 o

which means —(S(z)) ™! f/ () is a direction of descent, i.e.

0> f(ap1) — flar) > (f'(2r), 2hy1 — xr) = —pe(f (T1), Tk — Yi)
= — v (f (@), (S(ze) ™ f (1)),

and hence py > 0, if f'(xy) # 0. O
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In terms of the coefficient vectors the Karlovitz method can be interpreted as a
modified gradient method.

Remark 1.5.5. If @' is Lipschitz continuous, one can instead of the exact determina-
tion of the step parameter py, use a finite search method like the Armijo Rule (see (4.3)
in Chapter 4 and [86]).

Remark 1.5.6. The functions @, = |s|? are exactly those Young functions, for which
@” and F’ differ only by a constant factor. For p > 2 also @;,(0) is finite. For modulars
f®» the method of Karlovitz corresponds to a damped Newton method.



Chapter 2
Polya Algorithms in Orlicz Spaces

2.1 The Classical Polya Algorithm

Let T be a compact subset of R” and let z € C(T'). The following theorem was
shown by Polya:

Theorem 2.1.1 (Polya Algorithm). Let V' be a finite-dimensional subspace of C(T).
Then every point of accumulation of the sequence of best LP-approximations of x w.r.t.
V for p — oo is a best Chebyshev approximation of x w.rt. V.

In the year 1920 Polya raised the question, whether the above sequence of best ap-
proximations actually converges. A negative answer was given in 1963 by Descloux
for the continuous case, while he was able to show convergence to the strict approxi-
mation for the discrete case (see [25], compare Theorem 2.3.1).

Instead of considering the case p — oo, one can study the behavior of the sequence
of best LP-approximations for p — 1. We can show that (see Equation (5.7) in Chap-
ter 5) for an arbitrary measure space (7', X, 1) the sequence of best approximations
converges to the best L' (11)-approximation of largest entropy.

2.2 Generalized Polya Algorithm

We will now treat the subject considered by Polya in the framework of Orlicz spaces.
In Chapter 1 we have become acquainted with a numerical method which can be
used to perform Polya algorithms for the computation of a best approximation in the
mean or a best Chebyshev approximation. We will discuss more effective methods in
Chapter 4.

An important aim in this context is, to replace the determination of a best approx-
imation for limit problems that are difficult to treat (non-differentiable, non-unique)
in an approximate sense by approximation problems that are numerically easier to
solve (Polya algorithm). The required differentiability properties of the corresponding
function sequence to be minimized can already be provided by properties of their one-
dimensional Young functions. The broad variety available in the choice of the Young
functions is also used to influence the numerical properties in favorable way. The sub-
sequent discussion will show that the convergence of the sequence of approximative
problems to a specific best approximation can even in the case of non-uniqueness of
the limit problem frequently be achieved through a proper choice of the sequence of
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Young functions or by an outer regularization by use of convergence estimates devel-
oped below. The characterization of the limits is treated in the framework of two-stage
optimization. The required pointwise convergence of the functions to be optimized is
guaranteed through the pointwise convergence of the corresponding Young functions.
The best approximation in the mean in this sense was already discussed in the intro-
duction. A related problem is the Chebyshev approximation, to which a considerable
part of these principles carries over. In the latter context however the modulars have
to be replaced by the corresponding Minkowski functionals.

The following stability principle will play a central role in our subsequent discus-
sion:

Theorem 2.2.1. Let p be a norm on the finite-dimensional vector space X and let
(pk)ken be a sequence of semi-norms on X that converges pointwise on X to p. Let
further V be a subspace of X, x € X \'V and vy, a py-best approximation of x w.r..
V. The following statements hold:

(a) every subsequence of (vy) has a p-convergent subsequence
(b) lim p(z — v) = dy(z,V)
(c) every p-point of accumulation of (vy,) is a p-best approximation of x w.r.t. V

(d) if x has a unique p-best approximation v, w.r.t. V, then

li —wvg) = 0.
1 P =)

This theorem of Kripke, proved in [73], is a special case of the stability theorem of
convex optimization (see Theorem 5.3.21 and Theorem 5.3.25).

2.3 Polya Algorithm for the Discrete Chebyshev
Approximation

As was seen above, the maximum norm can be described as a Minkowski functional
using the Young function @, restated below: @, : R — R defined by

0 forft| <1
oo otherwise.

Doo(t) = {

Then we obtain

|20 = inf{c >0

ZoDOO(x(;)) < 1}.

teT

It is not too far-fetched, to proceed in a similar way as in the introduction of Chap-
ter 1 and to consider sequences (®y, ), of Young functions with favorable numerical
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properties (differentiability, strict convexity) that converge pointwise to ®,. For the
corresponding Luxemburg norms we obtain

S ()1}

]| (@) := inf{c >0
teT

and it turns out that pointwise convergence of the Young functions carries over to
pointwise convergence of the Luxemburg norms. We obtain (see below)

lim [l2] @) = 2]

Thus the preconditions for the application of the stability theorem (see Theorem 2.2.1)
are satisfied, i.e. the sequence (vy ) ke of best approximations of « w.r.t. V' is bounded
and every point of accumulation of this sequence is a best Chebyshev approximation.

Theorem 2.3.1. Let (®y)ren be a sequence of Young functions that converges point-
wise to the Young function

0 for|t| <1
o0 otherwise.

D (t) := {
Then this carries over to the pointwise convergence of the Luxemburg norms, i.e.
Jim [,y = 1]

Proof. Letx # 0 and lete > 0 be given (¢ < 1[|z]|o). We have:

t 00
Z%( x(t) )qu’k< [ >:|T|(Dk( [ >;H 0
Izl +¢) = i \lzlloo e Iz ]loc + ¢

teT

because of the pointwise convergence of the sequence of Young functions (®y)xen to
®,. Thus

[2[l(@,) < l|2]loc +¢& for k sufficiently large.
On the other hand there is ¢y € 7" with |z(to)| = ||z||cc. We obtain

S (=) 2 o (preke) -0 (prezs) ==

teT

Hence
[2]|oc — € < ||z||(@,) for k sufficiently large. O
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As a special case we obtain the discrete version of the classical Polya algorithm,
which has the property that every point of accumulation of the best [P-approximations
(p > 1) for p to infinity is a best Chebyshev approximation. For this purpose we
define @, (t) = [t[P. We have >, |@|p = L if and only if (3,cp |m(t)|p)% =c
Hence the Luxemburg norm yields the well-known [”-norm

lello, = el = ( X letol )

teT
For continuous Young functions @, we can use the equation

Zd)( z(t) ):1 Q.1

22 %\ [zl

for the computation of the unknown Luxemburg norm ||| ().

2.3.1 The Strict Approximation as the Limit of Polya Algorithms

Polya’s question, whether even genuine convergence can be shown, was given a pos-
itive answer by Descloux in the year 1963 (for the classical Polya algorithm), by
proving convergence to the strict approximation.

Theorem 2.3.2. Let T = {ty,t2,...,tm} and (®y)ren be a sequence of continuous
Young functions with the following properties:
. [0 for|s| <1,
(1) Tim @y (s) = { oo for |s| > 1,
(2) ®p(r-s) > Dp(r) - Pr(s) for s,r > 0.

Let further L®* (1) be the Orlicz spaces for the measure i with p(t;) = 1, i =
1,2,...,m, andV a subspace of C(T), x € C(T), and let vy, be best L®*(11) approx-
imations of x in the corresponding Luxemburg norms and v, the strict approximation
(see Definition 1.4.1) of x w.r.t. V. Then

lim v = v,.
k—o0

Proof. We can assume x € C'(T) \ V, because otherwise & = v, = v,.
If @ is continuous and ||z[|(p) > 0, then, as already mentioned above

/CI>< v >d,u:1. 2.2)
T ||9C||(c1>>

Due to the Stability Theorem 2.2.1 every point of accumulation of the sequence
(vg) is a best Chebyshev approximation. Let (v, ) be a convergent subsequence and
let vg be the limit of (v, ).
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Since all norms on a finite dimensional linear space are equivalent, vy is also the
limit of (v, ) in the maximum norm.
Now we will show that
Vo = Ux.

The assertion is proved via complete induction over j, where we assume
vo(t) = vk(t) fort e Ty, (2.3)

(see definition of the Strict Approximation 1.4.1). The start of the induction for j = 0
follows directly from the fact that vy is a best Lo.-approximation of x.
Suppose (2.3) holds for j. If (2.3) holds for D; 1, then also for T} | (see definition
of the Strict Approximation and Lemma 1.4.4).
If vo(f) # vi(f) for al € Dj;1, then apparently vg ¢ Vjii. Thus there is a
t € T\ T; with
|2(t) — v ()] > |z — vsllr\gy.-
Let
2y =T — Vg, 20=2—v and 2z, =T — vy,
then we obtain
[20(D)| = s0 > do = [[24]l\75-

Lete := @, then there is a kz(}\ such that for all k) > k:g)\
||’Uk)\ — ’U()”OO <eg, (2.4)

and by (1) a k} > k9, such that for all ky > k}

S — €
N > m. (2.5)
do +¢
From (2) it follows that
Sp—¢€ Zky (f) Zky (t
-2\ _g [Falon | o [ Foloa | . (WH =

kx dot+e) kx dote = Tk dote = @y ( dote
||Zk/\|‘(d>k)\) sz)\”((bkA) [EPNIK @,

This leads to

o Zk)\(f) > m® dy+¢ Z @ +€

k T k T Ex\ o1

* 2k ll@ry) "\l )~ S || kA|| (@)
.Y o, <z*<t> + 2y (1) — Zo(t))

EXPS
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By the induction hypothesis z.(t) = zy(t) for all ¢ € T; and hence

1=Z%( 20, (1) >>Z% (Z*(t)JerA(t)—Zo(t))_

= Izialli@n) )~ & 25 [l @4, )

Due to (2.2) we have
v, =0 +v — 2l @y, < ok, — 7l @y, )

a contradiction to the assumption that vy, is a best L% -approximation of z. Thus we
have shown that every convergent subsequence (v, ) of the bounded sequence {vy}
converges to v, so that the total sequence (vy) converges to v,. |

2.3.2 About the Choice of the Young Functions

Under numerical aspects, the choice of the sequence of Young functions is of central
importance. This is true for the complexity of function evaluation as well as for the
numerical stability.

The subsequent remark shows that for pointwise convergence of the Luxemburg
norms the pointwise convergence of the Young functions is sufficient in a relaxed
sense. The flexibility in the choice of Young functions is enlarged thereby, and plays
a considerable role for the actual computation.

Remark. For the pointwise convergence of the Luxemburg norms it is sufficient to
require
(@) ®p(t) =k oo 00 fort > 1

(b) (1) < 7.

Proof. We have

o o () ) <o () )

and hence

Tl|loo
ol @) < e
@ (777)

1
o' —)>1
i) =

2]l (@) < [[@]loo-

but from (b) we obtain

whence

The other direction of the inequality is obtained as in the last part of the proof of
Theorem 2.3.1. m|
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So we can leave the values @ () for ¢ € [0, 1] unchanged when constructing the
Young functions k£ € N.

Example 2.3.3.

1 42
it for [t| <1
Dy (t) := { i )

Kt + (g — 38%)62 + 3Kt — & for [t] > 1.

This example will have prototype character throughout this chapter for the proper-
ties of Young functions and corresponding Luxemburg norms.

2.3.3 Numerical Execution of the Polya Algorithm

In the previous chapter we have treated the properties of Young functions which guar-
antee uniqueness, twice differentiability of the norm, and the regularity of the Hessian.
If we choose a sequence of Young functions that converges pointwise in the relaxed
sense of the previous section, then the stability theorems guarantee that the sequence
of the approximative solutions is bounded and every point of accumulation of this
sequence is a best Chebyshev approximation. Thus we can sketch the numerical exe-
cution of the Polya algorithm in the following way:

Algorithmic Scheme of the Polya Algorithm

(a) Choose a sequence (Dy)en in the above sense.
(b) Choose a starting point ag for the coefficient vector and set k = 1.

(c) Solve the non-linear system

Zvi(t)d)}€<| T D v >=0 fori=1,...n,

T |z — Z?:] alle(d)k,)

using an iterative method from Chapter 1 (or 4), where the computation of the
norm as a one-dimensional solution for the quantity ¢ of the equation

Z(Dk <x— Z?;MUW) —1=0
teT ¢

has to be performed in each iteration step.

(d) Take the solution vector computed in this way as a new starting point, set
k <k + 1 and go to (c).

Remarks. (a) The sequence of Young functions occurring in the above scheme can
as a rule be understood as a subsequence of a parametric family of functions. The
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change of the parameter then should be done in a way that the current minimal solution
is a good starting point for the solution method w.r.t. the subsequent parameter. This is
of particular importance, since we want to employ rapidly convergent (Q-superlinear)
methods (see Section 4.1).

In the above parametric examples of sequences of Young functions (see e.g. Ex-
ample 2.3.3) experience has shown that as a parameter the sequence (c¢/) jen with
2 < ¢ < 8 can be recommended.

(b) Step (c) of the above algorithmic scheme can also be replaced by the solution of
the non-linear system (1.13). As numerical methods those for the solution of non-
linear equations have to be employed (see Chapter 4).

(c) The question referring to ‘genuine’ convergence of the approximate solutions to a
best Chebyshev approximation and the description of the limit will be treated in detail
below.

(d) The question referring to an appropriate stop criterion for the iteration we will
discuss later. As a first choice one can use the change between the k-th and &k + 1-st
solution or use the characterisation theorems for a best Chebyshev approximation (see
Theorem 1.3.3).

(e) An estimate for the ‘quality’ of the best approximations w.r.t. || - [|(e,) s approxi-
mations for a best Chebyshev approximation is obtained by the convergence estimates
in Section 2.5.2.

We will now state the Polya algorithm in the framework of general measures.

2.4 Stability of Polya Algorithms in Orlicz Spaces

Let (T, X, i1) be a finite measure space. We will now proceed in a similar way as in the
previous section and consider sequences (®y)ren of Young functions with amiable
numerical properties (differentiability, strict convexity), which converges pointwise
to @ If we consider the corresponding Luxemburg norms |||, ), it can be shown
that also in this situation pointwise convergence of the Young functions carries over
to pointwise convergence of the Luxemburg norms, i.e.

Jim 2]l (@) =[]0

Thus the requirements for the corresponding stability theorems (see Theorem 2.2.1
or Theorem 5.3.25) are satisfied, i.e. the sequence (vj)ren Of best approximations is
bounded and every point of accumulation of this sequence is a best L°°-approxima-
tion, also denoted as Chebyshev approximation. A corresponding statement can be
made for best L'-approximations.

For the following stability considerations we need the fact that (L, || - ||o0) is a
Banach space (see Theorem 6.2.4).
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In order to describe the behavior of best approximations related to sequences of
modulars (f®*) or of sequences of Luxemburg norms (|| - ||(a,)) in a unified way,
the following stability principle that constitutes a broadening of the scope of Theo-
rem 2.2.1 is of central significance (see Theorem 5.3.18):

Theorem 2.4.1. Let X be a Banach space, K a closed convex subset of X and (f,, :
X — R),en a sequence of convex continuous functions that converges pointwise to
a function f : X — R. Let x,, be a minimal solution of f,, on K. Then every point of
accumulation of the sequence (xy,)nen is a minimal solution of [ on K.

In the finite-dimensional case one has the following situation: if the set of solutions
of the limit problem M (f, K) is bounded, then the set of points of accumulation
is non-empty and the sequence of the minimal values (inf(f,,, K')) converges to the
minimal value inf(f, K') of the limit problem (see Theorem 5.3.25).

In order to obtain stability of our generalized Polya algorithms, it suffices to es-
tablish pointwise convergence of modulars and Luxemburg norms (for an appropriate
choice Young functions):

< fP =l I
My = 11
* @y = Il

on L or C(T). The theorem of Banach—Steinhaus 5.3.17 for convex functions will
permit to reduce the proof of pointwise convergence of the functionals to the pointwise
convergence of the (1-dimensional) Young functions (®y,), using the fact that the step
functions form a dense subset. As a preparation we need the following

Lemma 2.4.2. Let ® be a finite Young function, then corresponding modular f® and
the corresponding Luxemburg norm || - || (@) are continuous on (L, || - || o).

Proof. Let ||z — Z|loc —k—oo 0, then let e > 0 and § > 0 be chosen such that

§<ed! <M(IT)>’

then for k sufficiently large

(s oS- s() <

hence [|z1, — /(@) < €.

In particular there is a number M such that the modulus of the values of = and of the
sequence () is contained a.e. in the interval [0, M]. Since ® is uniformly continuous
on [0, M], there is for given ¢ > 0 a d > 0 with ||z — z||cc < d for k sufficiently
large and |®(z) — @ (z1)| < € a. e. . It follows that | f®(x) — f®(a1)| < e-u(T). O
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Theorem 2.4.3. Let (T, %, 1) be a finite measure space and (®y)ren a sequence of
finite Young functions, which converges pointwise to the Young function ®,
Then this carries over to the pointwise convergence of the Luxemburg norms, i.e.
for x € L>®(u) we have
Azl @) = [l

Proof. L°°(p) is contained in L®*(y) for all & € N, since T has finite measure
and @y, is a finite Young function. The assertion is verified using the theorem of
Banach-Steinhaus for convex functions (see Theorem 5.3.17 in Chapter 5). Accord-
ing to the previous lemma || - |(@,) is continuous on L>°(y) for all k& € N. Further-
more the step functions are dense in the Banach space (L (), || - ||oo) (see Theo-
rem 6.2.19). We show at first the convergence of the norms for a given step function
=Y onxr,, Wwhere T; N Tj = () fori # j. Let 0 < & < ||z||~ be arbitrary,
then we obtain

Lon(rts ) Z‘D’“<|x|oo+e>“(T”) =0,

ie. ||7](@,) < ||7|lc + ¢ for & sufficiently large. On the other hand there is a ng with
|z]|oc = |ctn,| and hence

Zq”“(n 2 i) 2

ie. [|7](@,) > l|7|lc — € for k sufficiently large.
It is just as simple to verify the pointwise boundedness of the sequence of the
norms: let x € L*°(u), i.e. there is a M > 0 such that |z(t)|c < M pa. e..

Thus we obtain
x(t) M
/TCD’“<M+1>d“ /(D <M+ >d”
= (5747 )uD

i.e. there is a ky € N, such that for all £ > kg

[#]l(@y,) < M +1,
thus the pointwise boundedness is established. ml

This theorem is the basis for the Polya algorithm in C(T"), if C(T") for an appropri-
ately chosen measure space (T, %, i) is considered as a closed subspace of L>(p).
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A corresponding statement can be made for approximations of the L'-norm:

Theorem 2.4.4. Let (T,%, 1) be a finite measure space and (®y)reN a sequence
of finite Young functions, which converges pointwise to the Young function ®| with
@ (s) = |s|. Then this carries over to the pointwise convergence of the modulars and
the Luxemburg norms, i.e. for x € L>(u) we have

li =
Azl @) = llzl
lim fq)’“(ac) = [|z].
k—o0

Proof. L™ (1) is contained in LP* (1) for all & € N, since T has finite measure and
@, is a finite Young function. The proof is again performed by use of the theorem of
Banach-Steinhaus for convex functions. By the above lemma, f® and || - [|(q,) are
continuous on L>(u) for all k € N. As stated above, the step functions are dense
in L°>°(u). First we will show the convergence of the norms for a given step function
=Y anxT,. Let0 < e < ||z||; be arbitrary, then we have

x s an,
O —— |du = Op( ——— T,
o (o2 ) 2 (ot e

m
k— 1
— el +e Z |ovn | ()
1 n=1
el
[zl + ¢

ie. ||z| @, < [lzlli + ¢ for k sufficiently large. On the other hand we obtain for
e < llh

m
(679) k—}oo ||x||1
%()u(T ) ko, anlu(T) = =
2 [zl —e " ||x||1 Z " RETES

n=1

ie. [[z]/(@,) = [|=|li — ¢ for k sufficiently large.
For modulars we immediately obtain

k—o00 m
fq)k Z‘Dk an n) _>—> Z |an|:u(Tn) = ||‘T||1
n=1

It is just as simple to verify the pointwise boundedness of the sequence of norms:
let x € L>(p), i.e. there is a M > O such that |z(t)| < M p-a. e. . Hence we obtain

ﬂ94wnﬁﬁaQW§ﬂp4uwﬁﬁwﬁw

M k—o00 M
=G e JH0 <
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i.e. there is a ky € N, such that for all £ > kg
[z]l(@,) < (M + Dp(T).

For the modulars we have
|fP ()] < [P (M)],

and the pointwise boundedness of the modulars follows from the pointwise conver-
gence of the Young functions |

2.5 Convergence Estimates and Robustness

In a numerical realization of the Polya Algorithm the solutions of the approximating
problems are not solved exactly. As a criterion to terminate the iteration one can use
the norm of the gradient.

It turns out that stability is essentially retained if the approximating problems are
solved only approximately by some 7, provided the sequence (||V fx(Z1)||) goes to
zero (robustness).

Theorem 2.5.1 (see Theorem 5.5.1). Let (f : R" — R)en be a sequence of dif-
ferentiable convex functions that converges pointwise to a function f : R™ — R. Let
further the set of minimal solutions of f on R™ be non-empty and bounded and let
(Zr)ken be a sequence in R™ with the property limy_, o |V f(Zx)|| = O then we
have

(a) The set of limit points of the sequence (Ty) is non-empty and contained in
M(f,R™).

(b) fr(Zx) — inf f(R™).

(©) f(Zx) — inf f(R").

(d) Let Q be an open bounded superset of M(f,R") and ), := sup,cq |f(z) —
Jr(x)|, then

jinf f(R") — f(Z1)| = Olex) + OV fi(Zr))-

The above theorem makes use of the following theorem on convergence estimates
(which in turn makes use of the stability theorem):

Theorem 2.5.2 (see Theorem 5.5.2). Let (fi : R™ — R)ken be a sequence of convex
Sfunctions that converges pointwise to a function f : R™ — R with bounded level sets.
Let further K be a closed convex subset of R" and xj, € M (fy, K) and let Q) be
an open bounded superset of M(f, K) where €, := sup,cq |f(x) — fx(z)]. Then
e — 0 and we obtain
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(@) f(xr) —inf f(K) = O(ey)
() [fr(xx) —inf f(K)| = O(ex).

It is now our aim to give estimates of the above kind for the subspace of Holder—
Lipschitz continuous functions on a compact subset of R” satisfying a cone condition,
and where  is the Lebesgue measure of R” (see Section 2.5.2).

Definition 2.5.3. A subset 7" of R" satisfies a cone condition if there is a cone C' with
interior point and a number p > 0 such that for all £ € T there exists an orthogonal
transformation A; with the property

t+ (pBNAC)C T,
where B denotes the unit ball in R” w.r.t. the Euclidean norm.

Definition 2.5.4. Let 7" be a compact subset of R™ and let 0 < o < 1. We define
Lip*(T) as the space of all real-valued functions x on T with the property: there is
L € Rwith |z(t) — z(t')| < L||t — ¢'||* forall ¢, € T, where || - | is the Euclidean
norm of R".

Theorem 2.5.5. Let T' be a compact subset of R" that satisfies a cone condition,
1 the Lebesgue measure, and (®@y)ren a sequence of finite Young’s functions with
limy 0o Pi(s) = Doo(s) for |s| # 1. Let K be a finite-dimensional subset of
Lip*(T'), then there is a sequence (0y) en converging to zero with 0y, := max(ey, o),
where €y, is the solution of the equation

s"®R(1 + s%) =1,

i
—1 1
@ ()

and oy, 1= — 1. There is also a constant (¢ > 0 such that for all v € K

lzlloo = 1l @y)] < CllzllocOr-
Remark. If @, (1) < ﬁ then ||z[[(@,) < [|2]0o-

Examples. (a) @ (s) := as®> + k(k(|s| — 1).)™ with @ > 0 and n € N. For every
c € (0,1) there is ko € N such that for k > ko

i<z—:0‘<i with —mtl
ke Sk S R

Q=

(b) ®x(s) := |s|*. Forevery ¢ € (0, 1) there is ko € N such that for k > ko
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In the discrete case the situation is somewhat simpler than in the continuous case.

Theorem 2.5.6. Let T := {t,...,tx} and pp : T — (0,00) a weight function. Let
(D )ken be a sequence of finite Young’s functions with limy_, o, @ (s) = Poo(s) for
|s| #land x: T — R.

Then we obtain the estimate |||z, — ||T[lco| < €k - [|2]|oc, Where with X :=

minger{p(t)} we define i, := max{ﬁ —-1,1-
k

1
() rRTEsls

For approximations of the L'-norm we obtain (see Theorem 2.5.2):

Theorem 2.5.7. Let (T, %, 1) be a finite measure space, (Dy,)ren a sequence of finite,
definite Young functions with limy_, . @ (s) = |s| on R.
Let further K be a finite-dimensional subset of L°° () and let £ be chosen such that

| lloo < &J| - ||1 on the span of K, then there is a sequence (0y)ren tending to zero
with 0 := max((ge, (£) — 1), &), where ey, is the larger solution of @' (s) = 12
and go, (s) = d)%(s)for s > 0, then

k

izl = llzllo.| < &llzli6x forallz e K.

2.5.1 Two-Stage Optimization

Let us return to Polya’s original question concerning the convergence of the sequence
of minimal solutions. It turns out that a careful choice of the sequence of approxi-
mating functions (fj) (or for Polya algorithms in Orlicz space of the corresponding
Young functions) often implies convergence to a second stage solution in the follow-
ing sense: limit points Z of the sequence of minimal solutions can — under favorable
conditions — be characterized as & € M (g, M(f, K)) where g is an implicitly de-
termined or explicitly chosen function. If g is strictly convex convergence of the
minimizing sequence is established.

Strategies for this type of regularization are differentiation with respect to the pa-
rameter (if the approximating functions are viewed as a parametric family rather
than as a sequence) for determination of an implicitly given g or use of the con-
vergence estimates derived above for an explicit regularization. Below we present a
finite-dimensional robust version of a theorem pertinent to this question (see Theo-
rem 5.6.12).

Theorem 2.5.8. Let (fr : R™ — R)ren be a sequence of convex functions that
converges pointwise to a function f : R™ — R. Let further the set of minimal solutions
of f on R™ be non-empty and bounded.

Let (o) ken be a sequence with oy, > 0 and oy, — 0 such that the sequence of
functions ({21 cn converges lower semi-continuously (see Definition 5.1.1) on an

A

open bounded superset Q) of M (f,R™) to a function g : Q — R.
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Let further (0x,) be o(ay,) and (Z1,) be a sequence in R™ with the property

IV fr(Zp)|| < O

Then the set of limit points of the sequence (Ty) is non-empty and contained in

M(g, M(f,R")).

Example 2.5.9. We consider once more the best LP-approximations (p > 1) for
p — 1. Let (ay) be as above. If we define f(z) := [, |z(t)|"™* dp and f(z) :=

J7 |(t)|dp then the sequence (f’“a—kf) converges lower semi-continuously to the
strictly convex function g with

- / j2(t)] log |x(£) .
T

The reason rests with the fact that the mapping o fT |z (t)|"**dpu is convex and
the sequence (f =t ) represents the difference quotients (for fixed x) that converge to
the derivative g (w r.t.a)ata = 0.

If now the best LP%-solutions with p, = 1+ oy, are determined only approximately
but with growing precision in the sense that the norms of the gradients converge to 0
faster than the sequence (o) the sequence of approximate solutions converges the
best L' ()-approximation of largest entropy (see Equation (5.7)) (note that —g is the
entropy function).

A further consequence of the above theorem is the following

Theorem 2.5.10. Ler (f;, : R™ — R)pen be a sequence of convex functions that
converges pointwise to a function f : R™ — R. Let further M (f,R™) be non-empty
and bounded.

Let Q be an open and bounded superset of M (f,R") and ), := sup,cq |f(z) —
fr(@)].

Moreover; let (o) en be chosen such that e, = o(«y,), let the function g : R™ — R
be convex, and the sequence (hy, : R™ — R)ren be defined by

hy == arg + fi.

Let further (0y)ren be chosen such that 0y, = o(ay) and let (%y)ken a sequence in
R™ with the property
Vhi(Zk)[| < 0.

Then the set of limit points of the sequence (Ty) is non-empty and contained in
M(g, M(f,R")).

If g is strictly convex then the sequence (&) converges to the uniquely determined
second stage solution.
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By use of the convergence estimates given above we are now in the position to
present a robust regularization of the Polya algorithm for the Chebyshev approxima-
tion in Orlicz space using an arbitrarily chosen strictly convex function g (see Theo-
rem 5.6.13).

Theorem 2.5.11. Let T be a compact metric space and V' a finite-dimensional sub-
space of C(T) and x € C(T). Let further (¢y)ren be a sequence converging to 0
such that forally € x +V

Hyll@y) = 19lloo] < €xllylloo-

We now choose a sequence of positive numbers () pen converging to zero such
that limy_, o Z—’Z = 0 and a strictly convex function g : v +V — R. An outer
regularization of the Luxemburg norms we obtain by defining the sequence (hy, :
x4+ V = R)pen as

hie == arg + || - ll(@,)-

If the minimal solutions of the functions hy, are determined approximately such that
the norms of the gradients go to zero more rapidly than the sequence () then the
sequence of the approximate solutions converges to the best Chebyshev approximation
which is minimal w.r.t. g.

In the following section we will give a detailed proof for the estimates stated above.

2.5.2 Convergence Estimates
Discrete Maximum Norm

Lemma 2.5.12. Let (®y)ken be a sequence of finite Young functions, which converges
pointwise to the Young function

Do (t) = {0 for|t] <1

oo otherwise
for |t| # 1. Then for arbitrary a > 0 we obtain

lim @, '(a) = 1.

om0

Proof. Let 0 < € < 1 be given, then there is a Ky, such that for & > K, we have:
Dp(l+¢) > a,ie 1+ > d)lzl(a). Conversely there is a K such that @ (1 —¢) < a
for k > K and hence | — ¢ < @; ' (a). a
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Theorem 2.5.13. Let T := {t1,...,ty} and o : T — (0, 00) be a weight function.
Let @ be a finite Young function and x : T' — R, then we obtain for the weighted

norm Zﬂ(t)(b(x(ct)) < 1}

teT

||£L‘||(q))7T = il’lf{C

the following estimate:
Nzll@)r = lzlloor| < €0 - [2]loo,r
with
1 1
&‘q)—max{ll— 1,1—]1}7
O~ () =13

where (1) := >, cp pu(t) and X := mingep{p(t)}.

Proof. For aty we have |z(t9)| = ||z]|o, 7. Let

v |z(to)] fort =ty
B(t) = {0 otherwise.

Then we obtain because of the monotonicity of the Luxemburg norm

Hx”ooT) } 1
( c = Hx”oo,T q)—l(%)

On the other hand, if we assume Z to be equal to the constant || ||o,7 on T’, then we

obtain
c

] :
= Tlloo, T =71 -
> ()

H5UH(<I>),T > ||-i'||(q>)7T > inf{c

HCEH(CIJ),T < HiH((D),T = inf{c

Corollary 2.5.14. Let (®y)ren be a sequence of finite Young functions, which con-
verges pointwise to the die Young function ®,. Let

then (ex)ren is a sequence tending to zero and we obtain the following estimate:

@) = zlloor < ek - |2 ]loo,r-
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Maximum Norm in C*(T')

It is our aim in this section to present the above mentioned estimates for the subspace
of Holder-Lipschitz continuous functions on a compact subset of R” that satisfies a
cone condition, where p is the Lebesgue measure of R".

Definition 2.5.15. A subset 7" of R” satisfies a cone condition, if there is a cone C'
with interior point and a number p > 0, such that for all £ € T there is an orthogonal
transformation A; with the property that

t+ (pBNAC) CT,
if B denotes the unit ball w.r.t. the Euclidean norm.

Remark 2.5.16. Every finite union of sets which satisfy a cone condition also satisfies
this condition. Every compact convex subset 7" of the R" with interior point satisfies
a cone condition.

Lemma 2.5.17. Let 1 be the Lebesgue measure on R™ and T' a compact subset of the
R", which satisfies a cone condition, let further

() :=inf{6 > 0| pu((t+6B)NT) > A} forO <A< pu(T)andt €T,
then there are positive numbers Ay and c such that
a(t) < Y forO < A< Xpandt e T,

and we have
A=pu((t+aq(t)B)NT).

Proof. Let A < p"p(BNC) =: Ng,and let @, := {0 > 0| pu((t +dB)NT) > A},
then we obtain because of the cone condition for 7' and the invariance of p w.r.t.
translations and orthogonal transformations and the homogeneity of p

p((t+pB)NT) > p(t+ (ACNpB)) = p"u(BNC) = Ao,
hence p € @), and thus ¢y (t) < p. For A < Ao we have Q); 2 Q) and
thus ¢x(t) < ¢y, (t). Due to the continuity of 4 w.r.t. ¢ in the definition of gy () the
infimum is assumed there and we obtain as above

A=p((t+a@&)B)NT) = (A1) (BN CO).

With the definition ¢ := (u(B N C))_% the assertion follows. O
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Definition 2.5.18. Let 7" be a compact subset of the R” and let 0 < o < 1. We define
C“(T) as the space of all real valued functions = on 7" with the property: there is a
number L € R with

|z(t) — =(t)| < L|jt — ||

forall t,¢' € T, where || - || denotes the Euclidean norm of R". Let further be

Lo(x) :=inf{L > 0| |z(t) —z(t')| < L||t — t'|* forall t,t' € T, t #t'}.
Remark 2.5.19. It is easily seen: L,, is a semi-norm on C'*(7T'), since apparently
|(@(®) +y(#) — (@) +y(t)] < (Lalz) + La@)t = | forallt,t' €T, t£¢,
hence L, (x + y) < Lo(z) + La(y). The positive homogeneity is obvious.

Lemma 2.5.20. Let ® be a finite Young function, then the equation
sO(14 5% =1
has a unique positive solution €.

Proof. Let 5o := sup{s > 0|®(s) = 0}, then 0 < sy < oo, because D, being a
Young function, cannot be identical to zero. Let now sy < s; < s, then there is a
A€ (0,1) with s; = (1 — X)sp + Asp and thus

0<®(s1) < (1 =XN)D(s0) + AD(s2) = AD(s2) < D(2),

i.e. @ is strictly increasing on [sg, 00). Let now @', be the right-sided derivative then
the subgradient inequality yields ®(s) < s - @/ (s), in particular @’ (s) > 0 for
s > sp. Let now s1 > s, then we obtain due to the subgradient inequality

D(s1) + Py (51)(s — 51) < D(s),

and hence limy_,o, @(s) = co. Let now u(s) := s"®(1 4 s), then apparently u
is strictly increasing on [sg, 00) and according to Theorem 5.3.11 continuous there.
Furthermore we have: 4(0) = 0 and lims_,o, u(s) = oo, and the intermediate value
theorem yields the assertion. m|

Lemma 2.5.21. Let T be a compact subset of the R" that satisfies a cone condition,
let |u be the Lebesgue measure, and ® a finite Young function with ep < )\(1)/ " (see
Lemma 2.5.17), if eg is the solution of the equation s"®(1 + s*) = 1.

If x € C*(T), then with c as in Lemma 2.5.17 we obtain

[#]loo < llzll@) + ea(l2l[(@) + " La(z)).

1

=1 (S7y)

On the other hand with og 1= — 1 the inequality

[2]l@) < llzlloo + ool

holds.
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Proof. Let tg € T be chosen such that |z(ty)| = ||z]|e. Let further Ip := (o +
o (to)B) NT. For all t € T we have with z(t) := ||to — t||“ in the natural order

l2]looXte < |%|X1e + 2La(T)XIe-

We obtain ||xz, [|(@) = , and due to the monotonicity of the Luxemburg

1
>~ (7o)
norm |||z|x1, /(@) < [|Z]|(@)- By Lemma 2.5.17 we have: ¢.r (t9) < ceo, hence

2XIp < (Qep (t0)) " X1p < (c20) XIgy i€ [|2XIs [l (@) < (c0)®IX1ol (@)

using again the monotonicity of the Luxemburg norm. We thus obtain

A .
oo < @ () o) + (cc0)* Lala)

aery
(1 o
el + (@7 () = 1) el + (cz0)"Lale)
o
= [[zll@) + ea(llzll@) + ¢* La(x)).
Apparently
(e (in))o
7\l w(T) o
and hence the second part of the assertion. |

Remark 2.5.22. If ®(1) < i, then ||z (@) < ||| holds.
Lemma 2.5.23. Let (Dy)ren be a sequence of finite Young functions with
limy, 00 @ (s) = oo for s > 1.

Then the solutions ¢y, of the equations s"®y(1 + s*) = 1 form a sequence tending
to zero.

Proof. Suppose this is not the case. Then there is a subsequence (&,,) and a positive
number v withe,, > vforn =1,2,....

For n large enough the inequality ®,, (1+~*) > A/% would hold and hence ], ®@,, (1+
5%) > 2, contradicting the definition of &,,. O

Lemma 2.5.24. Let (®k)ken as in the previous lemma and let in addition
limy—y00 P (s) = 0 for s € (0, 1), then

Jim ®,'(a) =1 fora>0.

—00

Proof. Let0 < € < 1, then for k large enough: @ (1 +¢) > a,ie. 1 +¢ > q),;l(a).
On the other hand one obtains for sufficiently large k: ®y(1 — €) < a and thus
1—e< @, '(a) O
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We are now in the position to state the convergence estimate in a form suitable for
the regularisation method in Theorem 2.5.5.

Theorem 2.5.25. Let T be a compact subset of R", which satisfies a cone condition,
 the Lebesgue measure and (®y)ken a sequence of finite Young functions with

> 1
lim @y (s) = 4 Fr
k—o0 0 forls| <1.

Let K be a finite-dimensional subset of C“(T), then there is a sequence (i)reN
tending to zero, defined by 0y, := max (e, 0y, ), where ey, is the solution of the equation
sS"®R(1 + s*) =1 and o, := ﬁ — 1, and there is a number ¢ > 0, such that
k
Hzlloo = 1]l @) | < Cllllocdr

forallz € K.
Proof. L, being a semi-norm is in particular convex and thus according to Theo-
rem 5.3.11 continuous on the span of K, i.e. there is a number x, such that on the
span of K Ly () < £||%||co-

Lemma 2.5.21 then yields

[#lloo = 1]l (@) < €f(on + 14 *R)]|2]lco-

The inequality claimed in the assertion of the theorem then follows using the preced-
ing lemmata. o

Example 2.5.26. (a) ®y(s) := as® + k(k(|s| —1)4+)™ witha > 0 and m € N.
For every ¢ € (0, 1) there is a ky € N, such that for & > N

m+1

1
q< ef <5 Wwith ¢:=

k k4

ﬁ
«

Proof. Let p := q/«, then because of parmn — (m

() > o))

1 1
:ka <1+k‘po‘> +1>1.

On the other hand
c\" c\¢ c’ @ \? @\
(5) o+ (5) ) =0+ 5) +(-5) )

Cr ca ? am-—+r
:ka <1+kpa> +c <1

for k sufficiently large, hence cki,, <ep < kip m]
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(b) @(s) := |s|. Forevery ¢ € (0, 1) there is N € N, such that for k > N

Proof. Foru > 0 we have: (1+ %) <e* < (1+ ¥)*"1. Hence

r

<<210gk(/:1)> ;>T<1 - Zébgk(k_zl))k > (k—1)a (; 10g(k:—1)> C(k—1)%

k—o0
Q.

On the other hand

1
rlogk\e\" rlogk
L 1 +el

This corresponds to the results of Peetre [90] for intervals and Hebden [37] for
cuboids in R" and continuously differentiable functions.

k r
> < gleDg (cr log k) LimioNy(Y O
o

L'-norm

Lemma 2.5.27. Let (T, X, 1) be a finite measure space, @ a finite, definite Young
function, then we obtain for all x € L' () N L® (1)

lzlh < llzll@) + e lco + 1),

where eg denotes the larger solution of the equation ®~'(s) = 1 and cg is defined
1

>~ (o)

by cp 1=

Proof. Let @' (0) denote the always existing right-sided derivative of ® at 0. If
@', (0) > 1, then ®(s) > |s| on R and hence ||z||; < ||z||e on L®(11). The equation
S

O (s) = only has the solution eg = 0.

I—s

If now @/, (0) < 1, we define h : R, — R by h(s) := 2 for s > 0 and h(0) :=
@', (0). h is continuous and monotonically increasing on R (see Theorem 3.3.1). Let
further be g(t) := h(®~!(t)) for t > 0, then g is also continuous and monotonically
increasing on R and we have ¢g(0) = @/_(0). Let finally j(t) :=t + g(t) for t > 0,
then j(0) < 1and j(1) = 1 + h(®!(1)) > 1, because @~ !(1) > 0 and ® definite.

Due to the strict monotonicity of j there is a unique e with j(eg) = 1.

Letnow = € L'(u) N L®(p) \ {0}, then we define

xe = |z| + eollz|-

In the natural order the following inequality holds:

zo > collx|1;
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for the integral norm we have

lzalli = llz[[1(1 + cop(T)).

Using the monotonicity of g we then obtain
T TP
1—|—5q>,u(T):/ du:/CD(I>d,u
7 [ r \9(i)llzlh

[E3IR
)du.
[E4IH

</Tq’(g<e@

8

~—

The monotonicity of the Luxemburg norm then yields
g(eo)llz[1 < ||$cI>H(q>) < ||9U||(<1>) +col|z(: ||XT||(<1>) i.e.
Izl < llzll@) + =]l (1 — g(eo) + caca).

The definition of e leads immediately to the assertion. m]

Lemma 2.5.28. Let X be a finite dimensional subspace of L (1), (T,Z, 1) a finite
measure space, ® a finite Young function and & chosen in such a way that || - ||oc <
|l - |li on X, then for x € X

zll@) < Izl + (g0(&) — 1) (|21,
if go(s) == ﬁ@fors > 0.

Proof. Let x € X \ {0}, then because of the monotonicity of ge

' /lellld“ B /Td)(g@(ﬁwm)d“
= /Tq’<g¢<£g>c|x|1>d“’

ie. [2llo < go(&)le]h. ;

Lemma 2.5.29. Let (®y)ren be a sequence of finite, definite Young functions with
@), (0) < L Iflimy_,o0 Pi(s) = |s| for s € R and if ey, is the positive solution of the
equation d),;l(s) = 12, then (e )ren and (9o, (a) — 1)ren for a > 0 are sequences
tending to zero.

Proof. Apparently limj_,~ g, (@) = 1 for a > 0. Suppose there is a subsequence
(en) and a positive number y with ,, > +, then due to the monotonicity of ga,

en + 9o, (en) =7+ 90, (7) > %H

for n sufficiently large, contradicting the definition of &,,. m|
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We are now in the position to formulate the subsequent theorem:

Theorem 2.5.30. Let (T,%, 1) be a finite measure space, (®y)ren a sequence of
finite, definite Young functions with limy_,~, @k (s) = |s| on R. Let further K be a

finite-dimensional subset of L*>(u) and & be chosen such that | - |cc <
Il - |l1 on the span of K, then there is a sequence (8y)ken tending to zero defined
by 6 := max((go, (&) — 1), x), where €y, is the larger solution ofCI),;] (s) = 1% and
9o, (8) := —1— for s > 0, with the property
d)k (s)
Nzl = llzllo.| < Ellzllidx  forallz e K.
Proof. This follows immediately from the preceding lemmata. i

Remark 2.5.31. If in addition @ (s) < |s| on R, then
lzlle, = llzlh] < (1 + p(T)l]lex
forall x € L'(u).

Examples 2.5.32. (a) @y, (s) := |s|' %
Depending on the choice of ce(0, 1) we have for sufficiently large

log k log k
< < .
Tk ST
Furthermore we obtain for £ > 1: go, (§) — 1 < %

1

(b) ®p.(s) := [s| — %log(l + E|s|) we have for sufficiently large k: e < (loik) .

(S}

For modulars the following estimate is available:

Theorem 2.5.33. Let (T, %, 1) be a finite measure space, (®y,)ren a sequence of finite
Young functions with limg_, o, @p(s) = |s| on R.
Let further K be a finite-dimensional subset of L™ (), let zo € K arbitrary and
Q:=A{z e L[zl < 2|lzoll1}-
Then Q is a compact neighborhood of M (|| - ||1, K) and we have
sup [[|z[li — f®(2)] < u(T) sup |s — Dy(s)|
z€Q s€(0,ac]

with a := 2||xo||1 and ¢ chosen, such that || - ||oo < ¢|| - ||1 on the span of K.

Proof. The statement about () is obvious. Furthermore we have
sup [ = ()] < sup [ | fa] ~ @u(e)ldn
TEQ zeQ JT

< supu(T)  sup |5 —Dy(s)|
zeQ 5€[0, ]| oc]

<p(T) sup [s— DPp(s)]-
s€(0,ac]
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The right-hand side is, according to Theorems 5.3.6 and 5.3.13, a sequence tending to
Zero. O

Examples 2.5.34. We denote sup,c( .. |s — Px(s)| by e, then we obtain for

(a) Dg(s):= |s|1+% the following inequality: e), < max(1, ac(ac — 1))
(b) for @y (s) := |s| — +log(1 + k|s|) the inequality

log k
ak§2% fork > ac+1

(c) and for @y(s) := Z(sarctan(ks) — 5 log(1 + k?s?)) finally

log k
€k§3% fork > ac+ 1.

2.6 A Polya—Remez Algorithm in C(T)

We will now take up the approximation problems treated in earlier sections for finite-
dimensional subspaces of continuous functions on an arbitrary compact metric space
T (mostly as a subset of R, with I € N):

For a given point = in C'(T") we look for an element in a certain subset M of C'(T")
that — among all points of M has the least distance from x, where the distance is
understood in the following sense:

|2 = Ylloo,r = max lz(t) — y(t)]. (2.6)

Denoting the norm || - ||o,7 With subscript 7" is meant to express the dependence on
the set 7', which we intend to vary in the sequel. In analogy to the maximum norm we
will use this type of notation also for the Luxemburg norm || - [|() 7

The following algorithmic considerations are based on the theorem of de la Vallée-
Poussin proved in Chapter 1. For convenience we restate this theorem once again:

Theorem 2.6.1 (Theorem of de la Vallée-Poussin). Let vy be a best Chebyshev ap-
proximation of x € C(T) w.rt. the n-dimensional subspace V' of C(T'). Then there
is a finite (non-empty) subset Ty of the extreme points E(x — vy, T), which does not
contain more than n+ 1 points and for which v, is a best approximation of xi, w.r.t.
Vi, i.e. for all v € V we have

|2 — volloo, = [l — volloo,y < |7 — Voo, p-

This theorem is, as was seen above, a consequence of the Characterization Theorem
(see Theorem 1.3.3), which in the sequel will facilitate the constructive choice of a de
la Vallée-Poussin set in the sense of the above theorem.
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Theorem 2.6.2 (Characterization Theorem). Let V' = span{vy,...,v,} be a sub-
space of C(T) and x € C(T). wy is a best Chebyshev approximation of x w.rt. V,
if and only if q points t,...,t, € E(x —vo,T) with 1 < ¢ < n+ 1 and q positive
numbers oy, . .., aq exist, such that for allv € V

q
> ajla(t) = volty)v(t;) = 0.
j=1

The interpretation of the subsequent theorem is the following: when varying the
set T the Kuratowski convergence is responsible for the convergence of the corres-
ponding maximum norms.

Definition 2.6.3. Let X be a metric space and (M), ),en a sequence of subsets of X.
Then

lim M, := {x € X |there is a subsequence (My)ien Of (M, )nen and xy, € My,
n
ithe = li
vithe = Jlim o}
lim M,, := {z € X |thereisany € Nand z,, € M, forn > no with z = lim =, }.
n n—00

The sequence (M, )nen is said to be Kuratowski convergent to the subset M of X
if
m]\4n = lim M,, = M,
n n

notation: M = lim,, M,,.

Theorem 2.6.4. Let T be a compact metric space and x € C(T). Let further (T,) xen
be a sequence of compact subsets of T', which converges in the sense of Kuratowski to
To. Then we obtain

Jim ooz, = 1ol
i.e. the sequence of the corresponding maximum norms converges pointwise on C(T).

Proof. Let 79 € Ty be chosen such that |z(79)| = ||#]/co,7,- From the Kuratowski
convergence follows the existence of a sequence (¢ )ren With ¢, € Ty for all k& > ny,
which converges to 7. From the continuity of = and ¢, € T}, C T it then follows that

k—
Iz llo0r > l12llooz > |2 (tr)] == |2(0)] = l[]loom-

Let on the other hand 75, € T}, with |2(7;)| = ||%||ec, 7, and s := sup{|z(7x)|}. Then
there is a subsequence (7, )men converging to a 7 € T with lim, o0 |2(7%,, )| = s.
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From the continuity of z it follows that also limy, . |2(7,,)| = |z(7)|. The Kura-
towski convergence guarantees 7 € Tj and thus

[2lloo,y = 8 = [|2]loo,7,
forall k£ € N. O

This theorem provides the opportunity to develop strategies for the computation of
best Chebyshev approximations for functions being defined on a continuous multi-
dimensional domain. In addition to an obvious approach to use a successively finer
point grid (mesh width to zero), we have the possibility to keep the number of dis-
cretization points small, where we just have to take care that the sequence of dis-
cretization sets converges in the sense of Kuratowski to a superset of the critical points
which result from the theorem of de la Vallée-Poussin.

Using the Stability Theorem 5.3.25 we then obtain

Theorem 2.6.5. Let M be a closed convex subset of a finite-dimensional subspace of
C(T) and x € C(T). Let Ty be a finite subset of T with the property that the best
Chebyshev approximations w.rt. || - ||eo,1, and || - ||eo,r agree as functions on T. Let
now (Ty)ren be a sequence of compact subsets of T which converges in the sense of
Kuratowski to a superset Ty of T,;. Then for K := x — M we have

@) Timy, M (|| - [loo,1,,, ) is non-empty and Uyery M (|| - lloo, 1., K) is bounded
(b) Timy, M (|| - [loo,r,, K) € M (|| * |ooyr, K)

(¢) infyer ||Ylloo, 7, —k—o0 infycr Y]
(d) yr € M([| - loo,1,» ) implies ||yx||oo,r — infyer [|Ylloo,r-

oo, T

If one wants to realize the scheme of the previous theorem algorithmically, an ob-
vious approach is to compute each of the best approximations w.r.t. || - |- 7, by a
corresponding discrete Polya algorithm, at least in an approximative sense. If, beyond
that we are able to keep the number of elements in the set sequence (7},) uniformly
bounded, even a diagonal procedure is feasible, a process that is put into precise terms
in the two subsequent theorems.

Theorem 2.6.6. Let T be a compact metric space and x € C(T). Let further
(T )ken, be a sequence of finite subsets of T, whose number of elements does not
exceed a given constant and converges in the sense of Kuratowski to Ty.

Let further (®y)ren be a sequence of Young functions, which converges pointwise
to the Young function
0 for|t| <1
oo otherwise

D (1) := {
for |t| # 1. Then we obtain

Jim (2] 7, = 12l
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i.e. the sequence of the corresponding Luxemburg norms converges pointwise on

(7).
Proof. We obtain

@z, = #lloom| < [ll2ll@u),z = €lloozi | + H#lloom = |#]lo0m -

According to Theorem 2.5.13 we have

el @)z, = l[2lloom] < €k - [|2]loo,m,

with

1 1
f‘:k_max{_ll_l,l—_l}.
;- (r771) @, (1)

By assumption there is a N € N with the property |T;| < N. Then, due to Theo-
rem 2.5.13 the sequence (&j)en tends to zero. Due to the convergence of the Cheby-
shev norms the assertion of the theorem follows. i

Under the conditions stated above we can now approximate the best continuous
Chebyshev approximation by a sequence of best discrete approximations w.r.t. Lux-
emburg norms in the sense of Polya.

Theorem 2.6.7. Let M be a closed convex subset of a finite-dimensional subspace of
C(T) and x € C(T). Let T; be a finite subset of T with the property that the best
Chebyshev approximations w.r.t. || - ||eo,r, and || - || co, 1 agree as functions on T. Let
now (Ty)ken be a sequence of finite subsets of T, whose number of elements does not
exceed a given constant and converges in the sense of Kuratowski to a superset Ty of
Ty. Let further (®y,) e be a sequence of Young functions, which converges pointwise
to the Young function ®,. Then we obtain for K :== x — M

(a) limy, M (]| - |(@),73,» K) is non-empty and ey M([| - ||(@,),13,, K) is bounded

() Timg M([| - [|(@y) 13,0 K) € M| - [loo,7, K)

(©) infyer Yl (@)1 = k00 fyer Yoo

() from yn € M(|| - ||(@),1,, K) it follows that ||y || o7 — infye rc [|yl]oo,T-

Algorithmic Scheme
Let T" be a compact metric space and K a closed convex subset of an n-dimensional
subspace of C'(T'). Let further0 < o < 1, >0and T, C 7.

(a) Setk:=1, D :=T). Determine z; € M(| - ||co,p,, K ) and set

oo oo

~ llztllo.py
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(b) If pi. < &, then Stop.
(c) Reduction Step:
D~etermine asubset Dy, of E (zk, Dy ) where for the ngmber of elements we have
[Dy| < n+1, suchthatzy € M(|[-[| p,. K) (ie. Dy is a de la Vallée-Poussin
set relative to D)
(d) Inner Loop:
i. Choose t;, € E(xy,T) and set ¢ := 1. Choose B as a superset of
Dk U {tk}.
ii. Determine y; 1, € M(|| - ||co,B,,, K) and set

_ Yiklloor
Rik « T

B 1
1Yi k|l oo, B

iii. If r; k < opy, then set Dyy 2= B g, Tyt = Yiks Pht1 = Kik-
Set k := k + 1, goto (b).
Otherwise choose T; C T and set B; 1, := B; j, U T;.
Seti :=1 4+ 1 goto ii.

Algorithmic Variants

For the choice of the set T; in step iii. of the inner loop different strategies are possible:

(a) (static variant) Let (7;);cn be a sequence of subsets of 7' that converges in the
sense of Kuratowski to 7.

(b) (dynamic variant) Choose 7; as a non-empty subset of E(y;, 7). If one
chooses in particular 7; as a set containing just a single point, then this pro-
cedure corresponds in the inner loop to the First Algorithm of Remez proposed
by Cheney (see [22]).

One can view the determination of 7; as a byproduct of the computation of the
Ii,'yk.

(c) (combined variant) A mixture of both variants in the sense of a union of the

corresponding sets.

Theorem 2.6.8. In variants (a) and (c) the sequence (xy)ken generated by the algo-
rithm is bounded and every point of accumulation is a best Chebyshev approximation
w.rt. || - ||co, 7. Furthermore the sequence (||xk| oo, p, )ken converges monotonically
increasing to inf(|| - ||oo, 7, K).

Proof. By construction the inner loop over ¢ ends after a finite number of steps. Fur-
thermore, by construction the sequence (py) tends to zero and we obtain for % suffi-
ciently large

[zklloo,r < (14 &)l|2kloo,Dy
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where z, € M(|| - ||oo, Dy K). Let g € M(]| - ||oo, 7, K), then apparently

12kl oo, D < lZ0llo0,05 < |70l 00,7

Hence the sequence (zy) is bounded. Let now (xj, ) be a convergent subsequence
with zy,, — Z. Suppose T & M (|| - ||oo,r, K), then thereisa ¢ € T"and § > 0 with
2(D)] 2 l[zolloc,r (1 +26), due to 2y, (7) — 2(0) also [z, (D] = 2o ]lacr(1 + )
for n sufficiently large. On the other hand there is a N € N with p, < g for k > N.
Putting these results together we obtain

[Z0lloo, 7 (1 4 8) < |Zk, (D) < [z, lloo.r

5 )
< (143 Iokalloo,n, < (145 )0l

and hence a contradiction.
The monotonicity follows from Dy D Dy, since

Zklloo,0 = [12kll00, 5, < NTht1ll00,Dp - o

Algorithm for the Linear Approximation

Let T be a compact metric space and {vy,...,v,} a basis of a finite-dimensional
subspace V' of C(T'). Let T be a subset of T" such that {vy,...,v,} restricted to
Ty are linearly independent. In order to guarantee uniqueness of the coefficients of
the best approximations to be determined, one can in step i. of the inner loop put
Bl,k =D U {tk} U Tp.

The reduction step in (c) can now be realized in the following way: Let x — v j, be
a best approximation w.r.t. || - [|so, p, and let {t1,... %} = E(x — vy, D) be the set
of extreme points of x — vg ;, on Dy. If I < n + 1, put Dy = E(x — vok, D).

Otherwise determine a solution of the homogeneous linear system of equations
resulting from the characterization theorem

l
> aj(@(ty) — vou(ty)vi(t;) =0 fori=1,...,n.
j=1

Here we look for a non-trivial and non-negative solution with at most n + 1 non-zero
components. The non-triviality of the solution can in particular be guaranteed by the
requirement

For non-negative solutions special algorithms are required.
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Remark 2.6.9. A further class of algorithms for the computation of a best (contin-
uous) Chebyshev approximation in C'(7'), also being based on the idea of the Polya
algorithm, is obtained in the following way:

After choosing a sequence of Young functions (®y ), whose corresponding Luxem-
burg norms (|| - ||@,,7) converge to || - ||oo,7, the computation of a best approximation
w.r.t. the Luxemburg norm is performed by replacing the integrals by quadrature for-
mulas. In order to keep the number of discretization points low, one can adopt the
idea of adaptive quadrature formulas (sparse grids).

2.7 Semi-infinite Optimization Problems

Various problems of optimization theory can be formulated as problems of linear
semi-infinite optimization (see [71]), where a linear cost function is optimized under
(potentially) infinitely many linear restrictions.

Let T be a compact metric space and C(T') be equipped with the natural order,
U an n-dimensional subspace of C(T') with basis {u1, ..., u,} and let u, 1 € C(T).
Let now ¢ € R" be given, then we denote the following problem

n
> wiu; < un+1} @.7)

i=1

an {1
z€R™

as a semi-infinite optimization problem.

If up+1 + U satisfies a Krein condition, i.e. thereisau € u,+1 +U andap > 0
with u(t) > p forall t € T, then we can, without loss of generality, assume that w,,
is positive.

In [66] we have converted the semi-infinite optimization problem into a linear ap-
proximation problem w.r.t. the max-function, and have approximated the non-differ-
entiable max-function by a sequence of Minkowski functionals for non-symmetric
Young functions, much in the spirit of the Polya algorithms of this chapter. In the next
section of the present text we will pursue a different approach: instead of smoothing
the function to be minimized we smooth the restriction set and keep the (linear) cost
function fixed.

2.7.1 Successive Approximation of the Restriction Set

We will now treat the problem of linear semi-infinite optimization, directly by the
method of Lagrange. Let p : C'(7) — R with p(u) := max.er u(t), then we can
formulate the above problem as a restricted convex minimization problem:

p<2xiuz~ _un+]) < 0}. (2.8)

i=1

inf {(—c, z)

z€R™
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The convex function p is not differentiable in general. This also holds for the function
[+ R" — R, defined by f(z) := p(d>_"" | xiu; — up11). Thus the level set Sf(0),
which describes the restriction set, is not flat convex (see Theorem 8.1.2).

An equivalent formulation we obtain by using the also convex function ¢ : C(T) —
R defined by ¢(u) := max(p(u),0)

zeR”

inf {(—c, )

CJ(Z%% - Un+1> = 0}- (2.9)
i=1

We obtain for the corresponding Lagrange function : (—c, z) + A f (z) resp. (—c, z) +
Ag(z), where g : R" — R is defined by g(z) := ¢(> ;" zjui — uns1). The La-
grange functions are, as stated above, not differentiable. By suitable differentiable
approximations of the functions f resp. g we obtain differentiable restricted convex
optimization problems. If we apply to these the methods of Kuhn—Tucker resp. of
Lagrange, one can reduce the determination of minimal solutions to the solution of
non-linear equations. In order to apply rapidly convergent numerical methods, the
regularity of the corresponding Jacobian matrix at the solution is required. A state-
ment in this direction is provided by the following lemmata:

Lemma 2.7.1. Let A € L(R™) be symmetric and positive definite and let b € R™ be
different from zero. Then the matrix

Ab

vl 0

Proof. Suppose thereisay € R™and a ;1 € R, not both of them zero, with Ay = —ub
and (b, y) = 0, then

is non-singular.

(Ay,y) = —u(b,y) =0

holds. Since A is positive definite, y = 0 follows, hence 1 # 0 and therefore b = 0 a
contradiction. ml

Lemma 2.7.2. Let f : R™ — R be twice continuously differentiable, let ¢ € R™ dif-
ferent from zero, let (x*, \*) be a stationary point of the Lagrange function (x,\) —
(—c,x) + Nf(x). If f"(x*) is positive definite, the Hessian matrix of the Lagrange
function
Af"(x) f'(x)
(Fa? ')

is non-singular at (x*, \*).
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Proof. If (z*, \*) is a stationary point, it satisfies the equations

—c+ X f(z*) =0
flx*) =0.
Suppose A* = 0 or f/(z*) = 0, then ¢ = 0, a contradiction. According to the previous
lemma then
( f@) 3= f(@) )
;:jq(x*)jw 0
is non-singular. O

Theorem 2.7.3. Let f : R™ — R be convex and differentiable, let ¢ € R™ be different
from zero and let 5 > inf f(R™). Let further

o = inf{(—c,z) | f(z) < B} (2.10)
be finite and be attained at x*. Then there is a \* > 0, such that
po = inf{(—c,z) + \*(f(z) — B)}, (2.11)

where the infimum is also attained in (2.11), and f(x*) = /3 holds.

Proof. Apparently there is a 1 € R™ with f(x;) < . Then by Theorem 3.14.4
there is a \* > 0 with p9 = inf{(—c, z) + \*(f(x) — 8)}, where the infimum is also
attained at z*. As a necessary (and sufficient) condition we obtain

—c+ X f'(z*) =0.

Since ¢ # 0 the gradient f’(z*) # 0 and A* > 0. Apparently 2* cannot be an interior
point of S¢(f3). O

Let @ be a (non-symmetric) twice continuously differentiable Young function. Let
further pe be the corresponding Minkowski functional and let fo : R™ — R be

defined by
n
fo(z) = p¢<zxiui - Un+1>-

i=1

Let 8 > po(—upn+1). Then we consider the problem

p¢<2xiui - unH) < 5} (2.12)

i=1

inf {<—c, )

z€eR”

resp.

inf {(~c,) | fo(z) < B}. 2.13)

zeR™
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For the corresponding Lagrange function we have
(@, A) = (=¢, 2) + Afo(x) = B).
A stationary point (z*, \*) satisfies the following system of equations:
—c+ N fp(x*) =0 (2.14)
Jo(z") = 8. (2.15)

A more explicit form of the second equation is: pe (D ;| 2t — un+1) = B. Due to
the positive homogeneity of pe

n Ko
/Tq)<2m xﬂﬁh unH)du_l

holds. Altogether we obtain the following system of equations:

—c+5\</ ujcln’(Z“mi“i _“”“>dﬂ) =0 (2.16)
T B j=1

/q)(Zi:lwi‘uz’ _u”+1>dp -1 (2.17)
T B

N t t .
Here A = \*/ [, pi((;) CID’(pi((;))du with y(t) := Y"1 | Fu; — up1, where the de-
nominator of the right-hand side corresponds to the expression (a) in Section 1.4.2.
Therefore also A > 0.

Let now in particular @ : R — R be defined by ®((s) := s> and let ® be a twice

continuously differentiable (non-symmetric) Young function with the properties
(a) ®(s) =0fors <1
(b) ®(s) >0fors > 1.

Moreover, let @« > 0 and let ®, := a®y + P, and let p, ¢ be the corresponding
Minkowski functional. Let f, ¢ : R™ — R be defined by

fa.o(@) = pao < > wiu; — un+1) :

i=1

Due to the Krein condition we can assume ., to be non-negative, then, due to

pa,d)(_un+l) - \/a|‘un+l ||27

(since @(—uy,1) = 0) an explicit relation between « and ( can be stated as

B> Vallunii -
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A stationary point (z*, A*) of the Lagrange function of the approximating problem

pa,¢<zwiui - un+l) < /3} (2.18)

i=1

—c+ A(/ u; @, (Z“ Tt~ Unil >du> ~0 (2.19)
T B j=1

/ o, <Zi_l Tiug — u"“)d,u . (2.20)
T B

inf {<—c, )

reR?

satisfies

Since @, > 0 we obtain in analogy to the considerations in Section 1.4.2 that of f ¢
is positive definite.

Let now (01 )en be a sequence of positive numbers tending to zero. At first we will
show the Kuratowski convergence of the level sets Sy, ., (8x) (here a = 0) to S;,(0).

Lemma 2.7.4. We have
(a) Spo,d>(0) = SP(O)
(b) Spo,m(ﬂk) o Sp(o)-

Proof. Lety € C(T), then by definition

po@(y) = inf {C

(s}

Now for k > 1 due to the convexity of ®: ®(s) = ®(4 - ks + (1 — 1) - 0) < tD(ks)
and hence k®(s) < ®(ks). Letnow y(t) > 6 > 0 fort € U with u(U) > 0 and let
¢ > 0 be chosen, such that 6 /2¢ > 1. Then

[o(")inz w1 () = uwie( ;) = nw)yew

2%5
holds. For a ¢ > 0 small enough the right-hand side is greater than 1 and hence
po.@(y) > 0. If on the other hand y < 0, then apparently po o(y) = 0. This yields the

first part of the assertion. The second part is an immediate consequence of the first
part. o

Theorem 2.7.5. Let (o) ken be a sequence of positive numbers tending to zero. Then
the sequence of Minkowski functionals (pa, @)reN converges pointwise to poo on

L%(p).
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Proof. Lety = > | AixT, be a step function in L ().
Case 1: po.a(y) > 0.
We have

Z%k(po@ )) (Ti)sz(m;’@))u(m:l,

and hence
pa,, (Y) = poo(y).

Suppose, there is a subsequence and a positive £ with po,,, (y) > po.a(y) + &, then

n

Z%k( o(y) > >Zq)a’“<pak, (y)>u(m:1'

Due to the pointwise convergence of the Young functions we then obtain

> o5

)mmzn
p0<1> +e€

a contradiction.

Case 2: po.o(y) = 0.

Then by the above lemma y < 0 and hence (I)(%) = 0 for all ¢ > 0. Therefore
Paro(y) = v/ar|yll — 0 for k — oo,

In a manner similar to Theorem 2.4.2 the continuity of the Minkowski functionals
on L™ can be established. The remaining part is an application of the theorem of
Banach-Steinhaus 5.3.17 for convex functions. i

In order to be able to apply the stability theorems of Chapter 5, we need the Kura-
towski convergence of the restriction sets. This can be achieved, if the sequence of the
parameters (o )ren converges more rapidly to zero than the sequence of the squares
of the levels (B )ken-

Theorem 2.7.6. Let o, = o(f37) and let M be a closed subset of C(T). Then the
sequence of the intersects (M N Spa,, o (Bk))ken converges in the sense of Kuratowski
to the intersect with the negative natural cone M N Sy(0).

Proof. Lety,e M N Sp%@ (Br) for keN, i.e. po, o (yr) < B and let limy_, o0 yr =7.
Due to the closedness of M we have § € M. We have to show that § € .S,,(0).

Pointwise convergence of the Minkowski functionals implies their continuous con-
vergence (see Remark 5.3.16), i.e.

k—o0 _
Pag.@(Yk) —— po.o (7).
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Let ¢ > 0 be given, then: p,, o(yr) < Br < ¢ for k sufficiently large, and hence

po.o(¥) < e.
Conversely, let o, = o(37) and let § € M N S,(0) (i.e. in particular § < 0), then

o ()o)
i;fOT{ Jl| < > }

holds, but \/ay||g[l2 < By for k sufficiently large, hence § € M N Sy, ,(Bk) for k
sufficiently large. m]

Por.0l5) = inf{

o<

For the case of semi-infinite optimization we choose M := —u,y; + U, where
U :=span{uy,...,uy}.

Remark. If {u,...,u,} is a basis of U, then the Kuratowski convergence of the
level sets of the Minkowski functionals on C'(7T") carries over to the Kuratowski con-
vergence of the corresponding coefficient sets

Jim fo 0(8) = S (0).

Theorem 2.7.7. Let Sy := fo, o(Br) and S := S¢(0). Let further the set of minimal
solutions of (—c, -) on S be non-empty and bounded. Then

(a) for every k € N there exists a uniquely determined minimal solution x; €
M({—c,-), Sk). The resulting sequence is bounded and its points of accumula-
tion are elements of M ({(—c, ), S).

(b) inf(—c, Sg) — inf(—c, S).

(©) z € M({—c,-),Sk) for k € Nimplies (—c, xy) — inf(—c, S).
Proof. Since for all k& € N the level sets Sy, are strictly convex and bounded, existence
and uniqueness of the minimal solutions of —(c,-) on S follows. The remaining

assertions follow from the Stability Theorem of Convex Optimization 5.3.21 in R".
O

Outer Regularization of the Linear Functional

Theorem 2.7.8. Let f and g be convex functions in C?(R™) with giy’ positive definite.
Let ¢ € R™ be different from zero and let 3 > inf f(R™). Then:

(a) The optimization problem (g~(-) — (c,-), S§(B)) has a unique solution x*.
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(b) There is a non-negative Lagrange multiplier \*, such that the Lagrange function

Ly =gy +(=¢,) + X(f = B)
has x* as minimal solution.
(c) If the solution x* is attained at the boundary of the restriction set Sy(3), then
the pair (x*, \*) is a solution of the following systems of equations:
() e+ Af/(x) =0
flx) =8
The corresponding Jacobian matrix at (™, \*)
gy(@®) + A" f"(@7) f'(27)
fl@)” 0
is then non-singular.
Proof. Since $ > inf f(R™) and f(z*) = 8 we have f'(z*) # 0. As A\* due to

Theorem 3.14.4 is non-negative, the matrix g7 (x*) + \* f”(x*) is positive definite.
The remaining part of the assertion follows by Lemma 2.7.1. |

Remark. The condition required in (c) that 2* should be a boundary point of S¢(f),
is satisfied, if the global minimal solution of g, — (c,-) is outside of the level set
S¢(). This suggests the following strategy: if g, () = ||z — x||* with a suitable
z, € R, then the global minimal solution 27 of g, — (c, -) satisfies the equation

T, =2y + Zc.
If f(%c) > 3, choose z, = 0. If on the other hand a point Z is known (normally
the predecessor in an iteration process) with f(z) > 5, put z, := T — %c and hence

% =
.’L',Y—ZU.

Remark (Partial result for second stage). Let S = Sf(B), S = S¢(0) with
f(z) = po(D1 | xiu; — upy1). Let further be Z, € M(—(c,-), Sk), let (7;) be
a sequence of positive numbers tending to zero and hy := g — (c, -), then we obtain
for z;, minimal solution of hj on S},

hi(wk) = g(k) — (¢ 2k) < Mg (Tk) — (€, Tk)
< g(@r) — (¢, vr),

and hence
g(wg) — g(zx) <0.

Every point of accumulation Z of (Z) resp. & of (z)) is a minimal solution of —{c, -)
on S and

9(7) < g(2).



Chapter 3
Convex Sets and Convex Functions

3.1 Geometry of Convex Sets

In this section we will present a collection of important notions and facts about the
geometry of convex sets in vector spaces that we will need for the treatment of opti-
mization problems in Orlicz spaces.

Definition 3.1.1. Let X be a vector space and let x, y € X. Then we call the set
[,y :={zeX|z=X x4+ (1 = Nywith0 < X <1}

the closed interval connecting = and y. By the open interval connecting = and y we
understand the set

(z,y):={zeX|z= x4+ (1 =Ny with0 < XA < 1}.
Half open intervals (z,y] and [z, y) are defined correspondingly.

Definition 3.1.2. A subset K of X is called convex, if for all points z,y € K the
interval [z, y] is in K.

Definition 3.1.3. Let A be a subset of X. A point z € X is called a convex com-
bination of elements of A, if there isn € N and zy,...,x, € A, such that z =
A1xy + -+ Ay, Where Ay, ..., A\, non-negative numbers with A\; +-- -+ X\, = 1.

Using complete induction we obtain the following

Remark 3.1.4. Let K be a convex subset of X, then every convex combination of a
finite number of points in K is again an element of K

Axy 4+ Ay, € KL

Definition 3.1.5. Let U be a subset of X. A point xg € U is called algebraically
interior point of U, if for every y € X there is o € R~ with [xg — ay, zo+ay] C U.
U is called algebraically open, if every point in U is an algebraically interior point.
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Linearly Bounded Sets
Definition 3.1.6. A subset S of a vector space is called linearly bounded w.r.t. a point
xg € 5, if for all y € S the set

{a€R>0| (1 —)z9+ay € S}

is bounded. S is called linearly bounded, if S is linearly bounded w.r.t. a point 2y € .S.
Theorem 3.1.7. A convex, closed, and linearly bounded subset K of R" is bounded.

Proof. W.l.g. let K be linearly bounded w.r.t. 0. Suppose, K is not bounded. Then
there is a sequence (x,,)7° in K with ||z, || — oo.

For large n the point s,, := Hi—zu =(1- ”xl—n”) -0+ mgcn isin K. Let (sp,)
be a subsequence of (s,,) converging to 5. Since K is linearly bounded, there is a
ap € Ry with aps ¢ K. For large n however, ags,, € K and, because K is closed,
a contradiction follows. |

The Interior and the Closure of Convex Sets

In normed spaces the convexity of a subset carries over to the interior and the closure
of these subsets.

Theorem 3.1.8. Let K be a convex subset of X. Then we have:
(a) For all x in the interior Int(K) of K and all y € K the half open interval [z, y)
is in Int(K).

(b) The interior of K and the closure of K are convex.

Proof. (a): Let x € Int(K') and let U be a neighborhood of 0, such that x + U C K.
Let o € (0, 1), then aU is also a neighborhood of 0, and we have

ar+(1—-—a)y+alU=a(z+U)+ (1 —a)y C K.

(b): That the interior of K is convex, follows directly from (a), if one observes that
forall z,y € K: [z,y] = {z} U (z,y) U {y}.

That the closure of K is convex, is obtained from the following line of reasoning:
letz,y € K and (z1)5°, (yx)5° sequences in K with x = limy z, and y = limy, ys.
Fora A\ € [0,1] and all £ € N we have: (Azg + (1 — A)yg) € K and thus

Az + (1= Ny = liin()\mk +(1 =Ny € K. o
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For later use we need the following

Lemma 3.1.9. Let S be a non-empty convex subset of a finite-dimensional normed
space X. Let xg € S and X,,, := span(S — x¢) and let dim(X,,,) = m > 0. Then
Int(S) # O w.rt. X,

Proof. W.l.g.let0€S. Let x4, ..., 2, €S be linearly independent, then {s; = Hl T
i=1,...,n},is abasis of X,,,. Thent := H(L Y™ z;) + 10 = L3 2,€8.

We show: ¢t € Int(S) wrt. X,,,: let x € )?lm, then we have the following rep-
resentation: z = Y ", &s;. Apparently by > " |&| a norm is defined on X,
z|lm = >, |&]. On Xy, this norm is equivalent to the given norm. Let now be
p>0and U, := {u € X,,||ulm < p}, then for p small enough ¢ + v € S for all

u € U, because

& S Ly
t+u=m;xi+;Uisi_mZ< |x1“>xi'

i=1

For p small enough we have 0 < ¢; := 2 + pmH H < 1 and hence t + pu € S since
0es. ]

Extreme and Flat Points of Convex Sets

Let X be a normed space.

Definition 3.1.10. Let K be a convex subset of X. A point z € K is called extreme
point of K, if there is no proper open interval in K which contains x, i.e. x is extreme
point of K, if z € (u,v) C K implies u = v. By E,(K) we denote the set of extreme
points of K.

In finite-dimensional spaces the theorem of Minkowski holds, which we will prove
in the section on Separation Theorems (see Theorem 3.9.12).

Theorem 3.1.11 (Theorem of Minkowski). Let X be an n-dimensional space and
S a convex compact subset of X. Then every boundary point (or arbitrary point) of
S can be represented as a convex combination of at most n (or n + 1 respectively)
extreme points.

Definition 3.1.12. A convex set K is called convex body, if the interior of K is non-
empty.

Definition 3.1.13. Let K be a convex body in X. K is called strictly convex, if every
boundary point of K is an extreme point.
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Definition 3.1.14. Let K be a convex subset of X. A closed hyperplane H is called
supporting hyperplane of K, if H contains at least one point of K and K is completely
contained in one of the two half-spaces of X.

A notion — corresponding to that of an extreme point in a dual sense — we obtain in
the following way:

Definition 3.1.15. A boundary point « of a convex subset K of X is called a flat point
of K, if at most one supporting hyperplane passes through z.

Definition 3.1.16. A convex body K in X is called flat convex, if the boundary of K
only consists of flat points.

Convex Hull

Definition 3.1.17. Let A be a subset of X. Then by the term convex hull of A we
understand the set

conv(A) := ﬂ{K | A C K C X where K is convex}.

Remark 3.1.18. Let A be a subset of X. Then the convex hull of A is the set of all
convex combinations of elements in A.

Theorem 3.1.19 (Theorem of Carathéodory). Let A be a subset of a finite-dimen-
sional vector space X and n = dim(X). Then for every element x € conv(A) there
are n + 1 numbers Xy, ..., \pt1 € [0,1] and n + 1 points 1, ..., 2,11 € A with
A+ -+ )\n+1 =landx = \jz1+ -+ /\n+]l'n+l-

The theorem of Carathéodory states that, for the representation of an element of the
convex hull of a subset of an n-dimensional vector space, n + 1 points of this subset
are sufficient.

Proof. Let x € conv(A). Then there are m € N, real numbers \; ...\, € [0, 1], and
points x1,..., Ty, € Awith Ay +---+ Ay, = land x = \jzp + -+ + AT,

If m < n 4+ 1, nothing is left to be shown.

If m > n + 1, it has to be demonstrated that x can already be represented as a
convex combination of m — 1 points in A, whence the assertion finally follows.

Forallk € {1,...,m— 1} letyy := x) — xp,. Since m > n+ 1 and n = dim(X),

the set {yi, ..., Ym—1} is linearly dependent: hence there is a non-trivial (m—1)-tuple
of numbers (o, . .., pm—1) such that ayy; + -+ - + Qp—1Yym—1 = 0.
If we put oy, := —(ag + -+ + Qp—1), then a; + -+ - + ey, = 0 and

arry + -+ amxy, = 0. 3.1
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Since not all numbers aj, ..., ay, are zero, there is a subscript ko, with ay, > 0,
which — in addition — can be chosen in such a way that

Mo Ak
75 Uy

forall k € {1,...,m} with oy, > 0. Thus we have forall k € {1,...,m}

A
e — ap 2R > 0,
ako

and

By multiplying Equation (3.1) by —)\—ZO and adding x = >_}" | A\pxx, we obtain
0

o

- A
T = Z ()\k — aka?) Tk

k=1 0

A . L
As (A, — g, —2) = 0, the point  was represented as a convex combination of m — 1
0 0 ako

elements in A. O

3.2 Convex Functions

Definition 3.2.1. Let K be a convex subset of X and f : K — (—o0, o] a function.
f is called convex, if for all z,y € K and for all A € [0, 1]

FOz+ (1= Ny) < Af(@) + (1= A f(y).
A function g : K — [—00, 00) is called concave, if —g is convex.

In the sequel we will consider such functions f, which are not identical to infinity
(proper convex functions).

Definition 3.2.2. Let K beasetand f : K — (—o0, o0] a function. By the epigraph
of f we understand the set Epi(f) := {(z,r) € K x R| f(z) < r}.

Thus the epigraph contains all points of K x R, which we find — within the domain
of finite values of f — above the graph of f.

Using this notion one obtains the following characterization of convex functions,
based on the ideas of J. L. W. V. Jensen.
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Theorem 3.2.3. Let K be a convex subset of X and f : K — (—o0, 00| a function.
Then the following statements are equivalent:

(a) fis convex
(b) Epi(f) is a convex subset of X x R

(¢) f satisfies Jensen’s inequality, i.e. for all xy,...,x, € K and for all positive
ALy s A € Rwith Ay + -+ - + A\, = 1 the inequality

f(é%%) < §Akf(xk)

holds.

Proof. (a) = (b): Let (z,7), (y,s) € Epi(f), and let A € [0, 1]. Since f is convex,
we have

O+ (1 =Ny) <Af(@) + (1 =Nf(y) <A+ (1= N)s,
Mz, )+ (1 =N(y,s) = Az + (1 = Ny, Ar + (1 — X)s) € Epi(f).

(b) = (c): Letn € N, and let z1, ... ,z, € K, furthermore Aq,...,\, € Rxg
satisfying Ay + -+ - + A, = 1.

Ifforak € {1,...,n} the value of the function f () is infinite, then the inequality
is trivially satisfied.

Let now w.lo.g. f(z1),..., f(x,) € R. The points (z1, f(x1)),..., (zn, f(zn))
are then in Epi( f). Since Epi(f) is convex by assumption, we have

<Z>\kl‘k,2/\kf(xk)> =Y Milak, f(z1)) € Epi(f),
k=1 k=1

k=1
hence
n n
f ( > )\kl"k> < Mef ().
k=1 k=1
(c) = (a): This implication is obvious. m|

Convexity preserving Operations

The following theorem shows, how new convex functions can be constructed from
given convex functions. These constructions will play an important role in substanti-
ating the convexity of a function. In this context one tries to represent a ‘complicated’
function as a composition of simpler functions, whose convexity is ‘easily’ estab-
lished.
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Theorem 3.2.4. Let K be a convex subset of X.

(1) Let n € N and let f,...,fn : K — R be convex functions. Then for all
a, ..., 0n € Rogay fi + -+ -+ ap fr is also a convex function.

(2) All affine functions, i.e. sums of linear and constant functions, are convex.

(3) Let (X, || - ||) be a normed space. Then the norm || - || : X — R is a convex
function.

4) Let f : K — R be a convex function, C' a convex superset of f(K) and g :
C — R a convex and monotone increasing function. Then the composition
go f: K — Risalso a convex function.

(5) LetY be another vector space, p : X — Y an affine mappingand f : Y — Ra
convex function. Then the composition fop : K — Ris also a convex function.

Proof. Ts left to the reader. m]
Example 3.2.5. Let X be a normed space, then the following functions are convex:

(@) =+ ||z
(b) for zg,vy,...,v, € X let f: R" — R with

(ar,...,an) — f(a):=

b

n
To — E a;v;
i=1

(c) more generally: let V be a vector space and L : V' — X affineand v — f(v) :=
IL()]-

One obtains a further class of convex functions through the notion of sublinear
functionals:

Definition 3.2.6. Let X be a vector space and let f : X — R a function.

(a) f is called positive homogeneous, if for all @ € R>¢ and for all z € X we have
flax) = af(z)
(b) f is called subadditive, if for all =,y € X the inequality

flx+y) < flx)+ fy)

holds.
(¢) fis called sublinear, if f is positive homogeneous and subadditive.

(d) fis called a semi-norm, if f is sublinear and symmetric, i.e. for all z € X we

have f(—z) = f(x).
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Minkowski Functional

In this section we want to become familiar with a method that relates convex sets to
sublinear functions. The method was introduced by Minkowski. This relation will
play a central role in our treatise, because the definition of an Orlicz space is based on
it.

Theorem 3.2.7. Let K be a convex subset of X, which contains O as an algebraically
interior point. Then the Minkowski functional ¢ : X — R, defined by

q(z) = inf{a > 0|z € oK'}

is a sublinear function on X. If K is symmetrical (i.e. x € K implies —x € K), then
q is a semi-norm. If in addition K is linearly bounded w.r.t. 0, then q is a norm on X.

Proof. (1) gk is positive homogeneous, because for 5 > 0 we have = € aK if and
only if Sz € faK.
(2) Since K is convex, we have for o, 5 > 0

B
a+

aK+BK—(a+B)<aiﬁK+ K)C(a—l—ﬁ)K,

hence for x,y € X we have

gx () +qx(y) = inf{a > 0|z € aK} +inf{f > 0|y € fK}
=inf{a+ f|z € aK and y € SK}
>inf{a+3lz+ye(a+BK}=qr(z+y).

(3) If K is symmetrical, then for & > 0 we have: ax € K, if and only if —az =
a(—x) € K. Butthen ¢x (x) = g (—x).

(4) Let  # 0 and K linearly bounded w.r.t. 0. Then there is g > O such that for
all & > o we obtain: ax ¢ K, ie. qx(x) > aio > 0. O

As an illustration of the above theorem we want to introduce the [P-norms in R"
(p > 1). The triangle inequality for this norm is the well-known Minkowski inequal-
ity, which in this context is obtained as a straightforward conclusion.

The function f : R™ — R with

is convex. Thus the level set
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is a convex subset of the R™, which contains 0 as an algebraically interior point and is
obviously linearly bounded w.r.t. 0.

For ¢y := {/> " |;|P we have f (%) = 1 and for the Minkowski functional g
of K we thus obtain

qK(a:):inf{c>O‘f<i> < 1} —» i\mp.

i=1

According to the above theorem the function z — ||z ||, := /> ;" |«;|P is a norm.

()

3.3 Difference Quotient and Directional Derivative
Theorem 3.3.1 (Monotonicity of the difference quotient). Let f be convex, let z € X
xo € Dom(f). Then the mapping u : R~¢ — (—o0, 00| defined by

flxo+tz) — f(xo)
t

t—u(t) =
is monotonically increasing.
Proof. Let h: R>og — (—00, 0o] define by

t— h(t) = f(xo+tz) — f(xo).
Apparently h is convex and we have for 0 < s <t

t—s S
< —
7 0>_th(t)+

t—s
t

h(0) = Zh(t).

h(s) = h<jt + :

Thus we obtain

f(xo + s52) — f(x0) - f(zo +1t2) — f(20)
s - t '

In particular the difference quotient w is monotonically decreasing for

t] 0. O

Corollary 3.3.2. The right-sided directional derivative

flzo+tz) — f(xo)
t

! =1
fi(wo,2) im

and left-sided directional derivative

f/_(x(), Z) ‘= ltl%l f(I() + tZt) — f(st:())

exist in R. The latter is due to

Il (2o, 2) = —f@(xo, —2). (3.2)
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3.3.1 Geometry of the Right-sided Directional Derivative

The monotonicity of the difference quotient, we have just proved, yields an inequality
for ¢ = 1 that can be interpreted as follows: the growth of a convex function is at least
as large as the growth of the directional derivative, since we have

filey—x) < fly) — fx), (3.3)

where x € Dom(f) and y € X arbitrary.

This inequality will serve as a basis for the introduction of the notion of the subgra-
dient in the description of a supporting hyperplanes of the epigraph of f (subgradient
inequality).

Sublinearity of the Directional Derivative

A particularly elegant statement about the geometry of the directional derivative is
obtained, if it is formed at an algebraically interior point of Dom( f).

Theorem 3.3.3. Let X be a vector space, f : X — R U oo a convex function, xy an
algebraically interior point of Dom( f). Then for all directions z € X right-sided and
left-sided derivatives are finite and we obtain:

(a) the mapping f' (xo,-) : X — R is sublinear
(b) the mapping f’ (xg,-) : X — R is superlinear
(c) forall z € X we have: f’ (xo,z) < fi(xo,z).

Proof. At first we have to show that for all z € X the one-sided derivatives f (z, z)
and f’ (xo, z) are finite. Let 2 € X. Since zg is an algebraically interior point of
Dom(f), there is a ¢ > 0 with [xg — €2z, 29 + £2] C Dom(f). As the difference
quotient is monotonically increasing, we have

fi(xo,2) < S0 + EZE) — flwo) < 0.

Since f is convex, we obtain for all ¢ € (0, 1]

f(zo) f(l—li—t<$0+tgz)+1j—t<x0_6z)>

1 t
S mf(.’[}() + tEZ) + mf(xo — EZ).

hence

fzo) +tf(xo) = (L4+t)f(xo) < f(wo+ tez) + tf(xo —e2),
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and thus
tf(zo) —tf(zo —€2) < f(xo +tez) — f(x0).
We obtain

o e f(xo) — tf(xog —€2) < flxo +tez) — f(x0)

e te

— fi(IOa Z)?

which means f’ (z9, z) € R.
(a) We have to show the positive homogeneity and the subadditivity of f’ (zo, -).
Concerning the positive homogeneity we observe: let z € X and o > 0. If a = 0,
then f’ (20,0-2) =0=0- f| (xo, 2). If « > 0, then

fi(mo, az) = 1)3?01 f(zo + )\a),\z) — (o)

— o lim f(zo + Aaz) — f(x0)
A0 A

= af’(zo, 2).

‘We now turn our attention to the subadditivity: let z1, 2, € X, then, because of the
convexity of f

f(zo + A21 + 22)) — f(20)

fj_(a:o, 21 + z2) = lim

A0 A
= 1){?(} % (f(;(xo + 2)\21) + %(xo + 2)\Zz)> — f(xo))

< lim 1 (1f(mo +2Mz1) + %f(xo +2\z) — f(xo)>

T AN2
iy £ (B0 +2221) — f(=o) 4 lim f(zo +2A2) — f(0)

A0 2\ A0 22
= fi(zo,21) + [ (o, 22).

(b) Follows from (a) due to Equation (3.2).
(c) Let z € X, then

0= fl(z0, 2 — 2) < fi(wo, 2) + [ (@0, —2),

hence
I (xo, 2) = = f (w0, —2) < [ (w0, 2). O

Definition 3.3.4. Let X be a vector space, U a subset of X, Y a normed space, F' :
U — Y amapping, o € U and z € X. Then F'is called differentiable (or Gdteaux
differentiable) at x( in direction z, if there is a € > 0 with [zg — £z, 29+ 2] C U and
the limit

F tz) — F
F'(z9,z) := lim (w0 + t2) (o)
t—0 t
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in Y exists. F'(z,z) is called the Gdteaux derivative of F at x( in direction z.
F is called Gateaux differentiable at xy, if F is differentiable at z¢ in every direction
z € X. The mapping F'(xo,-) : X — Y is called the Gdteaux derivative of F at xy.

Linearity of the Giteaux Derivative of a Convex Function

Theorem 3.3.5. Let X be a vector space, f : X — R U oo a convex function, xq an
algebraically interior point of Dom( f). Then we have: f is Gateaux differentiable at
xo, if and only if the right-sided derivative f' (xo,-) : X — R is linear. In particular
the right-sided derivative is then equal to the Gateaux derivative.

Proof. Let f be Gateaux differentiable, then one obtains the homogeneity for @ < 0
from

(o, az) = fL (20, az) = — [ (x0, —az) = (—a) (= [ (z0, 2)) = af (zo, az).

Conversely, if the right-sided derivative is linear, then using Equation (3.2):
[ (zo,h) = —fi(x,—h) = f'(z,h). O

Theorem 3.3.6. Let X be a vector space, U an algebraically open convex subset
of X, and f : U — R U oo a function, which is Gdteaux differentiable at each point
of U, then the following statements are equivalent:

(a) f is convex

(b) for all z € U the derivative f'(x,-) : X — R is linear, and for all xg,xz € U
the following inequality holds

f(zo,x —x0) < flz) — flwo).

Proof. (b) follows from (a) using Inequality (3.3) and Theorem 3.3.5.
Conversely, let z1, 2, € U and X € [0, 1]. Then 2o := Az; + (1 — N)zp € U and
we have: A\(z; — z0) + (1 — A)(22 — x9) = 0 and hence
0= f'(wo, M1 — 20) + (1 — A) (22 — 20))
= Mf'(wo, 21 — w0) + (1 = A) f' (wo, 22 — o)
< A(f(z1) = f(x0)) + (1 = A)(f(z2) — f(20))
= Af(x1) + (1 = A) f(z2) — f(=o),

thus we obtain

f(wo) = fAz1 + (1 = Nx2) < Af(x1) + (1 = A) f(22). o
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Monotonicity of the Gateaux Derivative of a Convex Function

Let X be a vector space and U C X algebraically open and X’ the vector space of all
linear functionals on X.

Definition 3.3.7. A mapping A : U — X' is called monotone on U, if for all z1, 2, €
U the subsequent inequality holds:

(A(z)) — A(x2), 21 — x2) > 0.
Then we obtain the following characterization of convex functions:

Theorem 3.3.8. Let U be an algebraically open convex set and f : U — R Gdteaux
differentiable. f is convex, if and only if for all x € U the Géteaux derivative f'(x,-)
at x is linear and the Gdateaux derivative is f' : U — X' monotone.

Proof. Let f be convex. Due to the previous theorem we have for all z,y € U

—(f'(x,) = 'y ) e —y) = o,y —2)+ [y, x —y)
< fly) — f(z) + f(=) = f(y) =0,

i.e. f'is monotone on U.

Conversely, in order to establish convexity of f we again make use of the previous
theorem: let x,y € U, then for h := y — x and a § > O the interval [x — Sh,z +
Bh] C U. Letnow ¢ : (—f,3) — R be defined by ¢(t) := f(x + th), then: ¢ is
differentiable and ¢'(t) = f'(x + th, h), since

o(t+ 1) — o(t) flz+th+71h) — f(x +th)

/ _ 1. _ 1
4 (t) 7'1—>rnO T TI—IR) T
= f'(x +th, h).

Due to the mean value theorem for ¢ there exists a & € (0, 1) such that f(y) —
f(z) = f'(x + ah, h). From the monotonicity of f” and the linearity of f’(z,-) and
f'(x + ah, -) we obtain

a(f(y) — f(x)) = f'(z + ah,ah) — f'(z,ah) + f'(z, ah)
={(f'(x+ah,")— f(z,"),z +ah —z) + f'(x,ah)
> f’(x,ah) = af’(x,h),

ie. f(y) — f(z) > f'(x,y — x). The assertion then follows by the previous theorem.
]
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3.4 Necessary and Sufficient Optimality Conditions

3.4.1 Necessary Optimality Conditions

For the minimal solution of a Gateaux differentiable function we can state the fol-
lowing necessary condition, which is a complete analogy to the well-known condition
from real analysis:

Theorem 3.4.1. Let U be a subset of a vector spaces X and let f : U — R have a
minimal solution at xo € U.

Iffora z € X and a ¢ > 0 the interval (xo — €z,x0 + €2) is contained in U and if
1 is differentiable at xy in direction z, then: f'(xo,z) = 0.

Proof. The function g : (—¢,e) — R with ¢ — ¢(t) := f(x¢ + tz) has a minimal
solution at 0. Thus 0 = ¢'(0) = f/(xo, 2). |

Corollary 3.4.2. Let V be a subspace of the vector space X, yo € X and f : yo +
V' — R be a Gateaux differentiable function. If zo € M(f,yo + V), then for all
zeV: f'(xo,2) =0.

3.4.2 Sufficient Condition: Characterization Theorem of Convex
Optimization

Theorem 3.4.3. Let K be a convex subset of the vector space X and f : X — Ra
convex function. f has a minimal solution xo € K if and only if for all x € K

[0, @ — 0) > 0. (3.4)

Proof. Let zp be a minimal solution of f on K. For x € K and t € (0, 1] we have
xo + t(z — x9) = tx + (1 — t)zp € K and hence

f(@o + t(z — x0)) — f(20)
4
The limit for ¢ to zero yields the above Inequality (3.4). Conversely from Inequali-
ties (3.3) and (3.4) it follows for all x € K

f(x) = flxo) = fi (x0, 2 — x0) >0,
ie. xg € M(f, K) O

> 0.

Corollary 3.4.4. Let V be a subspace of the vector space X, yo € X and f : yo +
V' — R a Gdteaux differentiable convex function. Then the following equivalence
holds:

x0 € M(f,yo+V), ifandonlyifforall z € V: f(xg,z) =0.

Proof. According to Corollary 3.4.2 the condition is necessary and due to the charac-
terization theorem sufficient. ml
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3.5 Continuity of Convex Functions

We will see below that from the boundedness of a convex function on an open set its
continuity already follows:

Definition 3.5.1. Let X be a metric space and f : X — R. f is called lower semi-

continuous (resp. upper semi-continuous), if for every r € R the level set Sy(r) =
{x e X| f(x) <r}(resp. {zx € X | f(z) > r})is closed.

Remark 3.5.2. The supremum of lower semi-continuous functions is lower semi-
continuous.

Proof. Let M be a set of lower semi-continuous functions on X and g(x) :=
sup{f(z)|f € M}. From Sg(r) = (\;eps Sy(r) closedness of Sy(r) follows. O

Theorem 3.5.3. Let X be a metric space and f : X — R. The following statements
are equivalent:

(a) f is lower semi-continuous (resp. upper semi-continuous)

(b) forevery xg € X and every e > O there exists a § > 0, such that for all x in the
ball K (xg,d) we have

f(x) =2 f(wo) —e  (resp. f(z) < f(wo) +¢)
(c) for every x € X and every sequence (xy)ken in X convergent to x we have

lim f(ox) 2 f(@) (resp. Tim f(ox) < £(),

k—o00

(d) the epigraph of f is closed in X x R.

Proof. Ts left to the reader. m|

Theorem 3.5.4. Let X be a normed space, U an open and convex subset of X and
let f : U — R be a convex function. Then the following statements are equivalent:

(a) f is continuous on U

(b) f is upper semi-continuous on U

(¢) f is bounded from above on an open subset Uy of U

(d) f is continuous at a point in U.

The proof is given in the chapter on stability within the framework of families of
convex functions (see Theorem 5.3.8).

There we also demonstrate that in Banach spaces continuity, upper semi-continuity
and lower semi-continuity coincide (see Theorem 5.3.12).
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Theorem 3.5.5. Let U be an open and convex subset of a normed space X and let
f U — R convex. Then the following statements are equivalent:

(a) Epi(f) has an interior point

(b) f is continuous

(c) Graph(f) is closedinU x R

(d) every point in Epi(f) \ Graph(f) is an interior point of Epi(f).
Proof. (a) = (b): Let (¢, r) be an interior point of Epi(f). Then for a neighborhood
V of o

Vox{r} C Epi(/f),

i.e. f(z) <rforall z € V. Due to Theorem 3.5.4 f is continuous.

(b) = (c): we show that the complement of Graph(f) in U x R is open: let
f(zo) # randlet I(f(xo)) and I(r) be disjoint open intervals. Then

FYI(f(x0)) x I(r)) N Graph(f) = 0.

(c) = (d): let f(zg) < rand K = K((xo,r),p) aball in X x R contained in
U x R, such that k£ N Graph(f) = 0. For (y, s) € K we have f(y) < s.
(d) = (a) holds trivially. O

3.6 Fréchet Differentiability

In the sequel the following notion will play an important role, in particular in the
context of function spaces:

Definition 3.6.1. Let X, Y be normed spaces, U an open subset of X, F' : U = Y
a mapping, o € U. Then F' is called Fréchet differentiable at xy, if there is a linear
and continuous mapping A : X — Y such that

F(xo+ h) — F(xg) — A(h)

=0.
= Al

A is called the Fréchet derivative of F at xo and denoted by F’(zg). F is called
Fréchet differentiable on U, if F is Fréchet differentiable at every point of U. The
mapping F' : X — L(X,Y) is called the Fréchet derivative of F at xy.

Remark 3.6.2. Let X,Y be normed spaces, U an open subset of X, F' : U — Y
Fréchet differentiable at x € U then

(a) the Fréchet derivative is uniquely determined
(b) Fis Gateaux differentiable and for all ~ € X we have

F(z,h) = F'(z)(h).

Proof. 1s left to the reader. i
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3.7 Convex Functions in R"

The results of this section will again demonstrate the exceptional properties of con-
vex functions: in finite-dimensional spaces finite convex functions on open sets are
already continuous, and partial, Gateaux, Fréchet and continuous differentiability co-
incide.

Theorem 3.7.1. Every real-valued convex function f on an open subset of R" is
COntinuous.

Proof. See Theorem 5.3.11. m]

We will turn our attention to the differentiability of convex functions in R"™. It will
turn out that partial, total and Gateaux differentiability coincide. In order to show this
equivalence we need the following

Lemma 3.7.2. Let g be a finite sublinear functional on a finite-dimensional vec-
tor space V and let vy,...,v, be a basis of V, for which: g(—v;) = —g(v;),
i€{l,...,n}. Then g is linear on V.

Proof. Apparently then also g(A(—v;)) = —g(Av;) fori € {I,...,n} and A € R
arbitrary holds.
Let now x € V, then the sublinearity of g implies

0=yg(0) = g(;(x — x)) < %g(x) + %g(—x),

ie. g(x) > —g(—x). Let furthermore x have the representation x = » ;" | \;v;, then
the sublinearity implies

n n n

Yo 9(hv) = glx) = —g(—x) = =Y g(=Nivi) = > g(hivi).

i=1 i=1 i=1
Therefore

g(é)\ivi) = g)\ig(vi). m|

From the existence of the partial derivatives we obtain for convex functions already
the Gateaux differentiability, which — as we already know — implies the linearity of
the Gateaux differential.
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Theorem 3.7.3. Let U be an open subset of R™ and f : U — R convex. If f is
partially differentiable at x € U, then f is Gateaux differentiable at x and we have

thxelfwm h),

ifei,...,ey, denote the unit-vectors in R".

Proof. Fori=1,...,n we have

f (z, 6,) fxl( ) = fl(x,ei) = _fjr(xv_ei)'

According to the above lemma f’, (z, -) is linear and thus by Theorem 3.3.5 f Géteaux
differentiable at x. The linearity yields in particular

f(x,h) = f <1:,Zhiei) = hif'(z,e;) = (Vf(x),h). o
=1 =1

Theorem 3.7.4. Let f be convex on an open subset U of R™ and partially differen-
tiable at x € U. Then f is Fréchet differentiable at x and the Fréchet derivative is the
gradient.

Proof. For the linear mapping, that we have to identify, we take the multiplication
with the 1-row matrix A of the partial derivatives. Let z € U. Since U is open, we
can find a ball K (0, €) with center 0 and radius ¢, such that z 4+ nK (0, ) is contained
in U. We now consider the convex function g : K(0,¢) — R, defined by

z—g(z)=flr+2)— f(z)— Az (3.5)

The vector z = (zi,...,2y,) can be rewritten as the sum z = > | ze;. The
convexity of g yields

9(z) = 9(2 Zzzez> Zg nzie;), (3.6)

and the definition of ¢

of
8xi

g(nzie;) = f(x + zine;) — f(x) — (z)nz;. (3.7)

For z; = 0 we have g(nz;e;) = 0 and for z; # 0 (3.7) implies

Jim 9072
z;—0 nz;

=0. (3.8)
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Using (3.6) and the Cauchy—Schwarz inequality we obtain after omitting the terms
with z; =0

g nze;) g(nzie; g(nzie;)
() <3 a < ||\/Z ) < |Z' (39)
In a similar manner we obtain
) < Iz Z’ “nzie) (3.10)
Due to g(0) = 0 we have
2+ (—2) 1 1
= < — — —
0 g< 5 >_29(Z)+29( z),
therefore
9(z) > —g(—2). (3.11)
Using (3.9), (3.10), and (3.11) we have
—zine;) zme,)
S < g < g0 < I [LER]
(3.8) then implies
9(2) _ 5
lzl=0 ||z

Theorem 3.7.5. Let U be an open subset of R™ and let f : U — R be a convex
function differentiable in U. Then f': U — R"™ is continuous.

Proof. Letw.l.o.g.0 € U andlet g : U — R be defined by

T g(x) = f(x> - f(O) - <f/<0)"/17>3

then g(0) = 0 and ¢’(0) = 0. The subgradient inequality yields g(x) = g(z)—g(0) >
(¢'(0),z — 0) = 0. Apparently it is sufficient to show the continuity of ¢’ at 0.

Let () be the unit ball w.r.t. the maximum norm on R™ and let z;, ¢ = 1,...,m,
the extreme points of (). Since U is open, there is a k > 0 with kQ) C U. Let now
0 < h < k and let = be chosen such that ||z[|s < Sh.

Let further y € R™ \ {0} be arbitrary, then because of the continuity of the norm
there is A > 0 with ||z + Ay|lcc = h. Let z := = + Ay, then we obtain using the
subgradient inequality

9(z) = g(x) > (¢ (x),z — ) = Mg'(2),y). (3.13)
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The theorem of Minkowski 3.9.12 provides a representation of z as a convex combi-
nation of the extreme points of hQ, i.e. z = ZZT:LI A;hz;. Therefore

Z/\lg hz;) < maxg (hz) i = max g(hz;).

i
i=1

From ¢(0) = 0 and the convexity of g it follows that g(hz;) = g(k%zi) < %g(kzz)
and hence g(z) < %maxig(kzi).
Furthermore: h = [|z]oo < [|#]jc + Ayl < 3k + Allyllc and hence h <

2 lyloc-
Using (3.13) we obtain

1 2Mlylloo
k

k

(@), 9) < 5 (0(2) — glw) < max g(1v2) = 2]ly o max
<~ i i
>0

> \

In the same way we obtain

g (@).9) = {9/ @), ) < 2lyloe max L5,

in total therefore
g(kzi)
o

9/ (2), )] < 2llylloc max

(kz7)

But by definition: limy,_,q < = (¢'(0), z;) = 0. Let now € > 0 be given, choose

k, such that 2 max; (kZ’) < ¢, then we obtain

g (@), )] < [[Ylloce;

and thus the continuity of ¢’ at 0. O

3.8 Continuity of the Derivative

Definition 3.8.1. Let X a normed space and U an open subset of X. A mapping
G : U — X* is called hemi-continuous, if for arbitrary x € U and v € X and every
real sequence t,, — to with z + t,u € U forn =0, 1,2, ... we have

G(z + thu) — G(x + tou).

Lemma 3.8.2. Let U be an open subset of X and let f : U — R convex and Gateaux
differentiable, then the Gdteaux derivative of f is hemi-continuous.
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Proof. Let € U and u,w € X be arbitrary. Let W C R? be a suitable open
neighborhood of the origin, such that x + tu + sw € U for all t,s € W. Then
g : W — Rwith g(t,s) := f(z + tu + sw) is convex and differentiable and for
the partial derivatives (which at the same time are the directional derivatives of f at
 + tu + sw in direction w resp. w) we have

59 g(t,s) = (f'(z + tu+ sw), u)

885 (t,s) = (f'(z + tu + sw), w).
In particular: £ g(t,0) = (f'(z + tu), w).

According to Theorems 3.7.4 and 3.7.5 the partial derivatives of g are continuous,
hence in particular for ¢,, — o we obtain

P
2, =9(t0,0) = {f'(a + tou), ),

and thus the assertion. O

(tn,0) = (f'(z + tyu),w) —

Theorem 3.8.3. Let U be an open subset of the Banach space X and let f : U — R
be continuous, convex, and Gateaux differentiable. Let xo € U be arbitrary, then

there is a € > 0 such that the Gdteaux derivative of f is norm-bounded on the ball
K (z,¢) i.e. there is a constant K with || f'(x)|| < K forall x € K (x¢,¢).

Proof. Since f is continuous, there is £ > 0, such that |f| is bounded on the ball
K (x9,2¢). Let x € K(xg,¢e) and z € K(0,¢) arbitrary, then apparently x + 2z €
K (0, 2¢). Using the subgradient inequality we obtain for a suitable constant M/

M > f(z+2)— flx) > (f'(z),2)
M > f(x—2) = f(z) > (f'(x), —2),

therefore |(f'(x), z)| < M forall z € K(0,¢) and all x € K(z0,¢). Letnow y € U
arbitrary, then there is a z € K (0,¢) and a A > 0 with y = Az, hence

AM = [(f'(x), y)]

for all x € K(xo,e). Thus the family of linear continuous functionals {f’(z) |z €
K (x0,¢)} is pointwise bounded and hence according to the theorem of Banach on
Uniform Boundedness (see 5.3.14) norm-bounded, i.e. there is a constant K with
|/ (x)]] < K forall z € K(x0,¢). ]

Definition 3.8.4. Let X be a normed space and U an open subset of X. A mapping
G : U — X* is called demi-continuous, if for arbitrary sequences x,, — x9 € U we
have

G(zn) = G(x).
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The line of reasoning in the proof of the subsequent theorem — aside from the sub-
stantiation of local boundedness — follows from that in Vainberg [109] for monotone
operators.

Theorem 3.8.5. Let U be an open subset of a Banach space X and let f : U — R
be convex, continuous, and Gdteaux differentiable, then the Gdteaux derivative of f
is demi-continuous.

Proof. Let (z,,) be a sequence with z,, — =z and let u € U arbitrary. According
to Theorem 3.8.3 the sequence || f/(xy)| is bounded. Let ¢, := ||, — a:o||% and
Up = xo + tpu. Due to the hemi-continuity of f’ by Lemma 3.8.2 it follows that
f(uyn) — f'(x0). In particular || f/(u,)|| is bounded. The monotonicity of f’ yields
t 1 (up) — f'(zn), un — x,) > 0 and hence

<f/(xn)a u) < t;1<f/(un)a Up — Tp) + t;1<f’(xn), tnu — (un — Tp)). (3.14)

We now investigate the first term on the right-hand side

tT—ll <f/<un>a Up — Tp) = <f/(un),tnm> + <f/(un)v u) .
= (f'(z0),u)

—0

For the 2nd term of the right-hand side of (3.14) we obtain

Lp — X0

tgwmm%www—%»—@hm >summm.

lan = o]
Thus there is a sequence tending to zero (¢,,) with
(f'(@n) = f'(w0),u) < cn.
In the same way we obtain another sequence (d,,) tending to zero with
(f'(@n) = f'(20), —u) < dn,

in total
—dp < <f/(xn) - f/(xo)»w < ¢cn,

and thus the assertion, since u was arbitrary. |

The subsequent theorem can be found in Phelps [91] and is a generalization of a
corollary of the lemma of Shmulian 8.4.20 (see [42], p. 145) for norms.

Theorem 3.8.6. Let U be an open subset of a Banach space X and let f : U — R
be convex, continuous, and Gdteaux differentiable. Then f is Fréchet differentiable, if
and only if the Gdteaux derivative of f is continuous.
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Proof. Let f Fréchet differentiable and xp € U. We have to show: for every ¢ > 0
there is a § > 0, such that for all x € K(x¢,0) we have f'(z) € K(f'(z0),¢).
Suppose this is not the case, then there is a p > 0, and a sequence (x,) C U, such
that ||z,, — zo|| — O but || f'(z,) — f'(x0)|| > 2p. Consequently there is a sequence
(zn,) in X with ||z,,|| = 1 and the property (f’(zy) — f'(x0), zn) > 2p. Due to the
Fréchet differentiability of f at z¢ there is & > 0 with

f(@o +y) = f(xo) = (f'(w0),y) < pllyll,

provided that ||y|| < «. The subgradient inequality implies

<f/(xn)’ (170 + y) - $n> < f(xO + y) - f(xn)a

and hence

(f'(xn),y) < flwo+y) — fl@o) + (f'(xn), 20 — 20) + f(20) — f(20).

Let now y, = « - 2y, i.e. ||yn|| = «, then we obtain

2pa < (f'(zn) = f'(%0): yn)
< {f(xo +yn) — f(x0) — (f'(20), yn)}
+ (f'(zn), T — x0) + f(x0) — f(20)
< pa+(f'(xn), xn — w0) + f(w0) — f(2n),

because of the local boundedness of f’ we obtain

[ (2n), 20 — 20)| < |1 (2n) ||| 20 — 20l — O,

and because of the continuity of f we have f(z) — f(z,) — 0, hence 2pa < pa,
a contradiction.
Conversely let the Gateaux derivative be continuous. By the subgradient inequality

we have forz,y € U: (f'(z),y—z) < f(y)— f(z)and (f'(y),z—y) < f(z)— f(y).
Thus we obtain

0< fy)—f@)=(f'(@),y—2) < (f () - f(@)y—z) < If ()= @lly—=].
Putting y = = + z we obtain

[z +2) = f(x) = (f'(x), 2)

0<
Izl

<|f'(@+2) = f@)],

and by the continuity of f’ the assertion. m]
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3.9 Separation Theorems

The basis for our further investigations in this section is the following theorem on the
extension of a linear functional (see e.g. [59])

Theorem 3.9.1 (Theorem of Hahn—-Banach). Let X be a vector spaceand f : X — R
a convex function. Let V be a subspace of X and { : V' — R a linear functional with
l(x) < f(x)forallx € V. Then there is a linear functional u : X — Rwith uy, = {
and u(z) < f(x) forall x € X.

Remark 3.9.2. In the theorem of Hahn—Banach it suffices, instead of the finiteness
of f to only require that 0 is an algebraically interior point of Dom f.

Corollary 3.9.3. Let X be a normed space and f : X — R a continuous convex
function. Let V be a subspace of X and { : V' — R a linear functional with {(x) <
f(z) for all x € V. Then there is a continuous linear functional u : X — R with
uyy = Land u(x) < f(x) forall v € X.

A geometrical version of the theorem of Hahn—Banach is provided by the theorem
of Mazur.

Definition 3.9.4. Let X be a vector space. A subset H of X is called hyperplane
in X, if there is a linear functional v : X — IR different from the zero functional
and an « € Rsuch that H = {z € X |u(z) = «}. H is called a zero hyperplane,
if 0 € H. A subset R of X is called a half-space, if there is a linear functional
u:X —Randana € Rsuchthat R = {z € X |u(z) < a}.

Remark 3.9.5. Let K be a convex subset of a normed space with 0 € Int(K'). For
the corresponding Minkowski functional ¢ : X — R we have: ¢(z) < 1 holds, if and
only if z € Int(K).

Proof. Let g(z) < 1, then thereis a X € [0, 1) with z € AK. Putting o := 1 — X then
aK is a neighborhood of the origin, and we have: © + aK C AK + aK C K, ie.
reIntK.

Conversely, let z € Int K, then there is a ¢« > 1 with ux € K. Hence x € iK and

q(w)§i<1. O

Theorem 3.9.6 (Mazur). Let X be a normed space, K a convex subset of X with
non-empty interior and V' a subspace of X with V N Int(K) = (. Then there is a
closed zero hyperplane H in X withV C H and H NInt(K) = (.

Proof. Let xp € Int(K) and ¢ : X — K the Minkowski functional of K — .
According to the above remark g(z —x¢) < 1if and only if z € Int(K). Put f : X —
R with  — f(x) := g(x — x0) — 1, then f is convex and f(x) < O if and only if
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x € Int(K). Due to VNInt(K) = () we have f(x) > Oforall z € V. Let £ be the zero
functional on V. According to the corollary of the theorem of Hahn—Banach there is
a continuous linear functional u : X — R with uy, = £ and u(x) < f(z) for all
x € X.Let H={x € X |u(x) = 0} the closed zero hyperplane defined by u. Then
V C H, and for all z € Int(K) we have u(z) < f(x) < 0,ie. HNInt(K) =0. O

In the sequel we need a shifted version of the theorem of Mazur:

Corollary 3.9.7. Let X be a normed space, K a convex subset of X with non-empty
interior and 0 € Int(K). Let V be a subspace of X, o € X with xo+V NInt(K) = ().
Then there is a closed hyperplane H in X with zo+V C H and H N Int(K) = .

The proof is (almost) identical.
An application of the theorem of Mazur is the theorem of Minkowski. In the proof
we need the notion of an extreme set of a convex set:

Definition 3.9.8. Let S be a closed convex subset of a normed space. Then a non-
empty subset M of S is called extreme set of .S, if

(a) M is convex and closed

(b) each open interval in .S, which contains a point of M, is entirely contained in M.

Example 3.9.9. For a cube in R? the vertices are extreme points (see Defini-
tion 3.1.10). The edges and faces are extreme sets.

Remark 3.9.10. Let M be an extreme set of a closed convex set S then
Ey(M) C Ey(95).

To see this, let = be an extreme point of M, suppose x is not extreme point of S, then
there is an open interval in S, which contains . However, since M is an extreme set,
this interval is already contained in M, a contradiction.

As a preparation we need the following

Lemma 3.9.11. Let X be a normed space, S # () a compact convex subset of X, let
f € X*andlet~ = sup{f(x) |z € S}. Then the set f~'(v) N S is an extreme set of
S, i.e. the hyperplane H := {x € X | f(z) = v} has a non-empty intersection with
S, and H N S is an extreme set of S.

Proof. By the theorem of Weierstraf the set f~!(y)NS is — due to the compactness of
S — non-empty, apparently also compact and convex. Let (1, 27) be an open interval
in S, which contains a point zop € f~!(y) N S, i.e. zg = Az + (1 — Nz, for a
A€ (0,1). Since f(xg) = v = Af(z1) + (1 — N) f(x2), it follows by the definition
of v that f(z1) = v = f(x2),i.e. (z1,22) C f~1(y) N S. O
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Theorem 3.9.12 (Theorem of Minkowski). Let X be an n-dimensional space and S
a convex compact subset of X. Then every boundary point (resp. arbitrary point) of S
can be represented as a convex combination of at most n (resp. n + 1) extreme points

of S.

Proof. We perform induction over the dimension of .S, where by the dimension of
S we understand the dimension of the affine hull ({A|S C A C X and A affine}
of S.

If dim S = 0, then S consists of at most one point and therefore S = E,(.5).

Assume, the assertion holds for dimS < m — 1. Let now dim S = m. W.l.g. let
0 € S. Let X, := span{S}, then the interior Int(S) # ) w.r.t. X,,, (see Lemma 3.1.9)
and convex.

a) Let o be a boundary point of S w.r.t. X,,,. Due to the corollary of the separation
theorem of Mazur there exists a closed hyperplane H in X,,, with H NInt(S) = () and
xo € H,i.e. H is supporting hyperplane of .S in zy. The set H N .S is compact and
by the previous lemma an extreme set of .S with dimension < m — 1. According to
the induction assumption x( can be represented as a convex combination of at most
(m — 1) + 1 = m extreme points from H N S. Since by Remark 3.9.10 we have
E,(HNS) C E,(S), the first part of the assertion follows.

b) Let now zp € Int(S) (w.rt. X,,) arbitrary and z € E,(S) (exists due to a))
be arbitrarily chosen. The set S Nz, Zg with Z,7p := {z € X |z = Az + (1 —
A)zo, A € R} is because of the boundedness of S an interval [z, y|, whose endpoints
are boundary points of S, and which contains xy as an interior point. Since y can,
due to a), be represented as a convex combination of at most m extreme points and
z € E,(95), the assertion follows. a

The separation of convex sets is given a precise meaning by the following defini-
tion:

Definition 3.9.13. Let X be a vector space, A, B subsets of X and H = {z € X|
u(x) = a} ahyperplane in X. H separates A and B, if

sup{u(z)|z € A} < a < inf{u(z)|z € B}.

H strictly separates A and B, if H separates the sets A and B and if one of the two
inequalities is strict.

A consequence of the theorem of Mazur is the

Theorem 3.9.14 (Eidelheit). Let X be a normed vector space, let A, B disjoint, con-
vex subsets of X. Let further Int(A) # (. Then there is a closed hyperplane H in X,
which separates A and B.
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Proof. Let K := A— B ={a—blaec A bec B}. Then A — B is a convex subset
of X. Since Int(A) # () we have Int(K') # (). Since A, B are disjoint, it follows that
0 ¢ K. With V := {0} the theorem of Mazur implies the existence of a closed zero
hyperplane, which separates {0} and K, i.e. there exists u € X*, such that for all
x1 € A, 20 € B u(x) — x2) < u(0) =0oru(z;) < u(x). O

Remark 3.9.15. Instead of A N B = () it is enough to require Int(A) N B = .

Proof. By Theorem 3.1.8 we have A C Int(A). According to the theorem of Eidelheit
there is a closed hyperplane, which separates Int(A) and B. m|

In order to obtain a statement about strict separation of convex sets, we will prove
the subsequent lemma:

Lemma 3.9.16. Let X be a normed space, A a closed and B a compact subset of X.
Then A+ B :={a+bla € A be B} is closed.

Proof. Forn € Nlet a,, € A, b, € B with lim,(a,, + b,) = z. Since B is com-
pact, the sequence (b,,) has a subsequence (b, ), that converges to b € B, and hence
lim; a,, = z — b € A due to the closedness of A. Thus z = (z —b)+be A+ B. O

Theorem 3.9.17. Let X be a normed vector space, let A, B be disjoint, convex sub-
sets of X. Furthermore let A be closed and B compact. Then there is a closed
hyperplane H in X, which strictly separates A and B.

Proof. Let B at first consist of a single point, i.e. B = {zo} C X. The complement
of A is open and contains zy. Therefore there is an open ball V' with center 0, such
that 2o+ V' is contained in the complement of A. According to the separation theorem
of Eidelheit there is a closed hyperplane in X that separates xo + V' and A, i.e. there
exists au € X*\ {0} with supu(zg + V) < infu(A). Since u # 0 there is vy € V
with u(vg) > 0. Hence

u(zo) < u(xo+ vo) < supu(zo+ V) < infu(A).

Let now B be an arbitrary compact convex set with A N B = (). By the previous
lemma, A — B is closed. Since A, B are disjoint, we have 0 ¢ A — B. Due to the
first part we can strictly separate 0 and A — B, corresponding to the assertion of the
theorem. i

An immediate application of the strict separation theorem is the

Theorem 3.9.18. Let K be a closed convex subset of a normed space X, then K is
weakly closed.
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Proof. Every closed half-space contained in X is a weakly closed set. If one forms the
intersection of all half-spaces containing K, we again obtain a weakly closed set M,
which apparently contains K. Suppose M contains a point x, which does not belong
to K. Then — due to the strict separation theorem — there is a closed hyperplane,
which strictly separates xp and K. As one of the two corresponding closed half-
spaces contains K, we obtain a contradiction. O

This is a theorem we will use in the sequel in various situations.
Another consequence of the separation theorem is the following result on extreme
points:

Theorem 3.9.19 (Krein—Milman). Every closed convex subset S of a normed space
is the closed convex hull of its extreme points, i.e.

S = conv(E,(5)).

Proof. Let B := conv(E,(S)), then we have to show B = S. Apparently B C S,
since the closure of a convex set is convex (see Theorem 3.1.8). Suppose there is
xo € S such that o ¢ B. Then according to the Strict Separation Theorem 3.9.17
there is a continuous linear functional f such that

flx) < f(xg) forallz € B.

Let now v := sup{f(z)|z € S} then f~!(y) N S contains an extreme point y
of S according to Remark 3.9.10 and Lemma 3.9.11, but this is a contradiction to

f(B) < f(wo) since v = f(y) < f(zo) <. o

3.10 Subgradients

Definition 3.10.1. Let X be a normed space, f : X — RU{co}. Au € X* is called
subgradient of f at xg € Dom f, if for all x € X the subgradient inequality

f(z) = f(wo) > (u,z — z)

holds. The set Of (zo) := {u € X*|u is subgradient of f at zo} is called subdiffer-
ential of f at xg.

The existence of subgradients is described by the following theorem:

Theorem 3.10.2. Let X be a normed space, [ : X — R U {oo} convex. If f is
continuous at xy € Dom f, then 0 f(x¢) is non-empty.

Proof. Letg : X — R U {oo} with x — f(z 4+ z¢) — f(x0), then g is continuous
at 0. Put V = {0} and ¢(0) = 0. Then there is by the theorem of Hahn-Banach an
extension u € X* of ¢ with (u,x) < g(x) = f(x + xo) — f(xo) for all x € X.
Choose = = 1 — o, then (u, x; — z0) < f(x1) — f(x0),1.e. u € Of (x0). a
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A direct consequence of the definition is the monotonicity of the subdifferential in
the following sense:

Theorem 3.10.3. Let X be a normed space, f : X — R U {oco} convex. Let x,y €
Dom f, ¢, € 0f(x) and ¢, € Of(x0), then

<¢x - ¢yv$ —ZJ> Z 0.
Proof. By the subgradient inequality we have:
($ory — ) < fly) = f(2)
(¢y,z —y) < fz) — f(y).

‘We obtain

(bx — Pyrx —y) > f(z) — fy) — (f(z) — f(y)) = 0. m

The connection between one-sided derivatives and the subdifferential is provided
by (see [59])

Theorem 3.10.4 (Theorem of Moreau—Pschenitschnii). Let X be a normed space,
f X = RU{oo} convex. Let f be continuous at xo € Dom f, then for all h € X
we obtain

Fi(xo, h) = max{(u, h) [u € f (z0)} ()
and
f’ (20, h) = min{(u, h) | u € df(x0)}. (%)
Proof. Forallu € Of (o) and all t € R~ we have by definition
(u,th) < f(zo +th) — f(zo),

and hence
(u, ) < Tim Hoot tht) S E))

On the other hand, let for a h € X \ {0} the linear functional
U(th) = tf. (z0, h)
be defined on V' := span{h}. Then for all z € V we have

I(z) < f(zo+2) — f(z0) = q(2),
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since for ¢t € R+ by the positive homogeneity (see Theorem 3.3.3)
tfi (w0, h) = fi (2o, th) < f(xo +th) — f(z0) = q(th).
The subadditivity
0 = fi(zo,th — th) < f(wo,th) + [ (xo, —th)
implies
—tfi(zo, h) = —fi(z0,th) < fi(z0,~th) < f(zo — th) — f(wo) = q(~th).

The function ¢: X — R U {00} is convex and 0 € Int(Dom ¢). Due to the theorem
of Hahn—Banach [ has a continuous linear extension « such that for all x € X

(u,x) < q(x) = f(xo+x) — f(x)

holds.
Thus u € 0f(xo), and for h we obtain

(u, h) = 1(h) = f' (o, h).
hence (). The relation
I (zo,h) = = f(x0, —h) = — max{{u, —h) | u € Of(z0)}
yields (sx). m|

Minimal solutions of a convex function on a subspace can be characterized in the
following way:

Theorem 3.10.5. Let X be a normed space, f : X — R a continuous convex function
and U a subspace of X. Then ug € M(f,U), if and only if there is a x; € O f(ug) C
X* such that

(xg,u—up) =0 forallue U.

Proof. Let x§ € 0f(up) with (zj, u — ug) = 0 for all uw € U, then
0= (x5, u—up) < f(u) — f(ug) forallue U.

Conversely let ug € M(f,U), then for the zero functional 6 on U
(0,0 —up) =0< f(u) — f(up) forallue U.

Due to the theorem of Hahn—Banach 6 can be extended to all of X as a continuous
linear functional z(j in such a way that

(x5, —ug) < f(x) — f(ug) forallz € X.

By definition then z:§; € Jf (up). a
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3.11 Conjugate Functions

Definition 3.11.1. Let X be a normed space, f : X — R U {co} with Dom f # {).
The (convex) conjugate function f* : X* — R U {oco} of f is defined by

[ (y) = sup{{y, x) — f(z)|z € X}.
We will also call f* the dual of f.

Being the supremum of convex (affine) functions f* is also convex.
For all z € X and all y € X™ we have by definition

(z,y) < f(x) + f*(y). (3.15)

This relation we will denote as Young'’s inequality.
The connection between subgradients and conjugate functions is described by the
following

Theorem 3.11.2. Ler X be a normed space, f : X — RU{occ} and 0 f (x) # (. For
ay € X* Young’s equality

f@)+ 1 (y) = (=)
holds, if and only if y € Of ().

Proof. Let f(x)+ f*(y) = (x,y). Forall u € X we have (u,y) < f(u)+ f*(y) and

hence f(u) — f(z) > (u —z,y) i.e.y € f ().
Conversely lety € df(x), i.e. forall z € X we have: f(z) — f(z) > (z — x,y),
hence (z,y) — f(z) > (z,y) — f(2) and therefore

(z,y) = f(x) = sup{(z,y) — f(2) |z € X} = [*(y). =
In the sequel we will make use of the following statement:

Lemma 3.11.3. Let X be a normed space. Then every lower semi-continuous convex
function f : X — R has an affine minorant, more precisely: for each x € Dom f and
d > 0 there is z € X* such that for ally € X

fly) > flz)+ (y—z,2) —d

Proof. Let w.l.o.g. f not identical co. Since f is lower semi-continuous and convex,
Epi f is closed, convex and non-empty. Apparently (x, f(z) — d) ¢ Epi f. By the
Strict Separation Theorem 3.9.17 there is a (z, ) € X* x R with

(z,2) + a(f(x) — d) > sup{(y, z) + ra| (y,7) € Epi f}.
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Since (z, f(x)) € Epi f, it follows that —ad > 0, i.e. & < 0. We can w.l.g assume
a = —1. Forall y € Dom f we have (y, f(y)) € Epi f, hence

(z,2) = (f(z) —d) > (y,2) — f(y),

and thus the assertion holds. |
Definition 3.11.4. A function f : X — R, not identical to oo, is called proper.

Lemma 3.11.5. A convex lower semi-continuous function f : X — R is proper; if
and only if f* is proper.

Proof. 1f f is proper, then there is x9 € X with f () < oo and hence f*(y) > —o0
for all y € X. Due to the previous lemma there is a z € X* with

—f(x0) + (w0, 2) +d > sup{—f(y) + (y,2) |y € X} = f*(2),

hence f* is proper. Conversely let f*(z)) < oo for a zp € X*. From Young’s
inequality it follows that f(x) > —oo for all z € X and from f*(zp) < oo follows
the existence of a 7y € X with f(zg) < 0. O

Definition 3.11.6. Let X be a normed space and f* : X* — R the conjugate function
of f: X — R. Then we call the function

X =R,z f*(2):=sup{(z,z") — f*(a*)|2* € X*}
the biconjugate function of f.

Theorem 3.11.7 (Fenchel-Moreau). Let X be a normed space and f : X — R a
proper convex function. Then the following statements are equivalent:

(a) f is lower semi-continuous
®) f=rf™

Proof. (a) = (b): We show at first Dom f** C Dom f. Let x ¢ Dom f. Then
according to the Strict Separation Theorem 3.9.17 there exists a u € X* with

(x,u) > sup{(y,u) |y € Dom f}.

By the above lemma f* is proper. Hence there exists a v € X* with f*(v) < oo. For
all ¢ > 0 we then have

[r(v+tu) = sup{(y,v+tu) — f(y) |y € X} < f*(v)+t-sup{(y,u) |y € Dom f}.
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Thus we obtain

() > (w0 + tu) — f*(v+ tu)
> (z,v) — f*(v) + t({z,u) — sup{(y, u) | y € Dom f}) =% o,

i.e. x ¢ Dom f**.

Let y € X. From the definition of f* it follows for all z* € X* that: f(y) >
(y,x*) — f*(=*) and hence f**(y) < f(y) for arbitrary y € X.

For y ¢ Dom f** we apparently have f**(y) > f(y). Suppose, for a z € Dom f**
we have f(x) > f**(x), then (z, f**(x)) ¢ Epi f. Since f is lower semi-continuous,
Epi f is closed. Due to the Strict Separation Theorem 3.9.17 there exists a (z*, «) €
X* x R with

(z,2%) + af™(x) > sup{(y,z*) + ar|(y,r) € Epi f}.

Here a < 0 must hold, because a = 0 implies

(z,2%) > sup{(y,z") |y € Dom f} =: a,

ie.z ¢ {y € X|(y,z*) < a} D Dom f contradicting z € Dom f**.
The assumption a > 0 would imply (z, 2*) + af**(z) = oo, contradicting x €
Dom f**. Let w.l.o.g. a = —1, i.e.

(z,2%) — f*(x) > sup{(y,=") —r|(y,r) € Epi f}
> sup{(y,z*) — f(y) |y € Dom f} = f*(z"),

contradicting the definition of f**.
(b) = (a): Being the supremum of the family {(-,z*) — f*(z*)|2* € X*} of
continuous functions, f** is lower semi-continuous. O

Remark 3.11.8. If f : X — R is a proper convex and lower semi-continuous
function, then by the theorem of Fenchel-Moreau we have f(z) = sup{(x,z*) —
f*(z*)|xz* € X*}. But each functional (-, z*) — f*(z*) is by definition weakly
lower semi-continuous and hence also f weakly lower semi-continuous.

As a consequence of Theorem 3.11.7 we obtain an extension of Theorem 3.11.2
and thereby a further interpretation of Young’s equality:

Theorem 3.11.9. Let X be a normed space and f : X — R a proper convex and
lower semi-continuous function. Then the following statements are equivalent:

(a) z* € 0f (x)
(b) z € df(z")
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© f(z)+ f*(27) = (z,27).

Proof. Let f(z) + f*(z*) = (x,z*). Apparently f*(z*) < oo. Using Young’s
inequality we have: f(x) + f*(u) > (x,u) for all w € X*. Therefore f*(u) —

A (x*) > (x,u—a*),ie.x € Of*(x*).

Let now x € 0f*(2*), then for allu € X*: f*(u) — f*(«*) > (z,u — x*), hence
(x,2*) — f*(2*) > (z,u) — f*(u) and using the theorem of Fenchel-Moreau we
obtain

(z,2%) = f(2") = sup{(w, u) — [ (u) [u € X7} = f*(2) = f(x). o
We will take up the subsequent example for a conjugate function in Chapter 8:

Example 3.11.10. Let® : R — R be a Young function and let (X, || - ||) be a normed
space. We consider the convex function f : X — R, defined by f(z) := ®(|||). For
the conjugate f* : (X*, | - |l4) — R we have

y) =@ (l[ylla)-

Proof. Using the definition of the norm || - || and Young’s inequality it follows that

(@, y) = @([l«]) < [lz]l - l[ylla — @(ll=[l) < @*([lylla)-

Due to the definition of ®* and || - ||; there is a sequence (s,) in R and a sequence
(z,) in X with

@) sn - [[ylla = P(sn) =n-so0 P*(llylla)

(b) [lza] = Tand [(zn, y) — [[yllal <

Then we obtain

1+\8n|)

n—0o0

(sn2n, y) =@([[sn@all) = snllylla—P(sn)+5n((2n, y) =[lylla) —— @*(lylla)-

<|| 2||2> I 2||d.

3.12 Theorem of Fenchel

In particular we have

Let X be a normed space.

Definition 3.12.1. For a concave function g: X — [—00, 00) with Dom g:={z € X |
g(x) > —oo} # 0 the concave conjugate function g* : X* — [—00,00) of g is
defined by

9" (y) == inf{{y, ) — g(x) |2 € Domg}.
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By definition we have the subsequent relation between the concave and the convex
conjugate function

9 () =—(=9)"(—y). (3.16)

We now consider the optimization problem inf(f — ¢)(X), where f — g : X —
R U {oc} are assumed to be convex. Directly from the definitions it follows that for
all z € X and y € X* the inequality

f@)+ f(y) = (y,z) > g(x) + g7 ()

holds, i.e.

inf{(f — g)(z)|z € X} >sup{(g" — f*)(y) |y € X*}. (3.17)

As a direct application of the Separation Theorem of Eidelheit 3.9.14 we obtain the

Theorem 3.12.2 (Theorem of Fenchel). Let f, —g : X — R U {oo} be convex func-
tions and let a xy € Dom f NDom g exist such that f or g are continuous at xo. Then
we obtain

inf{(f — g)(z) |z € X} =sup{(g" — f*)(y) |y € X"}

If in addition inf{(f — g)(x) | x € X} is finite, then on the right-hand side the supre-
mum is attained at a yy € X*.

Proof. W.1.g. let f be continuous at xg. Then we have xg € Dom f and

f(@o) = g(wo) = inf{(f — g)(x) [z € X} =t a.

The assertion of the theorem is for « = —oo a direct consequence of Inequality (3.17).
Under the assumption —oo < «v < oo we consider the sets

A:={(z,t) e X xRz €eDomf, t > f(x)}
B:={(z,t) € X xR|t < g(x) + a}.

The above sets are convex and disjoint. From the continuity of f at z it follows
that Int(A) # (). Due to the separation theorem of Eidelheit there is a hyperplane H
separating A and B, i.e. there is a (0,0) # (y, ) € X* x R and r € R, such that for
all (z1,t;) € Aandall (z3,t,) € B we have

(y, 1) + pt1 <r < {y,z2) + Bta. (3.18)

It turns out that 3 # 0, because otherwise for all 1 € Dom f and all z; € Dom g

(y,21) <71 < (y,x2).
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Since zg € Dom f N Dom g and x¢ € Int(Dom f) it follows on a neighborhood U of
the origin

<y,17()+ U> S r= <y,1f()>,

hence (y, U) < 0, contradicting (0,0) # (y, 5).

Moreover 3 < 0, because otherwise sup{t | (xo,t) € A} = oo in contradiction to
Inequality (3.18).

Let now ¢ > 0. For A\ := }ﬁ and w := %ﬁ and all z € Dom f it follows from
(z, f(x) +¢) € Athat

(w, ) = (f(z) + ) <A

Since ¢ is arbitrary, we have f*(w) < \. Let z € Dom g. Apparently (z, g(2) + a) €
B and hence by Inequality (3.18)

(w,2) = (9(2) + @) = A
yielding g% (w) > A + «. Together with Inequality (3.17) it follows that

a<gt(w) =A< gt (w) — fH(w) <sup{g™(y) — f*(y) |y € X7}
<inf{f(z) —g(x) |z € X} = a,

and thereby the assertion. |

As a consequence of the theorem of Fenchel we obtain the

Theorem 3.12.3. Let X be a normed space, K C X convex, f : X — RU {0}
convex and continuous at a point k € K. Then ko € M(f, K), if and only if for a
ue X*

@) f*(u) + f(ko) = (u, ko)
(b) (u, ko) = min(u, K)
holds.

Proof. Letky € M(f,K) and let at first ko ¢ M (f, X). Let

{0 forz € K

—oo  otherwise.

For y € X* we have g* (y) = inf{(y, k) | k € K}. By the theorem of Fenchel there
exists au € X with

inf{(u, k)| k € K} — J*(u) = f(ko).
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It turns out that u # 0, because otherwise due to f*(0) = — f(ko) we have by The-
orem 3.11.2 0 € 0f(ko), hence apparently kg € M(f, X), a contradiction to our
assumption. By Young’s inequality we then obtain

inf{(u, k) | k € K} = f*(u) + f(ko) > (u, ko) > inf{(u, k) | k € K},

hence (a) and (b).

If kg € M(f,X), then for u = 0 we have (a) by definition of f* and apparently
also (b).

Conversely (a) implies — using Theorem 3.11.2 — that u € 9f (ko). Hence (u, k —
ko) < f(k) — f(ko) for all k € K. By (b) we then have f(k) > f(ko) for all
ke K. O

As another application of the theorem of Fenchel we obtain the duality theorem of
linear approximation theory in normed spaces:

Theorem 3.12.4. Let X be a normed space, V' a subspace of X and z € X, then
inf{||z — v|||v € V} = max{(u, 2) | ||u]| < 1 andu € V*}.

Proof. Let f(x) := ||z|| and

0 forxez—-V
g(x) = .
—oo  otherwise.

Then we have

0 for|ul| <1
u) =
oo  otherwise

and

U, Z or u L1
g+(u):inf{<u,aj>|x62_v}:{< ,z) f eV °

—00 otherwise.

Application 3.12.5 (Formula of Ascoli). We treat the following problem:

In a normed space X the distance of a point z € X to a given hyperplane has
to be computed. If fora @ € X* and a x9p € X the hyperplane is represented by
H = {x € X|(a,x) = 0} + x0, then one obtains the distance via the formula of
Ascoli _ _

(7.2) (@ 20)| a19)
]

because due to the previous theorem we have for V' =: {z € X | (4, x) = 0}:

inf{||z — zo —v|||v € V} = max{{u, z — xo) | ||u|| < 1 and (u,v) =0Vv € V}.

U

As the restriction set of the maximum problem only consists of e the assertion

follows.
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Theorem 3.12.3 leads to the following characterization of a best linear approxima-
tion:

Theorem 3.12.6 (Singer). Let X be a normed space, V a subspace of X and x € X.
The point vy € V' is a best approximation of x w.r.t. V, if and only if forau € X*\{0}
we have

@ [Ju| =1
(b) (u,v) =0Yv eV

(©) (u,z —wvo) = [l = wol|.

Proof. Let hw— f(h):=||h|, K :=x — V, then

) = {o for [|ul| < 1

oo  otherwise.

From (a) in Theorem 3.12.3 both (a) and (c) follow, from (b) in Theorem 3.12.3 fi-
nally (b). |

3.13 Existence of Minimal Solutions for Convex
Optimization

Definition 3.13.1. The problem ‘maximize (g — f*) on X** we call the Fenchel-dual
problem to ‘minimize (f — g) on X".

Using the theorem of Fenchel we obtain the following principle for existence
proofs:

If an optimization problem with finite values is the Fenchel dual of another problem,
then it always has a minimal solution (resp. maximal solution).

A natural procedure for establishing existence for a given optimization problem is
to form the dual twice, hoping in this way to return to the original problem. In doing so
we encounter a formal difficulty that, by twice forming the dual, a problem in (X*)*
results, and not in X. One can always view X as a subset of (X*)*, by considering
the following mapping F : X* — (X*)*, where for a z € X the functional E(z) :
X* — Ris defined by

' = E(x)(z") = (E(x),z") := (z™, x).

Of particular interest are — due to what has just been said — those normed spaces X,
for which all elements in (X*)* can be obtained in this way, because then (X*)* can
be identified with X. This leads to the

Definition 3.13.2. A normed space X is called reflexive, if £(X) = (X*)* holds.
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Remark 3.13.3. Let X be a reflexive Banach space and f: X = R. For the second
conjugate (f*)* : X** — R and the biconjugate f** : X — R we have forall z € X

(f)"(E(z)) = sup{{E(x),2") — f*(z") [ 2" € X7}
= sup{(z*,z) — f*(a") |2" € X7} = [7 ().

Lemma 3.13.4. Let K be a convex subset of a normed space X and let f : K — R

be a continuous convex function. Then f is bounded from below on every bounded
subset B of K.

Proof. Leta > 0 and 29 € K. As f is continuous, there is an open ball K (z¢,7)
with radius 1 > r > 0 such that

f(@) > f(zo) —a

holds for all x € K(xg,r). Let M > 1 be chosen such that K (zo, M) D B. Let
y € B be arbitrary and z := (1 — 17 )xo + 17¥- Then it follows that

r
Iz = zoll = 37 lly — @ol| <,

i.e. z € K(xg,r). Since f is convex, we have

1)< (147 ) o) + 4770,

and therefore

fly) > Af(lj&)f(aso)Jr]\ff(z) > (1]‘f>f(aso)+]‘f(f(xo)a) —c O

Theorem 3.13.5 (Mazur-Schauder). Let X be a reflexive Banach space, K a non-
empty, closed, bounded and convex subset of X. Then every continuous convex func-
tion h : K — R has a minimal solution.

Proof. Let f,—g : X — (—00, o] be defined by

{h(m) forx € K

00 otherwise,

and

0 forz e K
g(z) = .
—oo  otherwise.

Then for all y € X* it follows that

9" (y) =inf{{y,z) — g(z) |z € X} = inf{(y,z) |z € K}.
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Since K is bounded, there is a 7 > 0, such that we have for all x € K: ||z|| < r
and hence |(y,z)| < |ly||||z]| < r|ly||. Therefore g*(y) > —r||y|| > —occ. Being the
infimum of continuous linear functions {(-,z) |« € K} ¢g" is also continuous on the
Banach space X* (see Theorem 5.3.13). Due to Lemma 3.11.5 f* is a proper convex
function, i.e. Dom f* # (). Therefore the preconditions for treating the problem

inf{f*(y) — 9" (y) |y € X'} =t a
are satisfied. Using the theorem of Fenchel and the reflexivity of X it follows that
o = sup{(g") " (B(x)) = (f*)"(B(x)) |z € X}. (3.20)

For all z € X we have by Remark 3.13.3 (f*)*(E(x)) = f**(z). The continu-
ity of h on K implies the lower semi-continuity of f on X and by the theorem of
Fenchel-Moreau 3.11.7 we obtain f**(z) = f(z). Putting 2 = F(x) we obtain (see
Equation (3.16))

and due to the lower semi-continuity of —g we obtain — again using the theorem of
Fenchel-Moreau:

()" (E() = —(=9)"(E(x)) = g(x).
By Equation (3.20) we obtain
o = sup{g(z) — f(2) |« € X} = sup{—f(2) |z € K} = —inf{f(a) |« € K}.

By Lemma 3.13.4 the number « is finite. The theorem of Fenchel then implies
the existence of a Z, where the supremum in (3.20) is attained, i.e. f(Z) = —«a =
inf{f(z)|x € K}. a

3.14 Lagrange Multipliers

In this section we consider convex optimization problems, for which the restrictions
are given as convex inequalities (see [79]).

Definition 3.14.1. Let P be a convex cone in a vector space X. For z,y € X we
write x > y, if x —y € P. The cone P defining this relation is called positive cone
in X.

In a normed space X we define the convex cone dual to P by

P*:={a" € X*|(x,2%) > 0forall z € P}.
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Definition 3.14.2. Let Q be a convex subset of a vector space X and (Z, P) an or-
dered vector space. Then G : Q — (Z, P) is called convex, if

Gz + (1 = Naa) < AG(z1) + (1 — V)G (x2)
forall z;, 2, € Qand all A € [0, 1].

‘We now consider the following type of problem:

Let Q be a convex subset of the vector space X, f : Q — R a convex function,
(Z, <) an ordered vector space and G : Q — (Z, <) convex.

Then minimize f(z) under the restriction

reQ, G(x)<O0.

In the sequel we want to develop the concept of Lagrange multipliers. For this
purpose we need a number of preparations.

LetT := {z |3z € QG(z) < z}. Itis easily seen that I is convex. On I" we define
a function w : ' — RN {oo} by z — inf{f(z) |z € Q,G(x) < z}. Then w(0) is
the minimal value of f on {z € Q, G(z) < 0}.

Theorem 3.14.3. The function w is convex and monotonically decreasing, i.e. for all
21,22 € I' we have
21 < 2= w(z1) > w(z).

Proof. Letaw € [0, 1] and let 21, z; € T, then

w(azr + (1 —a)z) =inf{f(zx) |z € Q,G(z) < az + (1 —a)z}

<inf{f(x) |z, 22 € Q: 2 = ax; + (1 — @)z, G(21) < 21, G(22) < 22}
=inf{f(az; + (1 —a)x) |z1,22 € Q: G(x1) < 21,G(x2) < 2}

<inf{af(z)) + (1 — ) f(z2) | 21,220 € Q: G(21) < 21,G(12) < 22}
=ainf{f(z;)|z; € Q: G(x1) < z1} + (1 — a)inf{f(x2) |z € Q: G(22) < 22}
= aw(z1) + (1 — a)w(z).

This proves the convexity of w, the monotonicity is obvious. m|

We start our consideration with the following assumption: there is a non-vertical
supporting hyperplane of Epi(w) at (0, w(0)), i.e. there is a z; € Z* with

(=20, 2) + w(0) < w(2)

for all z € T. Then apparently w(0) < (25, 2) + w(z) holds. For all z € Q also
G(x) € T holds. Therefore we have for all z € Q

w(0) < w(G(2)) + (29, G(2)) < f(2) + (20, G(2))-
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Hence
w(0) < inf{f(z) + (z5,G(x)) |z € Q}.

If z; can be chosen, such that z; > 0, then we have for all z € Q
G(z) <0 = (2,G(x)) <0,
and thus
inf{f(z) + (20, G(2)) |z € Q} <inf{f(z) + (2, G(2)) |z € Q, G(z) < 0}

<inf{f(z)|z € Q,G(z) < 0}
= w(0).

We finally obtain
w(0) = inf{f(z) + (20, G(x)) |z € Q},

and conclude that we have thus converted an optimization problem with restriction
G(x) < 0 into an optimization problem without restrictions.

Theorem 3.14.4. Let X be a vector space, (Z,P) an ordered normed space with
Int(P) # () and let Q be a convex subset of X. Let f : Q — Rand G : Q — Z
convex mappings. Let further the following regularity conditions be satisfied:

(@) there exists a ) € Q with —G(x;) € Int(P)
(b) po :=inf{f(z) |z € Q,G(x) < 0} is finite.
Then there is z; € P* with

po = inf{ f(z) + (25, G(z)) |z € Q}. (3.21)

If the infimum in (b) is attained at a xy € Q with G(xo) < 0, the infimum in (3.21) is
also attained and the equation (2, G(x¢)) = 0 holds.

Proof. In the space W := R x Z we define the following sets:
A:={(r,z)|thereisz € Q: r > f(z), 2z > G(x)}

B :={(r,z)|r < po, z <0}.

Since P, f and G are convex, the sets A and B are convex sets. From the defini-
tion of y it follows that A contains no interior point of B. Since P does contain
interior points, the interior of B is non-empty. Then by the Separation Theorem of
Eidelheit 3.9.14 there is a non-zero functional w(; = (ro, 2;) € W* such that

ror1 + (21, 25) > ror2 + (22, %)
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for all (ry,z;) € A and all (rp,2,) € B. The properties of B immediately imply
wg > 0ie.rg > 0and z; > 0. At first we show: 79 > 0. Apparently we have
(t0,0) € B, hence
ror + (2, 25) > Tolo

for all (r, z) € A. Suppose ro = 0, then in particular (G(x1), 25) > 0 and z; # 0.
Since however —G/(x1) is an interior point of P and z; > 0 it then follows that
(G(z1), z5) < 0, a contradiction. Thus ry > 0 and we can w.l.o.g. assume 79 = 1.

Let now (z,,) be a minimizing sequence of f on {z € Q|G(x) < 0},i.e. f(x,) —
fto. We then obtain because of (f(z), G(x)) € Aforall z € Q

po < inf{r+(zg,2)) | (r,2) € A} <inf{f(2)+(20, G(2)) |w € Q} < f(an) — po,

and thus the first part of the assertion.
If now there is a g € Q with G(z¢) < 0 and f(x0) = o, then

po < f(wo) + (G(20), 20) < f(x0),
and hence (G(xo), z5) = 0. O

The following theorem about Lagrange duality is a consequence of the previous
theorem:

Theorem 3.14.5. Let X be a vector space, (Z, P) an ordered normed space with
Int(P) # () and let Q be a convex subset of X. Let f : Q — Rand G : Q — Z
convex mappings. Moreover, let the following regularity conditions be satisfied:

(a) there exists a v € Q with —G(x;) € Int(P)

(b) po :=inf{f(z) |z € Q,G(x) < 0} is finite.
Then

inf{f(z) |z € Q,G(x) <0} = max{p(z") |z € Z*, 2" > 0},

where p(z*) = inf{ f(z) + (z*,G(x)) |x € Q} for z* € Z*,z* > 0.

If the maximum on the right-hand side is attained at z; € Z* with z; > 0 and

also the infimum at a xy € Q, then (2§, G(x0)) = 0 holds, and xo minimizes x —
f(x)+(25,G(2)) : Q = Ron Q.
Proof. Let z* € Z* with z* > 0. Then we have
p(27) = inf{f(z) + (=7, G(x)) | v € Q}

<inf{f(x) + (z*,G(z)) |z € Q,G(x) <0}

<inf{f(x)|z € Q,G(z) <0} = po.
Hence

sup{p(z") | 2" € Z%, 2" = 0} < po.

The previous theorem implies the existence of an element zj, for which equality holds.
The remaining part of the assertion follows also by the previous theorem. m]



Chapter 4

Numerical Treatment of Non-linear Equations and
Optimization Problems

The treatment of numerical methods in this chapter follows to a large extent that
in [60]. Due to its theoretical and practical significance we will start with the Newton
method, which can be considered as a prototype of all rapidly convergent methods.
The Newton method is primarily a method of determining the solution of a non-linear
equation. For minimization problems this equation results from setting the derivative
of the function to be minimized to zero. For n-dimensional minimization problems
this yields a system of n non-linear equations with n unknowns. The idea of the
Newton method can be described in the following way: starting with an initial guess
the successor is determined as the solution of the linearized equation at the present
position. In one dimension we obtain the following figure:

Linearization of a nonlinear function
5000 T T . .

4000 7
3000 g
2000 i

1000 ]

~1000 n n n n f n
-20 -15 -10 -5 0 5 10

Let
F:R" - R"

be a continuously differentiable function, for which we want to determine a z* € R"
with F'(2*) = 0. Then for the linearized equation at Z we obtain

F(z)+ F'(z)(x — z) = 0.
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If one wants to minimize a function f : R™ — R, then for the corresponding equation
one has

f'@) + (@) (x - 1) =0.

For the general case one obtains the following algorithm:

4.1 Newton Method

Let
F:R"—R"
be a continuously differentiable function.
(a) Choose a starting point zg, a stopping criterion, and put & = 0.

(b) Compute x| as a solution of the Newton equation
F(zg) + F'(z)(z — xx) = 0.

(c) Test the stopping criterion for x| and — if not satisfied — increment k& by 1 and
continue with (b).

Concerning the convergence of the Newton method we mention the following: if the
function F has a zero z*, and if the Jacobian matrix F’ (z*) is invertible, then there
is a neighborhood U of x*, such that for every choice of a starting point in U the
Newton equation is solvable for each k, the total iteration sequence (z)xcn, remains
in U and converges to z*. A characteristic property of the Newton method is its
rapid convergence. Under the assumptions mentioned above the convergence is Q-
superlinear, i.e. the sequence of the ratios

|1 — 2"

- .1)
g — 2]

converges to zero [60]. For twice differentiable I (Lipschitz-continuity of F’ in z*)
one even has quadratic convergence, i.e. for a constant C' > 0 one has for all £ € Ny
e — ¥ < Cllag — ¥
The Newton method can be considered to be the prototype of a rapidly convergent
method in the following sense: a convergent sequence in R”™, for which F” is regular
at the limit, is Q-superlinearly convergent to a zero of F', if and only if it is Newton-

like, i.e.
1F' (k) + F'(xk) (@rr1 — 2n) || boo
k1 — i
In other words: all rapidly convergent methods satisfy the Newton equation up to
o(||xg+1 — zx||). However, Newton-like sequences can also be generated without
computing the Jacobian matrix.

0.
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Disadvantages of the Newton method consist in the fact that the method is only
locally convergent and at each iteration step one has to

 compute the Jacobian matrix

* solve a linear system of equations.

We will — as we proceed — encounter rapidly convergent (Newton-like) methods,
which do not display these disadvantages. The two latter disadvantages mean — in
particular for large dimensions — a high computational effort. This is also the case
if the Jacobian matrix is approximated by a suitable matrix of difference quotients,
where in addition rounding errors create problems.

Application to Linear Modular Approximation

Let® : R — R>( be a twice continuously differentiable Young function. Let x € R™

and let V' be an n-dimensional subspace of R™ with a given basis {vy,...,v,}. The
approximation 3® to be determined is a linear combination > a;v; of the basis
vectors, where {ay,...,a,} are the real coefficients to be computed. The search
for a best approximation corresponds thus to a minimization problem in R™ with the
unknown vector a = (ay, ..., ay). The function to be minimized is

fR" >R

ar f(a) = f2 (:g — zznljam>.

The minimization of this function we denote as (linear) modular approximation. Set-
ting the first derivative of the function f to zero leads to the following system of
equations (compare Equation (1.15)):

n
Zvi(t) @’ <a:(t) - Zalvl(t)> =0, fori=1,...,n.
teT =1

For the elements of the matrix of the second derivative of f one obtains

aa?;ajf(a)zzvz() i(t) ‘DN< ialvl >

teT =1

The computational complexity of determining the Hessian matrix is apparently
n? times as high as the effort for evaluating the function f. In particular for large
n it is urgent to decrease the computational effort.



118 Chapter 4 Numerical Treatment of Non-linear Equations and Optimization Problems

4.2 Secant Methods

The above difficulties can be avoided by employing the so-called secant methods
(Quasi-Newton methods). Here the Jacobian matrix at x; (for minimization the Hes-
sian matrix) is replaced by a matrix By, which is easily determined. If By, is given,
then x4 is determined as the solution of the equation

F(zg) + Bi(x —x) = 0.
If the inverse of By, is available we have
Tyl = T — Bkle(xk).
For the successor By one requires that the secant equation

Bi1(Thy1 — k) = F(@g41) — Fwg)

is satisfied. The solutions of the secant equation form an affine subspace of the space
of n x n-matrices. For a concrete algorithmic realization of the computation of By
an update formula is chosen, which determines, how By is obtained from By. The
sequence of the matrices (By,)en, are called update matrices. A particular advantage
of this scheme is that even update formulas for the inverse Bkji | are available and
thus the solution of the linear system of equations can be replaced by a matrix-vector
multiplication.
Newton-likeness and hence rapid convergence of the secant method is obtained if

(Bes1 — By) 2220

holds, due to the subsequent

Theorem 4.2.1. A secant method converging to x* € R™ with invertible matrix
F'(z*) and

Biy1 — By 250

converges Q-superlinearly and F (x*) = 0 holds.
Before we begin with the proof we want to draw a connection between the secant

and the Newton method: according to the mean value theorem in integral form we
have for

1
Yii = / F'(zp + t(wpeg — xp))dt
0

the equation
Vi1 (@p1 — 2x) = F(ap) — Fay),
i.e. Yy satisfies the secant equation. One can verify directly that convergence of a

sequence (zj)ken, and the Lipschitz continuity of F” implies the convergence of the
sequence (Y} )ken, to the Jacobian matrix at the limit x*.
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This leads to the following

Proof. Let s, = 21 — x # O forall k € Ny. Due to (Bry1 — Yir1)sg = 0 and

F(z},) = — Bysy the Newton-likeness follows:
[F(zr) + F'(wr)sell _ | = Brsk + F' (zx) skl
sk skl
|(F'(xy) — Yyt + Bry1 — Br)sil|

skl

k—o00

<|F' (k) = Yes1ll 4 || Bes1 — Bil| —— 0,

provided that I’ is Lipschitz continuous. |

Update Formula of Broyden

A particularly successful update formula in practice is the following formula intro-
duced by C. G. Broyden

(y& — Brsi)sy,
Bjy1 = By, + T—k
53, Sk
where sy, 1= x4 — g and y := F(2g41) — F(xy). The success of the Broyden for-
mula can be understood in view of the previous theorem, because it has the following
minimality property: among all matrices B that satisfy the secant equation

Bsp = yg

the Broyden matrix By has the least distance to its predecessor By, in the Frobenius
norm. For a practical realization the ‘inverse’ update formula

(s — Hyyr)st Hy

Hypy = Hp +
" sT Hyy

can be used, which allows the computation of B_ j | = Hgyy from B, '—H .. This
formula is obtained from the general Sherman—Morrison—Woodbury Lemma, which
guarantees the existence of the inverse and the validity of the above formula for non-

vanishing denominator.

Geometry of Update Matrices

In order to understand the Broyden method and the subsequent algorithms, we want
to formulate a general geometric statement about successive orthogonal projections
on affine subspaces.
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Theorem 4.2.2. Let (V,,),en, be a sequence of affine subspaces of a finite-dimen-
sional vector space X, equipped with a scalar product and the corresponding norm.
Let there exist a Hy, € Vi, for all k € N such that

oo
Z ||Hk+1 — Hk” < 0.
k=0

Then for every starting point By € X the sequence defined by the recursion
By 11 is best approximation of By, w.r.t. V,

is bounded and we have By, 1 — By —k—00 0.

In order to describe the geometry of the Broyden method, one chooses X as the
space of matrices, equipped with the Frobenius norm. As affine subspace in this
context we define Vi, := {B | Bsy = yi} and for Hj, the mean value matrix Y for
k € N is chosen.

4.3 Global Convergence

The class of rapidly convergent methods corresponds, as we have seen, to the class of
the convergent Newton-like methods. In order to ensure global convergence, we take
up the idea of the classical gradient methods. The gradient method is a method for
determining the minimal solution of functions, which displays global convergence for
a large class of functions. The main idea of the gradient method relies on the following
descent property: starting from the present position one can — in the direction of the
negative gradient — find a point with a lower function value. The following iteration

Tri1 = 2 — oV f(zg) for Vf(zg) #0

with suitable step size oy, is based on this property. The determination of a step size
is an important issue and is provided by use of a step size rule. Instead of the direc-
tion of the negative gradient V f () one can use a modified direction dj, with descent
property. In this way we will be enabled to construct a rapidly as well as globally con-
vergent method. The pure gradient method, however, is only linearly convergent. This
leads to the generalized gradient methods, which after choice of a starting point ¢
are defined by the following iteration

Tpy1 = Tp — pdy,

as soon as step size «y, and search direction dy, are specified. Damped versions of the
Newton method will also belong to this class, which we will treat below. At first we
want to turn our attention to the determination of the step size.
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Some Step Size Rules

The most straightforward way of determining a step size is, to search for the point with
least function value in the chosen direction. This leads to the following minimization
rule (Rule of optimal step size):

Choose «y, such that

J(oy, — ardy) = glzir(}f(xk — ady).

This rule has a crucial disadvantage: the step size can in general be determined only
by an infinite process. Therefore this rule can only be realized on a computer in an
approximate sense. Experience shows that infinite rules can be replaced by construc-
tive finite rules. A common property of these rules is, to keep the ratio of the slopes
of secant and tangent

<f(9€k) — f(ar — apdy)

893

) /Y f ()" dy,
above a fixed constant 0 > 0. The simplest version is obtained by the following:

Armijo Rule (AR)

Let 3 € (0,1) and 0 € (0,%). Choose c, = 3™k, such that my is the smallest
number Ny, for which

Flar) — flay, — B™dy) > o™V f(xy) " di,

i.e. one starts with step size 1 and decreases the step size by multiplication with 3
until the ratio of the slopes of secant and tangent exceeds o.

In the early phase of the iteration, the step size 1 accepted by the Armijo rule can be
unnecessarily small. This problem can be eliminated by the following modification:

Armijo Rule with Expansion (ARE)

Let 8 € (0, %) and o € (0, %) Choose o = B such that my, is the smallest integer
for which

flak) = fxy — B dy) = o™V f ()" dy.

Algorithmically one proceeds in the following way: if the required inequality is al-
ready satisfied for 5 = 1, then, different from the Armijo rule, the search is not
discontinued. Through multiplication by 1// the expansion is continued, until the
inequality is violated. The predecessor then determines the step size.

A different procedure prevents the step size from becoming too small. This can be
achieved by the requirement, that the ratio of the slopes of secant and tangent should
not come too close to the number 1.
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Goldstein Rule (G)

Let o € (0, 4). Choose cy, such that

fzg) = fog — opdy)
tro= iV f(zy)Tdy =

For a concrete realization of this rule one can proceed in a similar way as in the Armijo
rule, using an interval partitioning method for the second inequality. In any case the
acceptance of the full step size (o = 1) should be tested.

Powell-Wolfe Rule (PW)

Let o € (0, %) and 8 € (0, 1). Choose «y, such that

F )~ f (g —ondy)
@ N FETd, 2O

() Vf(zk — agdy)Tdy < BV f(zg) " dy.

A concrete realization of this rule provides an expansion phase similar in spirit to
ARE.

These constructive rules have the additional advantage that in the subsequent glob-
alization of the Newton method the damped method automatically will merge eventu-
ally into an undamped method. Here (and also for Newton-like directions (see [60],
p. 120, 128) for sufficiently large k the step size oy = 1 will be accepted. One can
show that the ratio of the slopes of secant and tangent converges to 1/2.

Remark 4.3.1. For the determination of a zero of a function
F:R" - R",

which is not derivative of a function f : R™ — R (or where f is unknown), the

determination of the step size can be performed by use of an alternative function as
1 2

e.g. x> h(z) = 5| F(z)[*

4.3.1 Damped Newton Method

The pure Newton method is, as mentioned above, only locally, but on the other hand
rapidly convergent. Damped Newton methods, whose algorithms we will discuss
below, combine the advantages of rapid convergence of the Newton method and the
global convergence of the gradient method. As indicated above we have to distinguish
the determination of minimal solutions of a function f : R” — R and the determina-
tion of a zero of a function F' : R™ — R" which is not necessarily the derivative of a
real function on the R™. For the first of the two cases we have the following algorithm:
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Damped Newton Method for Minimization
Let
fR"—=R
be a twice continuously differentiable function.
(a) Choose a starting point xg, a stop criterion and put k < 0.

(b) Test the stop criterion w.r.t. . Compute a new direction dj, as solution of the
linear equation systems

f(xr)d = f'(xp).
(c) Determine x| := x —axdy, where o is chosen according to one of the finite
step size rules described above.
(d) Put k < k 4 1 and continue with step (b).

For this method the following convergence statement holds:

Theorem 4.3.2. Let f : R™ — R be a twice continuously differentiable function and
xo € R™ a starting point. Let the level set belonging to the starting point

{y eR"[f(y) < flxo)}

be convex, bounded, and the second derivative be positive definite there. Then the
damped Newton method converges to the uniquely determined minimal solution of f
and the damped Newton method merges into the (undamped) Newton method, i.e.
there is a ko € N such that for all k > kg the step size o, = 1 is accepted by the rule
chosen.

For the determination of a zero of an arbitrary function F' : R” — R" we introduce
a function « +— h(z) := %||F(z)|* as descent function. This leads to following
algorithm:

Damped Newton Method for Equations

(a) Choose a starting point x, a stop criterion and put k£ < 0.

(b) Test the stop criterion for x;. Compute a new direction dj, as solution of the
linear equation systems
Fl(mk)d = F(.Tk)

(c) Determine x| := xj — aidy, Where o, is chosen according to one of the finite
step size rules described above.

(d) Put k£ < k + 1 and continue with step (b).
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Remark 4.3.3. The finite step size rules test the ratio of the slopes of secant and
tangent. For the direction d, = F’(x;)"'F(x)) the slope of the tangent can be
expressed in terms of h(xy), since we have

(W (), di) = (F' () F(xx), F' (1) " F(a)) = (F(ax), Fay)) = 2h(y).
For the step size a, we obtain the following simple condition:

h(zy — ogdy,)
h(xy)

The convergence is described by the following theorem (see [60], p. 131):

<1-20aqy. (4.2)

Theorem 4.3.4. Let F' : R® — R" be a continuously differentiable function and let
h: R™ — R be defined by h(x) = %||F(z)||% Let x be a starting point with bounded
level set

Sh(zo) :=={z € R" | h(z) < h(xo)}

and let F'(x) be invertible for all x € Sp(x). Let further F' be Lipschitz-continuous
inaball K D Sp(x).

Then the damped Newton method for equations converges quadratically to a zero
of F. Furthermore this method merges into the (proper) Newton method.

4.3.2 Globalization of Secant Methods for Equations

The central issue of the secant methods was to avoid the computation of the Jacobian
matrix. Global convergence in the previous section was achieved by use of a step
size rule. These rules employ the derivative of the corresponding descent function.
In the case of the determination of a zero of a function ' : R” — R and the use of
h : R" — R where h(z) = %HF(JE)H2 as descent function the derivative h/(x) =
F'(2)T F(z) contains the Jacobian matrix F”(z). Thus for secant methods the step
size rules w.r.t. h are not available. As a substitute one can use the ratio of subsequent
values of i (compare Equation (4.2) for the Newton direction) as a criterion. At first
the full step size is tested. If not successful, one can try a few smaller step sizes.
If in this way the direction of the secant is not found to be a direction of descent,
an alternative direction is constructed. We will now describe a number of methods,

which differ by the choice of the alternative direction.

SJN method

Here the Newton direction is chosen as a substitute. Since here the Jacobian matrix is
computed, we can use it as a new start for update matrices. We denote the resulting
method as Secant method with Jacobian matrix New start (SIN).
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The SJIN-method

(a) Choose a regular n x n-matrix By, zop € R", 8 € (0,1), 0 € (0,1/4) and a
formula for the determination of update matrices for a secant method (resp. for
its inverse). Put £ = 0 and choose a stop criterion.

(b) If the stop criterion is satisfied, then Stop.

(c) Put dj, := Bk_lF(:Jck) and search for ay, € R, such that h(z, — agdy) <
(1 — o)h(xy), where at first a, = 1 is tested. If the search is successful, put
Tk+1 = T — aidg and goto (e).

(d) New start: Compute F'(z),)~", put B, ' = F'(z),)~" and dy, = B, ' F(xy).
Find the smallest m € Ny (Armijo rule) with

h(zg — B™dg) < (1 — B™0)h(zy) (4.3)

and put xy ] = x — S"dy.

—1

(e) Put sy = xg41 — x and y, = F(zy1) — F(x). Compute By resp. B,

by the update formula chosen above.

(f) Put k& < k + 1 and goto (b).

Theorem 4.3.5. Let F : R™ — R"™ be continuously differentiable, F' be locally
Lipschitz continuous, xo € R™, and let the level set Sp(x¢) belonging to the starting
point be bounded. Further let ©* be the only zero of F and let F'(x) be regular for
all x € Sy(xo). Then the sequence (z,)ren, generated by the SIN-method is at least
Q-superlinearly convergent. Moreover, from a certain index ky € N on, the step size
ay = 1 is accepted.

Derivative-free Computation of Zeros

The disadvantage of the choice of the alternative direction described in the previous
section is that the Jacobian matrix has to be computed. On the other hand by making
the Jacobian matrix available we have achieved two goals:

(a) Necessary and sufficient for rapid convergence is the Newton-likeness of the
iteration sequence (see [60], p. 71). In this sense the New start provides an
improvement of the current update matrix.

(b) The Newton direction is always a direction of descent w.r.t. h.

These two goals we will now pursue using derivative-free methods. The geometry of
the update matrices will simplify our understanding of the nature of the problem and
will lead to the construction of concrete algorithms.

A possibility for exploiting the geometry, can be obtained in the following way:
in order to construct a new update matrix, which — if possible — should approximate
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the Jacobian matrix, we introduce as a substitute an ‘artificial’ subspace and deter-
mine a new update matrix by projection of the current matrix onto this subspace.
A straightforward strategy is to choose the substitute to be orthogonal to the current
subspace V}. Instead of the orthogonality of the subspaces in the subsequent algorith-
mic realization we construct mutually orthogonal vectors.

The OS method

(a) Choose a regular n x n-matrix By, 9 € R", C,C € (0,1), § > 0 and a
formula for the determination of update matrices for a secant method (resp. for
its inverse). Put £ = 0 and choose a stop criterion.

(b) Put N = 0. If the stop criterion is satisfied, then Stop.

(c) Put dy, := Bk_lF(mk) and search for oy, € R satisfying h(zy — apdy) <
Ch(zy), where at first o, = 1 is tested. If the search is successful, put

Tyl = T — opdy,

Sk = fakdk
Gk = F(xpp1) — F(ak)
and goto (e).

(d) New start: Put .,y = xp and N <~ N + 1. Let a be the last step size
tested in (c) and let d := {5dk. If k = 0, we put Jy := F(x), — d) — F(xy,).
Otherwise compute ¢ := dT§k_1/§£_l(d—§k_1) and put 5y, := t5,_1+(1—1t)d,
gk = F(Ik — §k) — F(Sk)

(e) Compute By resp. B, j& , by the update formula chosen above by use of 3 and

Yk-
(f) Put k <— k + 1. In case a New start was necessary, goto (c), otherwise to (b).

Remark. In case of a multiple New start an inner loop with loop index N comes into
play. The desired effect is the asymptotic convergence of the update matrices. In order
to achieve this, the division by N? is performed in (d).

Further methods for the solution of equations can be found in [60].

4.3.3 Secant Method for Minimization

When looking for a solution of a non-restricted optimization problem, setting the gra-
dient to zero leads to a non-linear equation. In contrast to the preceding section we
have in this situation the opportunity to take the function to be minimized as the de-
scent function for the step size rule. The direction of the secant is always a direction
of descent, provided that the update matrix is positive definite. Those update formu-
las will be of particular significance in this context, which generate positive definite
matrices. In theory as well as in practice the BFGS method will play an eminent role.
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BFGS method

(a) Choose a symmetrical and positive definite n x n-matrix Hp, x9 € R”, and a
step size rule (G), (ARE) or (PW). Put £ = 0 and choose a stop criterion (e.g.
test of the norm of the gradient).

(b) If stop criterion is satisfied, then Stop.

(c) Putdy := HyV f(z)) and determine a step size «y, with f as descent function.
Put 41 := xp — agdg. Put s, := xp — xp and yg, == Vf(zrp11) — V (k).
Compute Hy, | according to the following formula:

vksz + skv,:: (v, yk>sksz

Hyyy = Hi + -
" (Yk» k) (Yks Sk)?

with vy := s — Hryg.
(d) Putk < k 4+ 1 and goto (b).

Theorem 4.3.6. Let f : R™ — R be twice continuously differentiable and xy € R".
Let the level set Sy(xo) be bounded and f" positive definite on Sy(xo). Then the
BFGS-method can be performed with every symmetrical positive definite start matrix
and is at least Q-superlinearly convergent to the minimal solution. The matrices of

the sequence (Hy,)ken, are uniformly positive definite, i.e. there are positive numbers
m, M, such that for all z € R™ with ||z|| =1

m < <Hktzv Z> <M
holds. Furthermore, the damped method merges into the undamped method.

Remark. If one wants to apply the BEGS-method to non-convex functions, it turns
out that the Powell-Wolfe rule assumes a particular significance, because it generates
also in this situation positive definite update matrices.

Testing the Angle

The BFGS-method preserves positive definiteness of the update matrices and guar-
antees that the direction of the secant is a direction of descent. Even then the angle
between the current gradient and the search direction dj can become unfavorable at
times. As an additional measure, one can test in the context of secant methods the
cosine (j := % of the angle in question. If g falls below a given thres-
hold, a new direction of descent is constructed, e.g. a convex combination of gradient-
and direction of the secant. The BFGS-method does have a self correcting property
w.r.t. the sequence () ken,, but also here an improvement of the convergence can be
achieved by such a test for the angle. An algorithmic suggestion for the whole class

of secant methods could be the following:
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Secant Method with Angle Check

(a) Choose a symmetrical and positive definite n x n-Matrix Hy, x¢9 € R", a pre-
cision v > 0 and a step size rule (G), (AR), (ARE) or (PW). Put £ = 0 and
choose a stop criterion (e.g. test of the norm of the gradient).

(b) If stop criterion is satisfied, then Stop.

(V
(c) Compute p<kvf(— I)T:Zk?f(xk) and B, := ”vf{;i% If B, < 7y, choose a dj,
Lk ),k _
such that W 2 Y otherwise put dk- = Pk.

(d) Determine a step size ay, with f as descent function. Put x| 1= xp — agdy.
Put s 1= x4 — x and yg, := V f(xg11) — Vf(zk). Compute Hy | using the
update formula of a secant method for the inverse matrix.

(e) Putk < k + 1 and goto (b).

For the theoretical background see [60] the theorem in Section 11, p. 185.

4.4 A Matrix-free Newton Method

See [64]: Let U be an open subset of R™ and F' : U — R" differentiable. In order to
determine z the Newton equation

F'(wp)(x — o) = F(ay)

has to be solved. Putting Ay, := F'(xy), by, := —F(2x), and y := = — x), the above
equation amounts to Aiy = bg. Its solution y;, yields x| = x + yg. For large n
storing the Jacobian F’(z}) becomes prohibitive. A matrix-free variant of the Newton
method is obtained by replacing F”(xy)(z — x) by the directional derivative

F t(x — - F
F'(ap, o — z3) = lim (zp + t(z — z1)) (xk).
t—0 t

For the solution of Ary = b a method is employed that does not require the know-
ledge of Ay, but only the result of the multiplication Axu for a ulR™, where u denotes a
vector appearing in an intermediate step of the corresponding so-called MVM-method
(Matrix-Vector-Multiply-method). Here Ay, -u is replaced by the directional derivative
F(xp,u). If not available analytically, it is replaced by the approximation

F(xp +eu) — F(xy)

for small € > 0.

A suitable class of (iterative) solution methods for linear equations is represented
by the Krylov space methods. Also the RA-method in [60] can be used. For the
important special cases of symmetrical and positive definite matrices the conjugate
gradient and conjugate residual methods, and for non-symmetrical matrices A;, the
CGS-method can be employed.



Chapter 5
Stability and Two-stage Optimization Problems

In our discussion of Polya algorithms in Chapter 2 the question referring to the closed-
ness of the algorithm, i.e. if every point of accumulation of the sequence of solutions
of the approximating problems is a solution of the limit function, is of central impor-
tance.

In this chapter we will treat this question in a more general framework. It turns
out that lower semi-continuous convergence is responsible for the closedness of the
algorithm. Monotone sequences of functions, which converge pointwise, will turn
out to be lower semi-continuously convergent and pointwise convergent sequences
of convex functions even continuously convergent. The latter statement is based on
an extension of the principle of uniform boundedness of Banach to families of con-
vex functions. For the verification of pointwise convergence for sequences of convex
functions, a generalized version of the theorem of Banach—Steinhaus for convex func-
tionals turns out to be a useful tool: in the case of Orlicz spaces e.g. it suffices to
consider the (dense) subspace of step functions, where pointwise convergence of the
functionals is essentially reduced to that of the corresponding Young functions.

We will investigate the actual convergence of the approximate solutions — beyond
the closedness of the algorithm — in the section on two-stage optimization. In this
context we will also discuss the question of robustness of the algorithms against e-
solutions.

In the last section of this chapter we will see that a number of results about se-
quences of convex functions carry over to sequences of monotone operators.

Much of the material presented in this chapter is contained in [59].

5.1 Lower Semi-continuous Convergence and Stability

Definition 5.1.1. Let X be a metric space. A sequence (f,, : X — ﬁ)neN is called
lower semi-continuously convergent resp. upper semi-continuously convergent to f :
X — R, if (fn)nen converges pointwise to f and for every convergent sequence
(zn)nen in X with limz,, =

n—oo
resp.

lim f,(z) < f(x)

n—0o0

holds.
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Remark. For the practical verification of lower semi-continuous convergence the fol-
lowing criterion turns out to be useful: f is lower semi-continuous and there exists a
sequence (ay,) tending to zero, such that f,, + «,, > f.

An immediate consequence of the definition is the

Theorem 5.1.2. Let X be a metric space and let the function sequence (f, : X —
R),en converge lower semi-continuously to f : X — R, then every point of accumu-
lation of the minimal solutions M ( f,,, X) is an element of M (f, X).

Proof. Let & be such a point of accumulation, i.e. £ = lim;_,o x,, With 2, €
M(fn,;, X). For an arbitrary = € X we have

fni(@n;) < fni ().

The lower semi-continuous convergence then implies
1—00 71— 00

The principle of lower semi-continuous convergence provides a framework for fur-
ther investigations: in particular the question arises, how we can establish that lower
semi-continuous convergence holds.

A simple criterion is provided by monotone convergence (see below).

In the case of pointwise convergence of real valued, convex functions even contin-
uous convergence is obtained (see Theorem 5.3.6 and Theorem 5.3.8).

In the context of convex functions one obtains stability results even if the sets, on
which the minimization is performed, are varied. The Kuratowski convergence, also
referred to as topological convergence (see Definition 5.1.5), is the appropriate notion
of set convergence in this situation.

A stability theorem for sequences of convex functions with values in R is obtained,
if their epigraphs converge in the sense of Kuratowski (see Theorem 5.1.7).

5.1.1 Lower Semi-equicontinuity and Lower Semi-continuous
Convergence

Definition 5.1.3. Let X be a metric space. A sequence of functions (f, : X — R),en
is called lower semi-equicontinuous at x € X, if for all € > 0 there is a neighborhood
U(x) of x, such that for all n € N and all y € U(x) we have

Theorem 5.1.4. Let (f,, : X — R),en be a sequence of functions, which converges
pointwise to f on X and let { f, }nen be lower semi-equicontinuous on X, then for
all x € X we obtain: f is lower semi-continuous at x and the convergence is lower
Semi-CoOntinuous.
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Proof. Let x € X, then there is a neighborhood U (), such that for all » € N and all
y € U(x) we have: f,(z) —e < f,(y). From the pointwise convergence it follows
that f(z) — e < f(y), i.e. f is lower semi-continuous at x.
If 2, — z,then z,, € U(x) forn > N € N,ie.forn > N: f,(z) —e < fn(zp).
(a) Let z € Dom f, then there is N| > N, such that f(z) — e < f,(z) for all
n > N, hence

f(x) =2 < fulx) — e < fulwn)

for all n > Nj. Therefore lim f,(z,,) > f(z).
(b) x ¢ Dom f,i.e. f(z) = coand f,(z) — f(x). Dueto f,(z) — e < fn(zy,) it
follows that f,(x,) — co. |

5.1.2 Lower Semi-continuous Convergence and Convergence of
Epigraphs

Definition 5.1.5. Let X be a metric space and (M, ),en a sequence of subsets of X.
Then we introduce the following notation
lim M,, := {x € X |there is a subsequence (M})en of (My)nen and xy, € M,
n

such that x = lim xk}
k—o0

lim M, := {x € X |there is ng € N and x,, € M,, for n > ny,
n

such that z = lim x, }.
n—o0
The sequence (M, )nen is called Kuratowski convergent to the subset M of X, if

m]\4n = lim M,, = M,
n n
notation: M = lim,, M,,.

Theorem 5.1.6. Let the sequence (fy)nen converge to f lower semi-continuously,
then Epi f,, — Epi f converges in the sense of Kuratowski.

Proof. Let (xy,,7yn,) € Epif,, be a convergent subsequence with (zy, ,7p,) —
(x,r), then r = limr,, > lm f,, (z,,) > f(z), ie. (x,r) € Epif, hence
limEpi f,, C Epi f.

Let now = € Dom f and (z,r) € Epi f, i.e. f(z) <7 < co. Let further £ > 0 be
given, then f,,(z) < f(z) 4+ ¢ < r + ¢ for n sufficiently large. Then (z, f,,(x) + 1 —
f(z)) € Epi f,, and we have (z, f,(x) + 17— f(x)) = (z, f(x)+7r— f(z)) = (x,r).
If x ¢ Dom f, (x,r) ¢ Epi f forall r € R. a
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A weak version of the converse of the previous theorem we obtain by

Theorem 5.1.7. Let the sequence (fy,)nen converge to f in the pointwise sense and
let lim Epi f,, C Epi f. Then (fn)nen converges to f lower semi-continuously.

Proof. Let (x,,) converge to .
(a) x € Dom f: let (fy, (zn,)) — r be a convergent subsequence, then
(Tnys frg (Tny)) — (@, 7) € Epi f,

and hence r > f(x). In this way we obtain: lim f, (z,) > f(z).
(b) z ¢ Dom f: let (xy, , fn,(2n,)) = (,7), then r = oo, because if r < oo, then
(z,7) € Epi f, contradicting = ¢ Dom f. Therefore f,(x,) — occ. O

In the context of sequences of convex functions we will apply the convergence of
the corresponding epigraphs for further stability results.

5.2 Stability for Monotone Convergence

A particularly simple access to lower semi-continuous convergence and hence to sta-
bility results is obtained in the case of monotone convergence, because in this case
lower semi-continuous convergence follows from pointwise convergence.

Theorem 5.2.1. Let X be a metric space and (f, : X — R),en a monotone se-
quence of lower semi-continuous functions, which converges pointwise to a lower
semi-continuous function f : X — R. Then the convergence is lower semi-
continuous.

Proof. Let z,, — x and (f,,) monotonically decreasing, then f,(z,) > f(x,) and
therefore

Let now ( f,,) monotonically increasing and k& € N. Then for n > k

and hence, due to the lower semi-continuity of f
lim fy,(2n) = lim fi(2n) = fi(20).
n n

Therefore for all k € N
n

From the pointwise convergence of the sequence ( fx)ren to f the assertion follows.
O
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Remark. If the convergence of (f,) is monotonically decreasing, apparently just the
lower semi-continuity of the limit function is needed. If however the convergence is
monotonically increasing, then the lower semi-continuity of the limit function f fol-
lows from the lower semi-continuity of the elements of the sequence. A corresponding
theorem and proof is available for upper semi-continuous functions and upper semi-
continuous convergence.

The previous theorem and the preceding remark lead to the following

Theorem 5.2.2 (Theorem of Dini). Let X be a metric space and (fy, : X — R)pen
a monotone sequence of continuous functions, which converges pointwise to a contin-
uous function f : X — R. Then the convergence is continuous.

Proof. Upper semi-continuous and lower semi-continuous convergence together im-
ply continuous convergence according to Definition 5.3.1. i

As a consequence of Theorem 5.1.2 and Theorem 5.2.1 we obtain

Theorem 5.2.3 (Stability Theorem of Monotone Convergence). Let X be a metric
space and (f, : X — R),en a monotone sequence of lower semi-continuous func-
tions, which converges pointwise to a lower semi-continuous function f : X — R.
Then every point of accumulation of the minimal solutions M ( f,,, X) is an element of
M(f, X).

If the function sequence is monotonically decreasing, the values of the optimization
problems (fn, X) converge to the value of the optimization problem (f, X), i.e.

inf f,,(X) =% inf f(X). (5.1)

If in addition X is a compact set, then lim,, oo M (f,, X) # () and the convergence
of the values is guaranteed for monotonically increasing function sequences.

Proof. Only (5.1) remains to be shown. Let (f,,) be monotonically decreasing. The
sequence 7, := inf f,,(X) is also decreasing and hence convergent to a ry € R.

If o = —o0 or ryp = oo (5.1) holds. Suppose 79 € R and ¢ > inf f(X). Then
there is zp € X such that f(z9) < ro. From pointwise convergence we obtain
fn(zo) — f(x0) and thus the contradiction roy = lim,_, inf f(X) < f(zo) < 7o.

Let now (fy,) be increasing and X compact. Let x,, € M(f,,X) and (z,,) a
subsequence of (z,,) converging to Z. By the first part of the theorem z € M (f, X).
Pointwise and lower semi-continuous convergence then yield

f(2) =1im fo, () > lim fo, (2n,) > f(Z) = inf f(X). a

As an application of the above stability theorem we consider the directional deriva-
tive of the maximum norm:
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Theorem 5.2.4. Let T be a compact metric space and C(T') the space of the con-
tinuous functions on T with values in R. For the function f : C(T) — R with
f(z) := maxser |2(t)| and h € C(T), x € C(T) \ {0} we obtain

Ji(z, h) = max{h(t)sign(z(t)) |t € T}.

Proof. From the monotonicity of the difference quotient of convex functions (see
Theorem 3.3.1) it follows that the sequence (g,,, ) with

[z()] — |z(t) + anh(t)] + f(z) — [=(1)]

Qn

G, (1) =

for v, | 0 is a monotonically increasing sequence, which converges pointwise for
lz(t)| = f(z) to g(t) := —h(t)sign(z(t)), for |z(t)| < f(z) however to co. Since
T is compact, the sequence of the values minser gq,, (t) converges due to the above
theorem to min;cp g(¢), thus

t h(t)| — |z(t t)| —
al0 teT al0 teT «

= max { 1;3()1 [o(t) + ah:)l — 2Ol |, € T and |z(t)| = f(:c)}
— max{h(t) sign(z(t)) |+ € T and |z()] = (). o

5.3 Continuous Convergence and Stability for Convex
Functions

It will turn out that the following notion is of central significance in this context:

Definition 5.3.1. Let X and Y be metric spaces. A sequence of real functions
(fn)nen with f,, © X — Y is called continuously convergent to f : X — Y, if
for every sequence (z,)nen converging to a o

holds.

The significance of continuous convergence for stability assertions is immediately
apparent from the following simple principle:

Theorem 5.3.2. Let X be a metric space and (f, : X — R),en a sequence of
Sfunctions, which converges continuously to f : X — R. If for each n € N the point
Ty, is a minimal solution of f,, on X, then every point of accumulation of the sequence
(zn)nen is a minimal solution of f on X.
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Proof. Since x,, is a minimal solution of f,,, we have for all z € X

fn(xn) < fn(x)- (5.2)

Let xo be a point of accumulation of (x,), € N, whose subsequence (z)ien con-
verges to x¢. Then the continuous convergence implies

fr(xg) = f(zo) and fn(x) — f(x).

Going to the limit in Inequality (5.2) preserves its validity and we obtain

(o) < f(x). o

We will see that for certain classes of functions pointwise convergence already
implies continuous convergence. Among them are the convex functions. This will also
hold for sums, products, differences and compositions of convex functions, because
continuous convergence is inherited according to the following general principle.

Theorem 5.3.3. Let X,Y, Z be metric spaces and (Fy,)pen with Fp, : X — Y and
(Gp)nen with Gy, © Y — Z sequences of continuously convergent functions. Then
the sequence of compositions (Fy, o Gy,)nen is continuously convergent.

Proof. Let (F,,) to F' and (G,,) to G continuously convergent. Let (x,), be a se-
quence in X convergent to z, then we have: F,(x,) — F(z) in Y and hence
Gn(Fn(zy)) = G(F(x))in Z. o

In order to be responsive to the above announcement about products and differ-
ences, we will mention the following special case:

Theorem 5.3.4. LetY=R", Z=R, G:R"™ —R be continuous and (Fy,)nen = (fél),
- fT(Lm))neN continuously convergent. Then the sequence (G( fél), cel ,(Lm>))n€N is

continuously convergent.

At first we will explicate that the notion of continuous convergence is closely related
to the notion of equicontinuity.

Continuous Convergence and Equicontinuity

Definition 5.3.5. Let X, Y be metric spaces and F' a family of functions f : X — Y.

(a) Let xg € X. F is called equicontinuous at xy, if for every neighborhood V' of
f(zo) there is a neighborhood U of x, such that for all f € Fandall x € U
we have

flz)eV.

(b) F is called equicontinuous, if I is equicontinuous at each xy € X.
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Theorem 5.3.6. Let X, Y be metric spaces and (f, : X — Y),en a sequence of
continuous functions, which converges pointwise to the function f : X — Y. Then
the following statements are equivalent:

(@) {fn}nen is equicontinuous,

(b) f is continuous and { f,, }nen converges continuously fo f,

(©) {fn}nen converges uniformly on compact subsets to f.
Proof. (a) = (b): Let 9 € X and € > 0. Then there is a a > 0, such that for all
x € K(x0, ) and all n € N we have: d(f,,(x), fn(z0)) < e.

The pointwise convergence implies for all x € K (g, ): d(f(z), f(xo)) < e and
thus the continuity of f.

Let x,, — xo. For n > ng we have z,, € K(xg,a) and d(f,(zo), f(z0)) < e.
Therefore

d(fn(2n), f(20)) < d(fu(n), fu(x0)) + d(fu(z0), f(20)) < 2¢.

(b) = (c): Suppose there is a compact subset K of X, on which the sequence (f,,)
does not converge uniformly to f. Then we have

de>0Vn e N3k, €N, x, € K :d(fx,(xx,), f(zg,)) > ¢.

The sequence (k) has a strictly monotonically increasing subsequence (iy,), such that
(z4,) converges to € K. This leads to the contradiction

e < d(fin (i), (i) < d(fi, (2i,), f(Z)) + d(f (2i,), f(Z)) = 0.

(c) = (a): Suppose the family { f,,} is not equicontinuous at a point xy € X, then
1
Je>0Vne N3k, eN, € K(xo, n) : d(fkn(.l‘kn), fkn(xo)) > €.

Since x, — o and finitely many continuous functions are equicontinuous, the set
J = {k,} contains infinitely many elements. Hence there exists in .J a strictly mono-
tonically increasing sequence (i,). By assumption the sequence ( f,,) converges uni-
formly on the compact set {x, }neny U {xo} to f. Hence there is a 2 € N, such that
forallm > n:

d(fin (i), f(2i,)) < 7 and  d(fi,(20), f(20)) <

Ao
~lo

The function f is the uniform limit of continuous functions and hence continuous.
Therefore

d(f (i), f(xo)) <

)

N
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provided that 72 was chosen large enough. From the triangle inequality it follows that
forn>n

IN
SN
—~
Sk
3
—
3
/\
&
i_/
~—
+
U

(f(zi,), f(xo) + d(fi, (20), f(20))

a contradiction. O

For stability assertions of convex optimization we will show the following non-
linear extension of the uniform boundedness principle of Banach about continuous
linear operators to convex functions:

A pointwise bounded family of continuous convex functions is equicontinuous.

Definition 5.3.7. Let Y be a metric space. A family F' of real functions on Y is called
lower semi-equicontinuous (resp. upper semi-equicontinuous) at the point vy, if for
every € > 0 there is a neighborhood V' of vy, such that forall y € V and all f € F'

fly) = f(yo) > —&  (resp. f(y) — fyo) <¢)
holds.

We remark that the family F' is equicontinuous, if F' is lower semi-equicontinuous
and upper semi-equicontinuous.

Theorem 5.3.8. Let X be a normed space, U an open and convex subset of X and
let I be a family of convex functions on U, which is pointwise bounded. Then the
following statements are equivalent:

(a) F is equicontinuous on U
(b) F'is upper semi-equicontinuous on U
(¢) F'is uniformly bounded from above on an open subset Uy of U

(d) F is equicontinuous at a point in U.

Proof. (a) = (b) and (b) = (c) follow from the definitions.

(¢) = (d): Let zp € Up and a > 0, such that K(xg,a) C Up. Let0 < ¢ < 1 be
given. If y € K(x¢,¢ca), then there exists a z € K(zg,a) withy = (1 — )z + ex.
The convexity implies for all f € F

fy) <ef(z)+ (1 —e)f(zo) = f(wo) +e(f(z) — f(z0)-

By assumption there is a M > 0 such that forall z € Up and all f € F: f(x) < M.
If we put, using the pointwise boundedness, A := M — inf{f(zo) | f € F'}, then we
obtain for all y € K (x¢,¢ca)

f(y) = f(x0) < e
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On the other hand for each z € K (¢, ca) there is a x € K (x¢, a) with

1
z =m0y — e(x — x0) resp.xozmz+ 1+€m.

The convexity implies for all f € F

15
1+¢

f (o) < f(z) + f(=),

1+¢

hence via multiplication of both sides by 1 + &:

F(2) — Flao) = e(f(wo) — f(@)) > e(inf{f(x0) | f € F} — M) = —eA.

Thus we obtain the equicontinuity of F' at xy.
(d) = (a): Due to the above considerations it suffices to show that each point
2 € U has a neighborhood, on which F' is uniformly bounded from above. Let I be
equicontinuous at y € U and let a > 0, such that for all z € K(y,a) =: V and all
fevr
() < F) + 1 < sup{f(y) | f € Fy+1=:7

holds. (Here we have, of course, reused the pointwise boundedness). Let now x € U
and 0 < o < 1 be chosen, such that (1 + a)z € U and V,, ==z + 2,V C U holds.
For each s € V,, there is apparently a z € V with s = x + 17 2 and it follows that

a z
14+«

$) = 5o+ is) < a0+ @)+ )

14+«
«

r=:1r < oo. O
14+«

o sup{f((1+ a)a) | f € F} o+

For a family consisting of a single function, we immediately obtain

Corollary 5.3.9. Let X be a normed space, U an open and convex subset of X and
let f : U — R be a convex function. Then the following statements are equivalent:

(a) f is continuous on U
(b) f is upper semi-continuous on U
(¢) f is bounded from above on an open subset Uy of U

(d) f is continuous at a point in U.

Corollary 5.3.10. Let X be a Banach space, U an open and convex subset of X. Let
(fr : U — R)ken be a sequence of continuous convex functions, which converges
pointwise to the function f : U — R. Then f is a continuous convex function.

Proof. From f < f = supcn fr continuity of f follows using Theorems 5.3.13
and 5.3.9. =
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As a consequence from Corollary 5.3.9 we obtain the following important and beau-
tiful assertion that every convex function on R" is continuous.

Theorem 5.3.11. Let U be an open convex subset of R". Then every convex function
f U — Riis continuous.

Proof. Letw.l.o.g.0 € U and 0 < a < 1, such that the ¢'-ball

Zn:m' < a}

i=1

V:—{xeR”

is contained in U. For x € V we have

n n
;| .
T = E Tie; = E %‘ sign(z;)ae; + (1 —
i=1 =1

Then for all z € V' we obtain the following inequality:

S
«
i=1

7

) = 3 ptienzgac) + (1- 32 10
i=1 i=1

< max({|f(aed) [}, {|f (—aei)[}1, £(0)). o

Equicontinuity of Convex Functions in Banach Space

In Banach spaces we have the

Theorem 5.3.12. Let U be an open and convex subset of a Banach space X and
f U — R a convex function. Then the following statements are equivalent:

(a) f is continuous
(b) f is lower semi-continuous

(¢) f is upper semi-continuous.

Proof. (b) = (a): Suppose f is not continuous. Then f is by Theorem 5.3.8 un-
bounded from above on any open subset of U. Then for every £ € N the set By, :=
{z € U| f(z) > k} is non-empty and also open, because f is lower semi-continuous.

Now we determine iteratively a sequence of closed non-empty balls: in B; we
choose a ball U; with radius < 1. If the k-th ball U, with radius < % has been
determined, we choose a non-empty closed ball Uy with radius < %ﬂ in B N
Int(Uk).

The sequence of centers (z) is a Cauchy sequence, since for all k, p € N we have:
|Zk+p — zx|| < 4. Since X is a Banach space, the sequence (z) converges to a
z* € X. For p — oo we then obtain

1

la* =il <
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ie. for all kK € N we have z* € U. Since U, C By it follows that 2* € U and
f(z*) = oo in contradiction to f being finite on U. O

We now approach the central assertion for our stability considerations: the follow-
ing theorem yields an extension of the theorem of Banach on uniform boundedness to
families of convex functions.

Theorem 5.3.13 (Uniform boundedness for convex functions). Let X be a Banach
space, U an open convex subset of X and F' a family of continuous convex functions
f U — R, which is pointwise bounded. Then F' is equicontinuous. Moreover, the
functions x — sup{f(x) | f € F} and x — inf{f(x) | f € F} are continuous.

Proof. The function f := sup feF f being the supremum of continuous convex func-
tions is lower semi-continuous and convex and according to Theorem 5.3.12 continu-
ous. In particular f is bounded from above on a neighborhood. Due to Theorem 5.3.8
the family F' is then equicontinuous.

Let zp € U. Then for every € > 0 there is a neighborhood V' of x, such that for
all f € Fand all z € V we have

f(x) > f(xo) —€ > }gfpf(f“o) — ¢,

hence
inf f(x) > inf f(zg) —¢
inf f(x) > inf f(zo) —=,
i.e. the function inf;cr f is lower semi-continuous and being the infimum of contin-
uous functions also upper semi-continuous.
In particular every point in U has a neighborhood, on which F' is uniformly
bounded. m|

Remark 5.3.14. We obtain the theorem of Banach on uniform boundedness, if one
assigns to a linear operator A : X — Y (X Banach space, Y normed space) the
function f4 : X — R with fa(x) := || Az||.

For the discussion of strong solvability in Chapter 8 we need the following

Theorem 5.3.15. Let X be a Banach space and M a weakly bounded subset, then M
is bounded.

Proof. Let x* € X*, then there is a number o+, such that |[(x, 2*)| < ay+ holds for
all x € M. If we consider M as a subset of X**, then M is pointwise bounded on
X*. According to the theorem on uniform boundedness of Banach M is bounded in
X**. Tt is well known that the canonical mapping ¢ : X — X** with z — (-, z) is an
isometry, since

[p(2)[| = sup{(z™, z) [ ||| < 1} < |l]].
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On the other hand there is according to the theorem of Hahn-Banach for z € X a
xz* € X* with ||z*|| = I and (z*, x) = ||z||. Thus M is also bounded in X. a

Remark 5.3.16. For convex functions the above Theorem 5.3.13 permits to reduce
the assertion of continuous convergence to pointwise convergence. In function spaces
this assertion can often be performed successfully using the theorem of Banach-
Steinhaus, where essentially the pointwise convergence on a dense subset is required.
Due to the equicontinuity shown above this carries over to sequences of continuous
convex functions.

Theorem 5.3.17 (Banach—Steinhaus for convex functions). Let U be an open and
convex subset of a Banach space. A sequence of continuous convex functions (fy, :
U — R),en converges pointwise to a continuous convex function f, if and only if the
following two conditions are satisfied:

(a) the sequence ( fp)nen is pointwise bounded

(b) the sequence (fn)nen converges pointwise on a dense subset D of U to f.

Proof. The necessity is obvious. Let now be x € U. By Theorem 5.3.13 the family
{fn}52, is equicontinuous, i.e. there exists a neighborhood V" of z, such that for all
ne€Nandy eV

|fn(@) = fu(y)| < e

Since D is dense in U, we have D NV # (). Let 2’ € DNV, then thereisa N € N
with | f(2) = fim(2')| < e forall n,m > N, hence for n,m > N

|fu(@) = frn ()] < [ fulz) — fn(xl)’ + ‘fn(xl) - fm(xl)| + |fm(w/) — fm(z)] < 3e.

Therefore the limit lim,,_,~ fn(2) =: f(x) exists. But f is due to Corollary 5.3.10
convex and continuous. O

5.3.1 Stability Theorems

Pointwise convergence leads — according to Theorem 5.3.13 — to equicontinuity and
hence by Theorem 5.3.6 to continuous convergence, which in turn implies the follow-
ing stability assertion:

Theorem 5.3.18. Let X be a Banach space, K a closed convex subset of X and (f, :
X — R)nen a sequence of continuous convex functions, which converges pointwise
to a function f : X — R. Let x,, be a minimal solution of f,, on K. Then every point
of accumulation of the sequence (T )nen is a minimal solution of f on K.

The essential message of the above stability Theorem 5.3.18 remains valid, if one
admits that in each step the optimization is done on different domains, provided that
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these converge to the domain of the limit problem in the sense of Kuratowski (see
Definition 5.1.5). This notion for the convergence of sets displays an analogy to the
pointwise convergence of functions.

The continuous convergence of functions leads together with the Kuratowski con-
vergence of the restriction sets to the following general stability principle:

Theorem 5.3.19. Let X be a metric space, (Sp)nen a sequence of subsets of X,
which converges to S C X in the sense of Kuratowski. Let (f, : X — R),en be
continuously convergent to f : X — R. Then it follows that

Tim M (f, Sn) C M(f, S).
Proof. Let x,,, € M(fn,;,Sn,;) and z,, — x. Let y € S. Then there exists a (y,, €
Sn)nen With y = limy,,. Since f,, — f continuously, we have

f(m) :lignfni(xm) Shsznl(ym):f(y) d

The following variant of the stability theorem admits a weaker version of topologi-
cal convergence:

Theorem 5.3.20. Let (f, : X — R),en a sequence of functions, which converges
continuously to f : X — R. Let S C X and (Sp)nen a sequence of subsets of X
with
lim S,, O S. (5.3)
n

Let for each n € N x;, be a minimal solution of f, on Sy,
Then every point of accumulation of the sequence (z},)nen lying in S is a minimal
solution of f on S.

Proof. Letx;, € M(fn,;,Sy;)and z}, — z* € S.
By (5.3) for each = € S there is a ng € N, such that for all n > ny

T, €5, and x, — T.

By definition of a minimal solution we have
Jni (337*11) < fnl(xm)
The continuous convergence of ( f,,)nen yields

Py = Tim fo(5,) < i fo,(on,) = F(2). 2

Theorem 5.3.21 (Stability Theorem of Convex Optimization). Let X be a Banach
space, U an open and convex subset of X and (f, : U — R),en a sequence of
convex continuous functions, which converges pointwise to a function f : U — R.
Furthermore let (M,,)nen be a sequence of subsets of U with U D M = lim,, M,,.
Let x,, be a minimal solution of f, on M,. Then every point of accumulation of the
sequence (Ty)neN is a minimal solution of f on M.
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Corollary 5.3.22. Let in addition

(a) M, foralln € N be closed

(b) exist an in X compact subset K of U such that M,, C K foralln € N.
Then the additional statements hold:

(a) the sets lim,, M (f,,, My,) and M(f,, M) are non-empty

(b) from x, € M(fpn, My,) it follows that f(x,) — inf f(M)

(c) inf f, (M) — inf f(M).

Corollary 5.3.23. Ifll the above stability theorem we require instead of M =
lim,, M,, only M C lim,, M,,, then still

M N lim M(fn, My) C M(f, M). (5.4)

Proof of Corollaries 5.3.22 and 5.3.23. Let x = lim; x,,, with z,,, € M(fy,, My,)
and x € M. Lety € M be arbitrarily chosen and y = lim,, y,, with y,, € M,,. The
sequence f, converges by Theorem 5.3.6 and Theorem 5.3.8 continuously to f and
hence

The compactness of the sets M,, and K yields (a).

Let x, € M(f,,M,) and let (x}) be a convergent subsequence converging to
xo € M, then the continuous convergence implies limy, f;(zx) = f(xo) = inf f(M).
Thus every subsequence of ( f,,(x,,)) has a subsequence converging to inf f(M) and
hence (c). Using the continuity of f we obtain (b) in a similar manner. O

The requirement /M C U cannot be omitted, as the following example shows:

Example 5.3.24. Let U := (0, 1), let f, := |- —(1 — 2| and f := |- —1|. Let further
M, := [+ 1 — 1] then lim M, = [0,1] = M. The sequence of minimal solutions
Tp=1-— % of f,, on M, converges to 1, outside of the domain of definition of f.

Theorem 5.3.25 (Stability Theorem of Convex Optimization in R"). Let U be an
open and convex subset of a finite dimensional normed space X and let (f, : U —
R)ren be a sequence of convex functions, which converges pointwise fo a function
f U — R. Let further (Sk)ken be a sequence of closed convex subsets in X with
S = limy, S.. For § := U N S let the set of minimal solutions of f on S be non-empty
and bounded. Then for S), := U N S}, the following statements hold:

(a) for large k € N the set of minimal solutions M ( fi., Sy) is non-empty

(b) Timy, M(fx, Sx) is non-empty and from a ko € N on uniformly bounded, i.e.
Ukao M (fx, Si) is bounded

(c) Timg M(fy, Sk) € M(f,S)
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(d) inf fi,(S)) — inf f(S)
(e) from x), € M(fx, Sk) for k € N it follows that f(zy) — inf f(S)

(f) if M(f,S) consists of a single point {xo}, then x, € M(fy, Sy) implies for
k € N the convergence xj — xy.

Proof. Letx € M(f,S)andr = f(z) = inf f(S). Since M(f, S) is compact, there
is a ball K(0,d) with d > 0 such that

A:=M(f,8)+K(0,d)CcU
holds. Furthermore there exists an o > 0, such that for a ng € N and all n > ny
Hy:={u|lue€S,, folu)<r+a}CA

holds, because otherwise there is a strictly monotone sequence (k) in N and wuy,, €
Sy, with fi. (ug,) < 7+ ki but uy, ¢ A. Since (S,) converges to S, there is a
sequence (y, € Sy,) with y,, — x. For large k,, there exists an intersection zy,, of the
interval [yy,, , ug, | with the set

D:={weA| inf |w—v|=d}.
veM(f,S)

For k,, > mno we have y;, € A C U and hence yj, € S'kn. Due to the convexity
of Sy, we obtain 2, € Sy, . Since D is non-empty and compact, the sequence
(2, ) contains a subsequence (2;);cz, convergent to Z € D. As S, is convex and
lim S,, = S, we have Z € S, on the otherhand 2 € A C U,i.e. 2 € S. Foreachl € L
there is o € [0, 1] with 2; = oqu; + (1 — o)y, and we obtain

filz) = arfilw) + (1 — ) fily) < ey (7’ + ;) + (1 =) filyr)-

The continuous convergence implies f;(y;) — f(z) and fi(z) — f(2), hence f(Z) <
r. Thus we have Z € M (f, S) N D, contradicting the definition of D.

For large n the sets H, are non-empty, because for every sequence (v, € S,)
convergent to x we have: f,,(v,) — f(x) = r. Therefore minimization of f,, on S,
can be restricted to H,,.

H,, — being a subset of A — is apparently bounded but also closed: for let (hy)
be a sequence in H,, with h, — h,then h € A C U and h € S, since S, is
closed, i.e. h € S,. Due to the closedness of the level sets of fn it follows that
h € H,. For K := A we obtain with Corollary 5.3.22 to Stability Theorem 5.3.21
(a) to (e). Assertion (f) follows from the fact that (z,,) is bounded and every point of
accumulation of (z,,) is equal to z. O
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Remark. The limit S = lim; S}, is a closed subset of X. If, instead of the above
limit, one would consider limy, S, this limit is — if it exists — not necessarily a subset
of U. (Hence the careful wording in the above theorem.)

Example 5.3.26. Let U := {(x,5) € R*|2 > 0,y > 0}, let f : U — R be defined
by f(z,y) = %+ 5 let further fy, := f + % and Sy, 1= {(z,y) € R*|2? + ¢* <
(1 — £)?}. Thenlim Sy = {(z,y) € R?|2? + y* < 1} = S. However lim 5, = S
does not hold, since the limit set is necessarily closed.

A consequence of the above theorem is the following

Theorem 5.3.27. Let X be a finite dimensional normed space and let (fr, : X —

R)ren a sequence of lower semi-continuous convex functions, whose epigraphs con-
verge in the sense of Kuratowski to the epigraph of the function fy : X — R. Let
further K be a closed convex subset of X and the set of minimal solutions of fy on K
be non-empty and bounded. Then we have

(a) for large k € N the set of minimal solutions M ( f, K') is non-empty

(b) limy M (fy, K) is non-empty and from a ko € N on uniformly bounded, i.e.
Uz, M (fi: K) is bounded

(¢) Timy M(fy, K) C M(fo, K)

(d) inf f,(K) — inf f(K)

(e) from xy, € M(fr, K) for k € N it follows that f(xy) — inf fo(K)

() if M(fo, K) consists of a single point {x}, then x), € M(fy, K) for k € N
implies the convergence xj — xg.

Proof. We define

g: K xR—R
(z,t) — g(z,t) =t.

We consider the sequence of minimization problems
inf{g(x, )| (x,t) € Epi(fi)}-
Apparently we have for all k£ € Ny
(x,inf(f, K)) € M(9, K X R) & x € M(f, K).

In particular the boundedness of the non-empty set M (fy, K) carries over to the
boundedness of the set M (g, K x R). The sequence of the functions to be minimized
is in this context constant and equal to g and hence obviously pointwise convergent.
Since the f} are lower semi-continuous, the sets Epi(fj) are closed and thus the
conditions of the previous theorem are satisfied. |
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Kuratowski Convergence of Level Sets

The level sets of pointwise convergent sequences of convex functions turn out to be
Kuratowski convergent, if the level set of the limit function satisfies a Slater condition:

Theorem 5.3.28. Let U be an open subset of a Banach space and (hy,)nen with hy, :
U — R be a sequence of continuous convex functions, which converge pointwise to
the convex function h : U — R. Let there exist a T € U with h(Z) < 0, then the
sequence (Sy)nen of the level sets Sy, := {x € U | hy(z) < 0} converges in the sense
of Kuratowski to the level set S := {z € U | h(z) < 0}.

Proof. Let x,, € Sy, with z,, — x, then the continuous convergence implies:
iy (@n,,) — h(z) < 0, hence x € S. Therefore lim S,, C S.

Conversely let now = € S. If h(z) < 0, then due to the pointwise convergence we
have h,(xz) < 0forn > N,ie.z € S, forn > N. We obtain

Int(S) C lim S,,.

To complete the proof we show that the boundary points of S are also in lim S),: let
h(Z) < 0 and h(x¢) = 0. Consider the sequence (hy,(z0)): if hy(z0) < 0, put z,, :=
x0, if hy(z9) > 0, then due to the intermediate value theorem there is a x,, € [T, x¢)
with Ay, (z,,) = 0 for n > N, where N is chosen such that h,,(Z) < 0 forn > N. In
both cases z,, € S, forn > NN. Suppose there is a subsequence z,,, , which converges
toaZ € [T, o), then due to continuous convergence hy, (z,,) — h(Z) < 0. But by
construction we then have z,, = x for k large enough, a contradiction. Therefore
T, — xo and hence zo € lim S,,. m|

We need the following lemma for the stability assertion of the subsequent theorem:

Lemma 5.3.29. Let U be an arbitrary set, T' a compact metric space and g : T'xU —
R with g(-, z) continuous on T for all z € U. Let further (T),)nen be a sequence of
compact subsets of T, converging in the sense of Kuratowski to Ty. Let now h,, :
U — R be defined by hy(z) := maxer, g(t, 2) for all z € U and correspondingly
ho : U — R by ho(z) := maxer, g(t, ) for all z € U. Then we obtain

lim h,(z) = ho(z) forall z €U,
n—oo

i.e. the sequence (hy,)nen converges pointwise on U to hy.

Proof. Let 79 € Tj be chosen, such that g(79,2) = ho(z). The Kuratowski con-
vergence implies the existence of a sequence (,,)nen With ¢, € T, for all n € N,
which converges to 79. From the continuity of g(-, 2) and ¢,, € T,, C T we obtain:
9(tn, 2) = n—oo 9(70,2) = ho(2) i.e.

lim by, (2) > ho(2).
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On the other hand let 73, € T), with g(7p,,2) = hy,(2) and s := lim g(7;,,2). Then
there is a subsequence (7, )ken converging to a 7 € T, such that limy_,o0 (7., 2) =
s. The continuity of g(-, z) implies limy_,o0 g(7p, , 2) = ¢(7, z). But the Kuratowski
convergence yields 7 € T, i.e.

k
9(Tnys 2) = hp, (2) D700 6 = g(1,2) < ho(z). O

Theorem 5.3.30. Let U be an open subset of a Banach space, T a compact metric
space and g a real-valued mapping on T x U. Let (-, z) be continuous on T for all
z € Uand g(t,-) convex for all t € T. Let further (T),)nen be a sequence of compact
subsets of T, which converges in the sense of Kuratowski to T, and let (Sy)nen, be a
sequence of subsets of U defined by

S, = {z c U|g(t, Z) <Oforallt Tn}

Let now (fy, : U — R),en, be a sequence of convex functions, which converges
pointwise to fo on all of U. Then the following stability statement holds:

lim M(fmsn) - M(anSO)-

n—oo

The above theorem can be applied to semi-infinite optimization (see corresponding
section in Chapter 2).

5.4 Convex Operators
Definition 5.4.1. Let X be a real vector space. A subset P of X is called a convex
cone in X, if P has the following properties:
(a) 0e P
) VaeRVz e P:a>0=ax e P
(¢c) Vey,20 € P: x1 + 13 € P.
A relation < is called an order on X, if < has the following properties:
(a) <isreflexive,ie.Vz e X : z <=z
(b) <istransitive,ie. Vo,y,z € X : r<yandy<z=x <z
(c) <iscompatible with vector addition,i.e.Vz,y,z € X : © <y = ax+2z < y+2

(d) < is compatible with scalar multiplication, i.e. Voo € RVz,y € X : 0 <
aandz <y = axr < ay.

If P is a convex cone in X resp. < an order on X, then we denote the pair (X, P)
resp. (X, <) as an ordered vector space.
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Remark 5.4.2. Directly from the definition follows:

(a) If Pis aconvex cone in X, then the relation <p, defined by
Ve,yc X:z<py:sy—axzch

is an order on X.

(b) If <isan order on X, then the set
P={zeX|0<ua}

1S a convex cone.

Hence there is a one-to-one correspondence between an order on X and a convex cone
in X.

Example 5.4.3. Let (T, X, ;1) be a measure space and L® (1) the corresponding Orlicz
space, then the cone

P :={x e L®(u) | x(t) > 0 p-almost everywhere}

is called the natural cone.

In problems, where not only the order but also topological properties play a role, the
notion of normal cones becomes important. The natural cones of the function spaces,
that are particulary relevant for applications, are normal but do not have an interior.

Definition 5.4.4. Let A be a subset of a vector space Y ordered by a convex cone C'.
By the full hull [A]¢ of A we denote

[Alc :={z€Y |z <cz<cyforz e Ay e A}.
Hence [A]c = (A4+ C)N (A — (). Ais called full, if A = [A]c.

A convex cone C'is called normal, if the full hull [ B]¢ of the unit ball B is bounded.
A family F of convex cones is called uniformly normal, if the union

U Ble

is bounded.

A criterion for this is

Theorem 5.4.5. Let R := {||z|||3C € F,y € Bsuchthat0 <¢ z <¢c y}. If R is
bounded, then F' is uniformly normal.
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Proof. Let © € |Jpoep[Blc. Then there are y1,1, € B and a C € F, such that
Y1 <cx <gypor0<¢cz—1y <oy — y. Letr be an upper bound of R. From
1y — y1 € 2B it follows that

[z — w1l
2

Examples for normal cones C' in normed spaces are the natural cones in

(a) R"

(b) C(T'), where T is a compact metric space

(c) L®(u).
Proof. Ad (a): For the closed unit ball B w.r.t. the maximum norm in R we even
have B = [B]¢.

Ad (b) and (c): Lety € B, then 0 <¢ 2z <¢ vy implies due to the monotonicity of
the norm ||z|| < ||y|| < 1. The previous theorem yields the assertion. |

<r andhence ||z|| <2r+ 1. a

Convex Mappings

Let X and Y be vector spaces and C' a cone in Y. The mapping A : X — Y is called
C-convex, if forall0 < o < landall u,v € X

Alau+ (1 — a)v) <¢ aA(u) + (1 — a)A(v).
Example 5.4.6. Y = R, C' the natural cone in R™ and fori =1,....,m f; : X —
R convex. Then A = (fi,..., fin) is a C-convex mapping from X to R™.

Uniform Boundedness

The following theorem is a generalization of the theorem of Banach on uniform
boundedness to families of convex operators.

Theorem 5.4.7. Let () be a convex and open subset of a Banach space X and Y
a normed space. Let further {C;};cr a family of uniformly normal cones in' Y and
A; : Q — Y a Cj-convex continuous mapping for all i € I. If the family {A;}icr
is pointwise norm-bounded, then { A; }icr locally uniformly Lipschitz continuous, i.e.
foreach x € Q there is a neighborhood U of © and a number L > 0, such that for all
u,v € U and all 1 € I we have

1 4i(u) — Ai(v)|| < Lllu —v].
Proof. The family {A;};c; is pointwise norm-bounded, i.e.

s(x) :=sup||Ai(z)]] < oo forall z € Q.
el
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At first we show: the function s :  — R is norm-bounded on an open ball Q;:
otherwise for each k € N the set

Dy :={z € Q|s(x) >k}

would be dense in (). Being the supremum of continuous functions s is lower semi-
continuous and hence Dy, open for all £ € N. Every Banach space is of second Baire
category (see [113], p. 27), and hence

() Dk # 0.
k=1

But yo € (s Dy contradicts s(yo) < co.

In the next step we show that every point x € () has a neighborhood, on which s is
bounded. Let w.l.o.g. 0 be the center of ). Since @ is open, there exists a0 < « < 1,
such that (1 + o)z € Qand U := Q1 +xCQ. Leta' € U,ie. o' =z + 1§52
with z € Q1. Then we obtain

Ai(x,):Ai<1+a L« )

l+a "1+a”

_a
I+«

Ai((1+ @)a) + ——Ai(2) =: B;(2).

<c.
=Ci 14+«

1+«
On the other hand

Ai(2) = (1 +a)<141ra14i($')+HaaAi( 1ja>> aAi( 1ja)
>, (1+O‘)<Ai<lj—/a B (1+aa)22>> _aAi(_ 1ja)

~ (1 +Q)Ai<l+$a> —ozAi<— 1ia> = a(2).

Since {4;} is on ) pointwise norm-bounded and on @ uniformly norm-bounded,
there exists a number r > 0, such that for all z € 1 and all 7+ € I we have

ai(z)7 Bz('z) € K(07 7”).

The family {C;};c; is uniformly normal. Therefore there is a ball K (0, R) with
[K(0,7)]c; € K(0, R) and hence also

AZ('T/) € [O‘i(z)’ﬁi(z)]ci C K(OvR)7

ie. |[|A;i(2")|| < Rforalli € I andall 2’ € U.
In the final step we turn our attention to the uniform Lipschitz continuity.
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Let B be the unit ball in X and let 4 > 0 be chosen such that s is bounded on
x4+ 0B+ 0B C Q,ie.thereisal > 0 with

s(x+dB+6B) C [0,1]. (5.5)

For y1, vy, € x + 6B and y; # 3, we have

Sur —
z::yl—I—M cx+dB+B.
ly1 — 2|
=l _
Let \ := m, then, because of y; = (1 — N)y2 + Az

Ai(y1) <o, (1= N Ai(y2) + AAi(2) = Ai(y2) + MAi(2) — Ai(y2)),

Ai(y1) — Ai(y2) <c, MAi(2) — Ai(y2))-

Correspondingly for v := y, + (\Sl(zjjll—_zf\l) € x+ 0B + 6B we obtain

Ai(y2) — Aily1) <c; MAi(v) — Ai(yr)),
i.e.
Ai(yr) — Ai(y2) € MAi(y1) — Ai(v), Ai(2) — Ai(2)]c;-
By (5.5) we have for all y;,y, € x + 0B and all i € I both

Az(yl) — Al(v) and Al(z) — Al(yz) S K(O,Zl)

Since {C;} is uniformly normal, there exists a ball K(0, {;), such that [K (0, 21)]¢, C
K(0,;) forall i € I. Thus

Ai(y2) — Ai(y1) € AK(0,1y),

ly1 — v

|Ai(y2) — As(y)|| S A- 1 < 5

11 = Lljy1 — o]

with L = 4. o

Corollary 5.4.8. Let {A;};cs as in the above theorem, then { A;}icy is equicontinu-
ous.
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Component-wise Convex Mappings

The theorem proved in 5.4.7 can be extended to component-wise convex mappings.

Theorem 5.4.9. Let for each j € {1,...,n} X; be a Banach space and U; an open
and convex subset of X;. Let Y be a normed space, containing the uniformly normal
family {Cyj| i € I,j = {1,...,n}} of convex cones.

Furthermore let a family of mappings F = {A; : Uy x - - x U, — Y }ie1 be given,
which is pointwise bounded and has the property that foralli € Tand j € {1,...,n}
the component A;; : U; — Y is continuous and Cjj-convex.

Then every point in Uy X - - - X Uy, has a neighborhood U, on which F' is uniformly
bounded and uniformly Lipschitz continuous, i.e. there is a L > 0 such that for all
w,v € Uandallv € 1

[ Ai(u) — Ai(v)|| < Llju — |
holds.

Proof. The proof is performed by complete induction over n. Theorem 5.4.7 yields
the start of the induction for n = 1.

We assume, the assertion holds for n — 1.

For the uniform boundedness it apparently suffices to show the following property:
for all sequences x, = (x.1,...,%ky), Which converge to a (Zy,...,Zy), and all
sequences (Ay)ken in F the sequence (|| Ax(zk)|)ken is bounded.

Let the norm in X x --- x X,, be given by || - [|x, + - + | - ||lx,,- For all
2€ U ="U; x - x U,_1 the sequence { A(z,-) | k € N} is pointwise bounded and
by Theorem 5.4.7 equicontinuous at Z,. Since Ty, ,, —+k— o0 Tn We have forall z € U

{Ak(2, 1) }ken is bounded, (5.6)
i.e. the family {Aj(-, Zrn)}ken is pointwise bounded and by induction hypothesis
equicontinuous at (T, ..., Tp—1)-
Since (xg.1,. .., Tkn—1) = (Z1,...,Tn—1) We have
Ak(xk,ly ceey -Tk,n) — Ak(;i’l, ey Tn—1, afk’n) — 0.

Using Statement (5.6) the uniform boundedness follows.
Therefore there exist open neighborhoods V; in Uj, j € {1,...,n} and o € R,
such that forall v; € Vj andall A € F

Ay, ..., v0)|| < a.

Let Q := Vi x --- x V;,_;. We consider the family {A(-,v) : Q =Y |A€ F,v €
V,. }. Tt is pointwise bounded. Let 29 € @ and z;, € V;,. By the induction hypothesis
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there exists a neighborhood W C @ of zp and a L; > 0, such that for all u;,u; € W
andallv € V,
| A(ur,v) — A(ug, v)|| < Lif|ur — us|

holds. In analogy to the above the family {A(w,:) : V,, = Y |A€ F,w € V} x--- X
V;,_1} is pointwise bounded, and by Theorem 5.4.7 there exists a neighborhood V/, of
x, with V' C V,, and L, > 0, such that for all v;,v; € V and u € Q

[A(u, v1) = A(u, v2)|| < Laflor — w2
For all (z,y), (u,v) € W x V and all A € F we then obtain with L := max{L;, L, }:
[A(u, v) = Az, y)l| < [[A(u,v) = Az, v)|| + [|A(z, v) — Az, y)||
< L(fu =2l +llv=yl) = Lli(uw,v) = (z, ). ©

5.5 Quantitative Stability Considerations in R"

In order to better appreciate the subsequent theorem, we will draw a connection to the
numerical realization of the Polya algorithm: when solving the approximating prob-
lems, one can use the norm of the derivative of the function to be minimized as a
stop criterion. It will turn out that stability is essentially preserved if the approximat-
ing problems are only solved approximatively by a Zy, if the sequence (||V fx(Zx)]|)
tends to 0.

Theorem 5.5.1. Let (fi, : R™ — R)pen be a sequence of differentiable convex func-
tions, which converge pointwise to a function f : R™ — R. Let further the set of
minimal solutions of f on R™ be non-empty and bounded and let (T )ken be a se-
quence in R™ with the property

lim ||V fx(Z)| = 0.
k—o0

Then

(a) The set of points of accumulation of the sequence (Zy,) is non-empty and con-
tained in M (f,R").

(b) f&(Zk) — inf f(R").

(©) f(Z) — inf f(R").

(d) Let Q be an open bounded superset of M (f,R™) and

e := sup [ f(z) = fr(z)],
reQ

then for k sufficiently large T), € Q and
[inf f(R™) — f(Zx)| = O(ex) + O(IV fie(Zx))-
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Proof. Let e > 0 be given, C' := {z € R"|d(x, M(f,R")) > c}and S := {z €
R™ | d(x, M(f,R"™)) = €}. Furthermore let zy be a minimal solution of f. Suppose
there is a subsequence (Z;) of (%), which is contained in C. Then there are numbers
Ai € (0, 1] with \;Z; + (1 — \j)zo € S. Since the derivative of a convex function is a
monotone mapping, we have

(Vfi(Z:i) = Vfi(hiZi + (1 = Xi)xo), (1 = \i)(Zi — 20)) > 0.

Therefore
V[ (7 M> <V (N -\ )‘Z(jz_mo)>
(V0. o) 2 (TR0 0 =20 ey
filhiZi + (1 — Xg)xo) — fi(xo)

- 1Ai(Zi — o) ’
where the last inequality follows from the subgradient inequality. Let now be d :=

%(inf f(S) — inf f(R™)). As the sequence (f;) converges uniformly on .S to f (see
Theorem 5.3.6) we have for large ¢

fl()\zi’z + (1 — )\i)l‘o) > 1nff(S) —d,
and
fi(zo) <inf f(R™) + d.
Let now ¢ be the diameter of M (f,R™), then apparently
H)\z(fz — l‘o)” S e+ 0.

Hence we obtain

N T; — X0 d
i(Ti), 7= > 0,
<Vf”)nm—xd> e

ie. [V fi(z)] > % > 0 in contradiction to our assumption.

‘We now prove the remaining parts of the assertion. By Theorem 5.3.25 there is a
K € N, such that M (f;,R™) # () fori > K. Letnow x; € M(f;,R") fori > K,
then

fi(Zi) — fi(ws) <V fi(Z), T — zi) < ||V (@)% — |-
According to what has been proved above there is N € N such that Z;,z; € @ for
7 > N. Then using the subsequent theorem

f(Z;) —inf f(R") < fi(%;) + O(e;) — inf f(R")
< (fi(@:) — filzs)) + (fi(wi) — f(2:)) + O(:)
+ (f(z;) —inf f(R™))
< IVE@)IZ: — 2]l + O(eq).

Due to the boundedness of the sequences (Z;) and (x;) the assertion follows. O
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Remark. If the limit function f has a unique minimal solution, then we obtain for
the estimates in (d)

linf f(R") — f(Zx)| = O(ek) + o([|V fr(Zi)[])-

In the previous theorem we have derived quantitative assertions about the speed
of convergence of approximative values. For his purpose we have made use of the
following theorem, which extends investigations of Peetre [90] on norms to sequences
of convex functions.

Theorem 5.5.2. Let (fi : R" — R)ken be a sequence of convex functions with
bounded level sets, which converges pointwise to the function f : R — R. Let
further K be a closed convex subset of R™ and xj, € M( fx, K).

(a) Let Q be an open bounded superset of M (f, K) and
k= sup (@) = ()],
then
i f(xp) —inf f(K) = O(ex)
i [fe(zg) — inf f(K)] = O(e).

(b) If there is a sequence (ex)ken tending to zero, such that for all x € R™ and
k € N the inequality | f(x) — fi(z)| < eg|f(x)| holds, then

i f(ax) —inf f(K) < 26| f(n)] < 72| fr(an)]
ii. | fr(wr) —inf f(K)] < 3eg] faw)] < 22| filar)]

Proof. By Theorem 5.3.25 there is a V€ N, such that z;, € Q for k > N. Due to
the uniform convergence of fi to f on () the sequence (£y) tends to zero. Thus for
k> Nandzg € M(f, K)

fzr) = flwo) < (f(zk) = fr(zr)) + (fr(xo) — f(20)) < 2e4,

and
| fu(zn) = f(@o)| < |fi(zr) — f(ap)| + | f (k) — f(z0)] < ek
Ad (b): In a similar way as above one obtains for £ € N

f(xr) — f(xo) < er(f(mr) + f(20)) < 2enf(21),

and

| fe(wr) — f@o)| < 3erf(xp).

Due to fx(xr) > (1 — k) f(x1) the remaining part of the assertion follows. O
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The following theorem gives a framework for obtaining estimates for the sequence
of distances (d(zg, M(f,R™))), from the convergence of the sequence of function

values (f(zx)).

Theorem 5.5.3. Let (f : R™ — R) be a convex function with bounded level sets.
Then there is a strictly monotonically increasing function v : Ry — R with y(0) = 0,
such that for all v € R™

f(z) = inf f(R™) + y(d(z, M (f,R")))
holds.
Proof. Let S, := {z € R"|d(z, M(f,R")) = r} forr > 0 and
K, = {z € R"|d(z, M(f,R")) > 7},

K, is apparently closed. Let ¢, := inf f(K) and let (y,,) be a sequence in K, with
f(yn) = c¢r. Let e > 0 then for n large enough we have y,, € S¢(c, + €). Since
the level sets of f are bounded, there is a convergent subsequence y,, — x, € K,
yielding f(z,) = ¢,. Hence f attains its minimum z, on K,. Apparently x, € S,,
because otherwise x,, would be an interior point of K, and hence a local, thus a global
minimum of f on R™. Let ¢ := inf f(R™), then we define

y(r) = f(zy) —c=inf f(K,) —c > 0.

Apparently v(ry) > ~(r2) for r; > 7. Let now Z,, € M(f,R") such that ||z, —
Zp,|| = 71. Then there is a Ao € (0, 1) with x, := X\oZy, + (1 — Xo)zy, € Sp,.

Let h(A) == f(AZy, + (1 — Nzy,) for A € [0,1]. Apparently h is convex on
[0, 1] and we have: h(X\g) < (1 — Ag)h(0) + Aoh(1). Since h(1) = c and h(\g) =
f(zr,) = v(r2) + ¢, as well as h(0) = f(z,,) = y(r1) + c it follows that h(Ng) <
(1 — Xo)v(r1) + c. Putting everything together we obtain v(r;) < (7). O

Corollary. Let f : R™ — R a convex function with bounded level sets and let (xy)ken
be a minimizing sequence f(xy) — inf f(R™). Let v : Ry — R be the strictly
monotonically increasing function of the previous theorem, then

d(zg, M(f,R")) < 57" (|f(zx) — inf f(R™)]).

5.6 Two-stage Optimization

For a suitable choice of a parametric family { fj} of functions, convergence to a par-
ticular solution of the original problem can occur even in the case of non-uniqueness
of the original problem. This limit can often be characterized as the solution of a
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two-stage optimization problem. The corresponding framework will be developed in
the sequel.

In the treatment of optimization problems the original problem is frequently re-
placed by a sequence of approximating problems. If the approximating sequence is
determined, only certain solutions of the original problem will be available as limits.
Frequently they will turn out to be solutions of a second stage, where the second stage
is described by a function, which implicitly depends on the choice of the sequence of
the approximating problems.

Definition 5.6.1. Let C be a set and g1, g> be two functions on C with values in
R. The following problem is called the two-stage minimization problem (g1, g2, C).
Among the minimal solutions of g; on C' those are selected, which are minimal
w.r.t. gs.

The solutions, i.e. the minimal solutions of g, on M(g;,C), we call two-stage
solutions of the problem (g1, g2, C'). The set of solutions is denoted by M (g1, g2, C').

In the following theorem we assume the unique solvability of the approximating
problems. Furthermore we assume that every point of accumulation of the sequence
of these minimal solutions is an element of the set of solutions of the original problem
(“closedness of the algorithm™).

In this context we are interested in a characterization of these points of accumu-
lation. Under favorable circumstances this characterization will enable us to enforce
convergence of the sequence and to describe the limit as a solution of a two-stage
optimization problem.

Theorem 5.6.2. Let X be a metric space, f : X — R, and let for the sequence
of functions (f, : X — R),en hold: for every n € N the minimization problem
(fn, X) has a unique solution x,, € X and let every point of accumulation of the
sequence (Tp)nen be in M(f, X). Let now (an)nen be a sequence of non-negative
numbers such that the sequence of the functions (an(fn — f))nen converges lower
semi-continuously to a function g : X — R. Then every point of accumulation of the
sequence (Ty)nen is in M(f, g, X).

Proof. Lety € M(f,X) and Z = lim z,,, with x,,, € M(f,,, X ). We have

hence

The lower semi-continuous convergence implies: g(Z) < g(y). ml
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Remark 5.6.3. The sequence (a,(fn — f))nen converges lower semi-continuously
to g, if it converges pointwise and the following condition is satisfied: there exists a
sequence (v, )nen tending to zero, such that a,(f, — f) + oy, > ¢ and g is lower
semi-continuous.

This means uniform convergence from below on the whole space.

We will now discuss a special case of this approach: the regularization method of
Tikhonov:

Here f,, = f + a9 where (o) is a sequence of positive numbers tending to zero
and g an explicitly given lower semi-continuous function. Then for a,, = i for all
n € Nwe have a,(f, — f) = g.

As an example we consider the function sequence for the approximate treatment
of best approximation in the mean, which was already mentioned in the introduction
to Chapter 1. Let the set M be a convex and closed subset of R™. Let x € R™
and z € M, then put f,(2) = S7", ®p(z; — 2;) where @,,(s) = |s| + L5 and
f(z) = > |zi — 2. In order to specify the second stage, choose a, = n and
obtain

These specifications have a regularizing effect in the following sense: every approxi-
mating problem is uniquely solvable and the sequence of the corresponding solutions
converges to the particular best approximation in the mean, which has minimal Eu-
clidean distance to x. Here we have also applied the stability theorem in R™ (see
Theorem 5.3.25).

In the section on applications in Chapter 8 we will revisit the regularization method
of Tikhonov under the aspect of local uniform and level uniform convexity in connec-
tion to strong solvability in reflexive spaces.

For the Tikhonov regularization the function g is explicitly chosen and in this way
the second stage of the optimization is determined. Frequently a second stage is im-
plicitly contained in the choice of the approximating function sequence (f},).

We will prove the above theorem in a slightly generalized form, in order to simplify
the determination of the second stage.

Theorem 5.6.4. Let X be a metric space, [ : X — R, and for the sequence of
functions (fn, : X — R),en we assume: for every n € N the problem ( f,, X) has a
unique solution x,, € X and every point of accumulation of the sequence (y,)nen is
in M(f,X). Let now (y,)nen be a sequence of non-decreasing functions, such that
the sequence of functions (yn(frn, — f))nen converges lower semi-continuously to a
function g : X — R. Then every point of accumulation of the sequence (T, )nen IS in

M(f,g,X).
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Proof. Lety € M(f,X) and Z = limz,,, with x,,, minimal solution of f,,. Then

Jri(@n;) = fni(y) + f(y) = fan,) <0
Vi (fri (Tn) = f(@n;)) < A (i (y) = F(Y))-

The lower semi-continuous convergence implies g(Z) < g(y). |

Corollary. If one replaces in the above theorem non-decreasing by non-increasing
and lower semi-continuous by upper semi-continuous, then one obtains: every point
of accumulation of the sequence is a maximal solution of g on M (f, X).

The condition of lower semi-continuous convergence is in many cases naturally
satisfied, because according to Theorem 5.2.1 a monotone sequence of lower semi-
continuous functions, which converges pointwise to a lower semi-continuous func-
tion, is already lower semi-continuously convergent.

Example 5.6.5. As an example we consider the treatment of best approximation in
the mean in R™, where the approximating problems are given by the modulars for the
Young functions ®@,,(s) = |s| — %log(l + n|s|). If now

m

1
fote) =3 (I = 1 tog(1 + alai) ).
i=1
and f(z) = Y ", |z;|, then one can deduce g(x) := [[;",(|z;|) as a second stage,
because

m

ote) = 1) =3 (Il = 1081 + i) ) = 3 b
i=1

i=1

= — 21: ﬁlog(l + nlz;|) = _51031_[1(1 + n|z;|)
1= 1=

1 m 1
n o8 (n Pl <n [« |>>

Let now 7, be the monotonically decreasing function s — v,(s) = ,%m exp(—ns).
Then

o) — S (2) = ﬁ (5 +1a).

and we obtain
m

i=1
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and the convergence is lower semi-continuous, since the sequence is monotonically
dencreasing and pointwise convergent.

Second-stage by Differentiation w.r.t. a Parameter

When determining a second stage of an optimization problem one can frequently use
differential calculus. We assume a real parameter o > 0 and put F'(z,a) := fo(x)
as well as F'(x,0) = f(z). For many functions F' the partial derivative w.r.t. « is
a candidate for the second stage. Only the right-sided derivative is needed in this
context, which exists for a broad class functions of a real variable.

0 . F(x,a) — F(x,0
g(m)::a—a+F(x,0):ilgb ( )a ( )

If for fixed x the mapping o — F'(z, ) is convex, then — due to the monotonicity
of the difference quotient — lower semi-continuous convergence is already guaranteed
by pointwise convergence w.r.t. x.

Theorem 5.6.6. Let X be a metric space and let the function F' : X x [0,a] — R
satisfy the following conditions:

(a) F(x,-):[0,a] = Ris forall x € X twice continuously differentiable

(b) %F(', 0) is lower semi-continuous. There exists a 3 € R, such that a%F (,a) >
Bforall x € X and all o € [0, al.

Then the first stage is given by the function f := F(-,0) and the second stage by
g = %F(',O). Let (aun)nen be a sequence tending to zero, f, := F(-,ay) and
Tn € M(fn,X), then every point of accumulation of the sequence (Ty)pen is in
M(f,g,X).

Proof. By the expansion theorem of Taylor there is a @ € (0, a, ), such that

2 2

9 a2
F(x,0m) = F(2,0) + a5 F(2,0) + 25—

9 F(z,@).

Therefore

F(x,an) — F(z,0) 0
o > %F(aj,O)—l——ﬂ.
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Due to Remark 5.6.3 the convergence is lower semi-continuous and by Theorem 5.6.2
the assertion follows. ml

Testing of the boundedness of the second partial derivative can be omitted, if F is
a convex function of the parameter « for fixed . We then have

Theorem 5.6.7. Let X be a metric space and let the function F' : X x [0,a] — R
satisfy the following conditions:

(@) F(z,-):[0,a] — Ris convex forall v € X.

(b) The right-sided partial derivative w.r.t. the parameter 8% +F (,0): X — Ris

lower semi-continuous.
Then the second stage is given by the function g = a%+F(~, 0). Let (an)nen be
a decreasing sequence of positive numbers tending to zero, [, = F(-, o) and
Tn € M(fn,X), then every point of accumulation of the sequence (Ty)nen is in
M(f7g7 X): where f = F(7 0)

Proof. The monotonicity of the difference quotient of convex functions yields:

an Oa + ’

monotonically decreasing. Therefore the convergence is lower semi-continuous. O

Remark. If in the above theorem the function g is strictly convex, then one has even
convergence of the sequence (z,,) to the corresponding two-stage solution.

As a first application we describe the limits one obtains if the problem of best
approximation in the mean (L'-approximation) is replaced by a sequence of modular
approximation problems. A particularly interesting special case is that of best LP-
approximations (p > 1) for p — 1. In order to compute the second stage we put

F(z,a) ::/T|x(t)|]+o‘du.

For each fixed ¢ € T the function

o s o1+ log|z(1)]

is convex. Due to the monotonicity of the integral the corresponding pointwise con-
vexity inequality remains valid. Hence also

a— F(z,q)
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is convex for every fixed z. Due to the monotonicity of the difference-quotient one
can interchange differentiation w.r.t. the parameter and integration (see theorem on
monotone convergence of integration theory) and one obtains

o) = 5 F@.0) = [ [a(0)]togla(®)ldn. 57

The function —g is called entropy function.

Let now (7', %, i) be a finite measure space, V' a finite-dimensional subspace of
LPo(u) for pg > 1 (resp. a closed convex subset thereof) and o € [0, pg — 1]. Then
for these « all the functions F'(-, «) are finite on V. Also the function g is finite on V,
because of the growth properties of the logarithm (and because of the boundedness
of u — wlogu from below for u > 0). Apparently g is strictly convex and hence
in particular continuous on V. Using the stability theorem we obtain the following
assertion.

Theorem 5.6.8. Ler (T, X, 1) be a finite measure space, V a finite-dimensional sub-
space of LP(p) for pg > 1 (resp. a closed convex subset thereof) and (pp)nen @
sequence in [1,po] with p,, — 1. Then the sequence of best LP"-approximations of
an element x € LP(p) w.rit. V converges to the best L' (u1)-approximation of largest
entropy.

The following theorem provides a topological version of Theorem 5.6.6, which will
come into play in the context of level uniform convexity and the weak topology.

Theorem 5.6.9. Let C be a compact topological space and let the function F : C' X
[0, a] — R satisfy the following conditions:

(a) F(xz,-):[0,a] — Ristwice continuously differentiable for all x € C.
(b) %F(, 0) and F(-,0) are lower semi-continuous.
(¢) There existsa B € R, such that %F(, «) > Bforallz € Candall a € [0, al.

Then the first stage is given by the function f := F(-,0) and the second stage by g :=
%F(~, 0). Let (o, )nen be a positive sequence tending to zero, define f, := F(-, ay,),
then
(@ M(fn,C)and S := M(f,g,C)) are non-empty.
(b) Let x,, € M(fy,C), then the set of points of accumulation of this sequence is
non-empty and contained in M (f, g, X).

(c) Letxg € M(f,g,X) then
i f(zn) = f(20)

ii. g(zn) — g(xo)
jii, L@n)=f@o) _,

Qn
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Proof. Being lower semi-continuous on a compact set, ¢ is bounded from below by
a number (3;. The function %F(mo, -) is bounded from above by a number 3,. Let
x € Cand « € [0, a]. By the expansion theorem of Taylor there are a o/, & € (0, @),
such that

F(z,a) — F(xo, o) = F(2,0) — F(20,0) + oz<aaaF($,0) - ;aF(xo,O)>

o’ ) & ’ & "
+ 2<MF($704 ) — @F(fﬁoaa )>

aZ
> f(z) ~ flwo) + (b1 — glawo) + 5 (8~ B2)

for 31 and (3, independent of x and «. Let now = = x,, and @ = «, then

0[2
0> fn(xn) - fn(xO) > f(xn) - f(xO) +04n(51 - 9(1‘0)) + 7'”(6 - 62);
—_—

>0

and hence f(z,) — f(xo).

Let further (z,,) be a convergent subsequence such that x,, — x. Since
lim f(z,,) = f(xo) = inf f(C), the lower semi-continuity of f yields f(z) <
f(zn,) + € for large n;, hence

f(z) < f(zo),

and therefore x € M(f,C).

Suppose ii. does not hold, then there is 7 > 0 and a convergent subsequence (mnj)
of (zy,) with z,, — z1 and [g(zx,;) — g(x0)| > 7.

This will lead to a contradiction, since for large n; and g(xn;) — g(wo) > r

Oy,
02 o) = Fon) 2 on,) = Fla0) +a, (7 + 525 = ) ) > 0.
Suppose now g(zo) — g(w,,) > 7 then due to lower semi-continuity of g we obtain
g(xo) > g(x1) + r contradicting z; € M(f,C) and xy € M(f,g,C). Using the
lower semi-continuity of g we obtain (b) from ii.

g(zo) = limg(zy;) > g(x1).

Since z; € M(f,C) it follows that x; € M(f, g,C). It remains to be shown that iii.

holds
«

|8

0> f(xn) - f(xO) + an(g(xn) - g(ajO)) + (ﬁ - 52)

Division by «, together with ii. yields iii. |
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5.6.1 Second Stages and Stability for Epsilon-solutions

Theorem 5.6.10. Let (f;, : R" — R)xen be a sequence of differentiable convex
functions, which converges pointwise to a function f : R™ — R. Let further the set
of minimal solutions of f on R™ be non-empty and bounded. Let now (ay)ren be a
sequence of non-negative numbers tending to zero such that the sequence of functions
(f’“a—;f) keN converges lower semi-continuously to a function g : Q — R on an open
bounded superset QQ of M (f,R™).

Let further (0k)ken be a sequence of non-negative numbers tending to zero with
limy,_s o0 i—’; = 0 and (%1, )ken a sequence in R™ with the property ||V fi.(Zx)|| < .

Then the set of points of accumulation of the sequence (&y,) is non-empty and con-
tained in M (f, g, R™).

Proof. Let x, € M(fx,R™) for k € N. By Theorem 5.5.1 for k > K| the sequences
xy, and Ty, are contained in Q. If y € M (f,IR™), then one has

fr(@r) = fily) + Fy) = £(3) 0.

Adding to both sides of the inequality the expression fi (%) — fi(zx), one obtains

Fe(@r) — fe(y) + f(y) = f(@k) < fr(@k) — fr(or) < IV F(@)l||1Zk — k]
< OpllZp — k-

Division of both sides by «y, yields

Te(@x) — f(Zr) < fe(y) — f(y)

Qg Qg

Ok |\ ~
+ — |2 — 2 ]|-
(0753

The sequences () and (Z) are bounded and hence also the last factor on the right-
hand side. Let & be a point of accumulation of (%), then we obtain by the lower
semi-continuous convergence

9(Z) < g(y). O

Remark. If in the above theorem the function g is strictly convex, then the sequence
(1) converges to the corresponding two-stage solution.

Example 5.6.11. We consider once more the best LP-approximations (p > 1) for
p — 1. Let («x) be a sequence of positive numbers tending to zero. If we put

fula) = /T ()] dp,

and

fa) = /T 2(8)]d,
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then the sequence (%) converges, as seen above, lower semi-continuously to the

strictly convex function

o(z) = /T 2(t)) log [(t)]ds.

If one determines the best LP*-solutions with pr, = 1 4+ ay only in an approximate
sense, but with increasing accuracy, such that the stop criteria (for the norms of the
gradients) converges more rapidly to zero than the sequence (v ), then the sequence of
the thus determined approximate solutions converges to the best L' (11)-approximation
of largest entropy.

As a consequence of the above Theorem 5.6.10 we obtain

Theorem 5.6.12. Let (fi : R" — R)ien be a sequence of differentiable convex
functions, which converge pointwise to a function f : R™ — R. Let further the set of
minimal solutions of f on R™ be non-empty and bounded. Let now Q) be an open and
bounded superset of M (f,R™) and

e = sup | f(z) — fr(z)]-
T€Q

Let further (o) pen be a sequence of non-negative numbers tending to zero, such that
limy, o z—’z = 0 holds.

Let now the function g : R — R be differentiable and convex, and let the sequence
of functions (hy : R™ — R) e be defined by

hi == apg + f.

Let further (0)ren be a sequence of positive numbers tending to zero, such that
limg_ o i—’“ = 0 holds, and let (Z},)ren be a sequence in R™ with the property
IV hi(@)]| < 6

Then every point of accumulation of the sequence (Zy.) is a solution of the two-stage
optimization problem (f, g, R™).

If in addition g is strictly convex, then the sequence (i) converges to the uniquely
determined second-stage solution.

Proof. Apparently the sequence (hy) converges pointwise to the limit function f. Due
to the previous theorem it suffices to show the lower semi-continuous convergence of
the sequence (hy — f)/ax to g on Q. But this follows using Remark 5.6.3 from

b —f _ Sk f

Ek
g+ Z9g——
Qg Qg 27
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Together with the convergence estimates in Chapter 2 we are now in the position
to present a robust regularization of the Polya algorithm for the Chebyshev approx-
imation in the spirit of Tikhonov, and hence obtain convergence to the second-stage
solution w.r.t. an arbitrarily chosen strictly convex function g.

Theorem 5.6.13 (Regularization of Polya Algorithms). Let T' be a compact metric
space and V a finite dimensional subspace of C(T) (resp. a closed convex subset
thereof) and let z € C(T).

Let (®y,)ren be a sequence of differentiable Young functions converging pointwise
to O

Let further (g} )ren be a sequence tending to zero such that

Nl @n) = l9llool < erllyllo

forally e x+V.

We now choose a sequence (o) ken of non-negative numbers tending to zero such
that limy,_, Z—’; = 0 holds, and a strictly convex function g : © +V — R. As an
outer regularization of the Luxemburg norms we then define the function sequence
(hk x4+ V= R)kEN with hy, '= aig + || . ”(q)k)

If the minimal solutions &y, of hy, are determined approximately but with growing
accuracy such that the norms of the gradients converge to zero more rapidly than the
sequence (), then the sequence (Ty.) converges to the best Chebyshev approxima-
tion, which is minimal w.r.t. g.

5.7 Stability for Families of Non-linear Equations

For sequences of convex functions, equicontinuity and hence continuous convergence
already follows from pointwise convergence (see Theorem 5.3.13 and Theorem 5.3.8).
Subsequently we will show that a similar statement holds for sequences of monotone
operators. Continuous convergence in turn implies stability of solutions under certain
conditions on the limit problem.

Both, solutions of equations and optimization problems, can be treated in the frame-
work of variational inequalities. In fact, sequences of variational inequalities show a
similar stability behavior, where again continuous convergence is of central signifi-
cance (see [59], Satz 1, p. 245). We employ this scheme in the context of two-stage
solutions.

We have treated stability questions for minimal solutions of pointwise convergent
sequences of convex functions in Section 5.3. It turns out that stability can be guar-
anteed if the set of minimal solutions of the limit problem is bounded (see Theo-
rem 5.3.25, see also [59]). The question arises, whether a corresponding statement
holds on the equation level for certain classes of mappings that are not necessarily po-
tential operators. Questions of this type arise e.g. in the context of smooth projection
methods for semi-infinite optimization (see [62]).
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A general framework for treating stability questions involving non-linear equa-
tions for sequences of continuous operators on R™ is given by the following scheme
(see [62]):

Theorem 5.7.1. Let U C R" and (Ay : U — R™)pen be a sequence of continuous
operators that converges continuously on U to a continuous operator A : U — R"
with the property: there exists a ball K (xy,r) C U,r > 0 such that

(Az,x —xz9) >0 (5.8)

for all x in the sphere S(xo,T).

Then there exists ko € N such that for all k > kg each equation Ayx = 0 has a
solution xy, in K (xo,7).

Furthermore every point of accumulation of (xy,)gen is a solution of Az = 0.

The above theorem is a consequence of the following well-known

Lemma 5.7.2. Let A : U — R" be continuous. If there is r > 0 and a ball

K (zo,7) C U such that (Az,x — x9) > 0 for all x € S(xg,r), then the non-linear
equation Az = 0 has a solution in K (x¢, ).

Proof. Otherwise Brouwer’s fixed point theorem applied to the mapping
— g(z) (Ax > +
x—g(z):=—r xo
[Az||

would lead to a contradiction, because then ||Az| # 0 on K (x, ), hence g continu-
ous there and thus has a fixed point x # ¢ on K (x, 7). Hence

<Ax,rx_x0> = —||lz — xo||| Az < 0. o
|2 — o]

5.7.1 Stability for Monotone Operators

A large class of operators can be treated using the above stability principle, where
pointwise convergence already implies uniform convergence on compact subsets.
Among them are the monotone operators according to

Definition 5.7.3. Let X be a normed space and let U be a subset of X. A mapping
A : U — X*is called monotone on U if for all z,y € U the following inequality
holds:

(Arx — Ay, x —y) > 0.
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Lemma 5.7.4 (see [110]). Let U be an open subset of R™ and let (Ay, : U — R™)ken
be a sequence of continuous monotone operators that converges pointwise on U to an
operator A : U — R™. Then for every sequence (x) C U that converges in U it
Jollows that the sequence (Agxy)ken is bounded.

Proof. Assume that there is a sequence (x) in U with limx, = zp € U such
that (Agzy) is unbounded. Then there is a subsequence (Ay,z,) with the property
| Ak, x| > i forall i € N. As A, is monotone we obtain for all z € U

<Akixki — Akiz,l‘ki — Z> > 0.

Ay, wp,
Let now yy, = % then we can w.l.o.g. assume that the sequence (y,) con-

verges to some y in the unit sphere. If the above inequality is divided by || Ay, zy, || we

obtain forall z € U
< AkiZ > > 0
b — T, Tk, — 2 ) > 0.
e T Ak

pointwise convergence implies A,z — Az and hence

Ay,
lim <yki — #Z,a:ki - z> =(y,z0—2) >0 VzeU.
1—>00 ) HAk kaH

i

As U is open it follows that y = 0, a contradiction. O

The following theorem states that pointwise convergence of continuous monotone
operators already implies continuous convergence:

Theorem 5.7.5 (see [110]). Let U be an open subset of R"™ and let (A : U —
R™) e be a sequence of continuous monotone operators that converges pointwise on
U to a continuous operator A : U — R™ then (Ay) is equicontinuous on U.

Proof. According to Theorem 5.3.6 it is sufficient to show the following: convergence
of a sequence (xy) in U to an element ¢ € U implies lim Az, = Axo.

Assume that there is a sequence (z) in U convergent to xo € U such that (Apzy)
does not converge to Az, i.e. there is ¢ > 0 and a subsequence (Ay,zy,) with the
property

[ Ag,xr, — Axol| = €
forall i € N. By Lemma 5.7.4 (A, xy, ) is bounded and w.1.0.g. we can assume that it
converges to some g € R™. Because of the previous inequality we have ||g — Azol| >e.
On the other hand we obtain by the monotonicity of Ay, for allu € U

<Ak11‘k1 — Akiu, LTk — u) 2 0,
and hence using pointwise convergence
(9 — Au,x0 —u) >0

for all w € U. By Theorem 5.7.6 below it follows that g = Axy, a contradiction. O
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Theorem 5.7.6 (Browder and Minty (see [109])). Let E be a Banach space and U
an open subset of E. Let A : U — E* be a hemi-continuous operator. If for a pair
ug € U and vy € E* and for all u € U the inequality

(Au — vo,u — up) >0
holds, then vy = Auy.

An immediate consequence of the theorem of Browder and Minty is the following
characterization theorem for solutions of the equation Az = 0, if A is a monotone
operator:

Theorem 5.7.7 (see [109]). Let E be a Banach space and U an open subset of E. Let
A : U — E* a continuous and monotone operator. Then the following characteriza-
tion holds: Auy = 0 for ug € U if and only if for all u € U the following inequality
holds:

(Au,u — ug) > 0.

Proof. The “if”-part follows from Theorem 5.7.6 for vy = 0. Let now Aug = 0 then,
from the monotonicity of A, we obtain

0 < (Au — Aug,u — up) = (Au, u — ug). |
Remark 5.7.8. If U is convex then the above theorem directly implies that the set
Sqg:={xe€U|Az =0}
is convex.

For monotone operators we obtain the following existence theorem which is in a
way a stronger version of Lemma 5.7.2:

Theorem 5.7.9. Let U C R"™ be convex and A : U — R"™ be a continuous monotone
operator. If there exists a ball K (zo,7) C U and r > 0 such that {Ax, z—x0) > 0 for
all x € S(xo,r). Then for the set of solutions Sz of the non-linear equation Ax = 0
the following statement holds:

0 # Sa C K(xg,7).

Proof. The first part follows from Lemma 5.7.2. For the second part let A, ;» € R with
A > pand let & € S(xg, 7). Then monotonicity of A yields

(A(A(z — o) + m0) — A(p(z — 20) + T0), (A — 1) (& — 20)) = 0.
Let I be the intersection of U with the straight line passing through « and xg. From the
above inequality it follows that g : I — R with g(\) := (A(A(z — zo) + o), x — xo)

is an increasing function. In particular g(1) = (Az, z — o) > 0. Suppose there is a
1 < A € I such that A(\.(z — x9) + o) = O then g(\) = 0, a contradiction. O
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We are now in the position to present a stronger version of Theorem 5.7.1 for se-
quences of monotone operators:

Theorem 5.7.10. Ler U C R™ be open and convex and (Ay, : U — R")pen be
a sequence of continuous monotone operators that converges pointwise on U to a
continuous operator A : U — R"™ with the Property (5.8): there exists a ball
K(zo,7) C U,r > 0 such that (Azx,x — xo) > 0 for all x on the sphere S(xg, ).
Then there exists ko € N such that the set of the solutions of the equation Az = 0
is non-empty for all k > ko and contained in K (x¢, ).
Furthermore, let x, € {x € U | Apxz = 0}, k > ko then every point of accumula-

tion of (xy)ken is a solution of Ax = 0.

Property (5.8) is satisfied by various classes of operators, among them are deriva-
tives of convex functions.

Lemma 5.7.11. If a monotone operator A defined on R™ has a convex potential f
with a bounded set of minimal solutions M (f,R™) (which, of course, coincides with
the set of solutions of Ax = 0), then A satisfies Property (5.8).

Proof. Apparently for each zy € M (f, R™) there is a sphere S(xo, r) such that f(x)—
f(zo) > 0forall x € S(xzg,7). As A = f’ the subgradient inequality yields

0 < f(z) — fwo) < (Az, z — x0)
on that sphere. m]

For monotone operators, in general, such a statement is not available, i.e. Prop-
erty (5.8) does not follow from the boundedness of the solutions of Az = 0, as the
following example shows:

us

Example 5.7.12. Let A : R> — R? be a linear operator that represents a 7 -rotation.
A is monotone as

(Az — Ay, z —y) = (A(z — y),x —y) =0,
but on any sphere around the origin we have (Az, z) = 0. Obviously, {z | Az = 0} =
{0}.

An important class of operators in this context are the Fejér contractions according
to

Definition 5.7.13. An operator P : R" — R" is called Fejér contraction w.r.t. xg
(see [11]) or strictly quasi-non-expansive (see [26]) if z¢ is a fixed point of P and
there is an ~ > 0 such that | P(z) — xo|| < ||z — zo|| for all z ¢ K (zo, 7).
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Remark 5.7.14. The above definition of a Fejér contraction differs somewhat from
that given in [11].

Remark 5.7.15. It follows immediately from the definition that the set of fixed points
of a Fejér contraction w.r.t. z( is bounded.

If P is a Fejér contraction w.r.t. ¢ then the operator A := I — P has Property (5.8)
as the following lemma shows:

Lemma 5.7.16. Let P : R™ — R"™ be a Fejér contraction w.r.t. xq then for A :== [ —P
we obtain
(Az,z —z9) >0

forall x ¢ K(xo,7).
Proof. Let x ¢ K(x¢,r), then we obtain
(Az,x — x9) = (x — 29 — (P(x) — x0), 2 — x0)
= |l = xo|* = (P(x) — w0, & — o)
> [l — zol* — || P(x) — @oll| — wol| > 0. O

Remark 5.7.17. If P is also non-expansive on R” then A = I — P is apparently
monotone and continuous.

It is easily seen that a projection P onto a bounded convex set is a non-expansive
Fejér contraction. It can be shown that the same is true for certain compositions of
projections (see [62]).

5.7.2  Stability for Wider Classes of Operators

A large class of operators can be treated using the above stability principle, where
pointwise convergence already implies continuous convergence. To illustrate this,
consider a continuous operator A : R™ — R" satisfying Property (5.8). Then it is
easily seen that in the following situations continuous convergence, and hence stability
of the solutions follows from Theorem 5.7.1:

(a) Let (ay) be a sequence in R, tending to 0, let P : R™ — R be continuous,
and A := o, P + A.

Proof. Let x;, — x( then the sequence (P(xy)) is bounded, hence oy, P(xy) —
0 and Ag(zx) — A(zo) because of the continuity of A. |

(b) Let A, : R® — R"™ be continuous and let A — A component-wise mono-
tone, i.e. for Ay(r) = (f,iz)(x));;l and A(z) = (f*(x))?, one has pointwise

monotone convergence of f,ii) — f@fori=1,...,nonR"



172

Chapter 5 Stability and Two-stage Optimization Problems

(©)

(d)

Proof. This follows from the theorem of Dini (see 5.2.2) applied to the compo-
nents of Ay and A respectively. O

Let Ag : R® — R"™ be continuous and A — A pointwise on R™ and let A;, — A
be monotone for all £ € N,

Proof. We have A;, — A — 0 pointwise on R™ and from Theorem 5.7.10 con-
tinuous convergence follows. m]

Compositions of continuously convergent sequences of functions preserves con-
tinuous convergence, i.e. let g5 : R — R"™ be continuously convergent to g :
R™ — R™ and let f;, : R” — R" be continuously convergent to f : R — R"
then f, o g converges continuously to f o g.

A special case is obtained if either (f) or (gx) is a constant sequence of a
continuous function, e.g. let B : R™ — R" linear and let A, : R" — R"
be continuous and monotone, and let A, — A pointwise on R” then B o Ay,
converges continuously to B o A.

5.7.3 Two-stage Solutions

Two-stage solutions we have studied in Section 5.6 (see also [59], [65], [66]), in
particular for sequences of convex functions. The following theorem (see [59], p. 246)
gives a framework for sequences of non-linear equations, where the second stage is

described in terms of a variational inequality:

Theorem 5.7.18. Let X,Y be a normed spaces, (A : X —Y) _continuous and for
the sequence of continuous operators (A : X — Y )gen let L = limy_, oo {2 | Apz =
0} C {z| Az = 0} =: Sa. Let further (ay)ien be a sequence of positive numbers

and B : X — X* a continuous mapping with B(0) = 0 such that

(a) BoA: X — X*is monotone

(b) ap(B o Ay — B o A) converges continuously to a mapping D : X — X*.
Let T € L then for all x € S the inequality (DT, x — &) > 0 holds.

Proof. Let z), € {x| Az = 0} such that (z) convergesto an & € X, i.e. & € L.

Letx € Sy,ie. Ax = 0. Since B o A monotone and continuous it follows that

ag((Bo Ay — Bo A)xy,x — xg) = ar(B o Az, xp — ) > 0.

Since ay(Bo Ay, — Bo A) converges continuously to D it follows that ay(Bo A — Bo

A)zy, converges to Dz in the norm, and hence inequality (D%, z—Z) > 0 follows.
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Example 5.7.19. If Ay := ap P + A (compare class (a) of previous section) where
A is monotone, P a positive definite linear operator, and (ay) a sequence of positive
numbers tending to O then, choosing ay := O%k, D = P and the inequality (PZ,z —
Z)y > 0 for all z € S, is the characterization of a minimal solution of the strictly
convex functional x — (Pz,x) on the convex set S4 (compare Remark 5.7.8). In
this case, convergence of (zy) to & follows.

Example 5.7.20. Let A,C : R® — R™ be linear operators, b € R™ and let S4 :=
{z € R"| Ax = b} be non-empty. Let further (o) be a sequence in R, tending to
zero and let Ay, := «;,C + A. Then for a;, := aik and B := AT it follows that

ar(BAj, — BA) = alk(akATC’ + ATA - ATA) = ATC =: D,

and hence
(ATCz,x—7) >0

for all x in the affine subspace S4, in other words: ATCz is orthogonal to kernel
of A.

Example 5.7.21 (see [62]). LP-problem: let ¢,z € R", A € L(R™",R™),b € R™,
then we consider the following problem:

min{(c,z) | Az = b,z > 0}

with bounded and non-empty set of solutions. We choose the mapping P = P, o
P,,—1 o--- 0o P of the successive projections P; onto the hyperplanes

H; ={s e R"|(a;,s) =b;} fori e {l,...,m},

where a; denotes the i-th row of A, and — in addition to that — the projection P onto
the positive cone R%,, given by

Prc () = ((@1) 455 (@n)4)-

As Py is non-differentiable a smoothing of the projection Py is obtained by replacing
the function s — (s)+ by a smooth function ¢, : R — R (« > 0) that approximates
the (-)-function.

The projection Py is then replaced by P, = (¢q(21), .., va(2y)). By use of the
Newton method the non-linear equation

Fy(z) =2 — PyoP(z)+ac=0.

can be solved very efficiently.
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It can be shown that Pg o P is a non-expansive Fejér contraction w.r.t. any & €
S :={x € R"| Az = b,z > 0} and that P, o P is non-expansive. Let (cy) be a
positive sequence tending to 0. Stability then follows from Lemma 5.7.16 together
with Theorem 5.7.10 for the sequence of monotone operators A = F},, converging
pointwise to the monotone operator A = [ — Py o P satisfying Property (5.8).

Application of Theorem 5.7.18 yields a condition for ¢, that enforces continuous
convergence. We have for aj, = aik:

1
ag(Ar — A) = ap(—Py, o P+ agc+ Px o P) = a—k(PKoP— P, oP)+c.

It follows that, if O%k(goak — (+)+) — 0 uniformly on compact subsets of R, then
ax (A — A) converges continuously to ¢. If 7 is any limit point of the sequence of
solutions of the equations (Axx = 0) then for all z € S we obtain (¢, z — Z) > 0.

Remark 5.7.22. Convex optimization problems with linear constraints can be treated
in the same manner: let f : R™ — R"™ be convex and differentiable, then consider

min{ f(z) | Az = b,z > 0}.
The (monotone) operator F,, becomes
Fy(z) :=x — P, o P(x) + af'(z),

and one obtains (f'(Z),x — ) > 0 for every point of accumulation Z and all x € S,
i.e. T is a minimal solution of f on .9, according to the Characterization Theorem of
Convex Optimization 3.4.3.



Chapter 6
Orlicz Spaces

In this chapter we will develop the theory of Orlicz spaces equipped with the Lux-
emburg norm for arbitrary measure spaces and arbitrary Young functions. In the next
chapter we will then discuss dual spaces and the Orlicz norm that arises naturally in
this context.

At first we will investigate the properties of (one-dimensional) Young functions and
their conjugates.

6.1 Young Functions

Definition 6.1.1. Let ® : R — @20 a lower semi-continuous, symmetric, convex
function with ®(0) = 0, where 0 is an interior point of Dom(®). Then @ is called a
Young function.

Remark 6.1.2. A Young function is monotone on R>¢, because let 0 < s1 < s5, then
we have

Sy — 8 s
2L (0) + Lad(sy) < D(sy).

D <
(s1) < > .

Let ® be a finite Young function and let sy := sup{s € R|®(s) = 0}, then P is
strictly monotonically increasing on [sg, o0) N Dom(®), because let 59 < 51 < sp,
then s; = Asy + (1 — A)sp with 0 < A < 1 and we obtain

D(s1) < AD(s2) + (1 — N)D(s0) < D(s2).

One of the goals of our consideration is, to anticipate many phenomena of the (typi-
cally infinite dimensional) function spaces from the properties of the one-dimensional
Young functions. In particular we will see that the duality relations for norms and
modulars are connected to the duality (conjugate) of the corresponding Young func-
tions.

Subdifferential and One-sided Derivatives

Essentially the subdifferential of a Young function consists in the interval between
left-sided and right-sided derivative. Without any restriction this holds for the interior
points of the domain where @ is finite, denoted by Dom(®). At the boundary of
Dom(®) the subdifferential can be empty, even though ®_ and @, exist in R.
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Example 6.1.3. Let

O(s) = {1—\/1—32 for |s| < 1

00 otherwise
then: 1 € Dom(®), ®’_(1) = @/, (1) = oo and 9P (1) = @ holds.

Example 6.1.4. Let

oo  otherwise

(s) = {|s| for |s| < 1

then: 1 € Dom(®), ®’ (1) =1, d’, (1) = oo and OP(1) = [1, 00) holds.

Example 6.1.5. Let

tan for|s| < Z
(I)(S) — | S | | S | . 2
00 otherwise

then: 5 ¢ Dom(®) holds.

In the next section on the conjugate of a Young function we will prove the funda-
mental relation between the generalized inverses in connection with Young’s equality.
The ‘complications’ mentioned above require a careful treatment in order to substan-
tiate the simple geometrical view described below.

The following theorem yields an extension of the theorem of Moreau—Pschenitsch-
nii 3.10.4 for Young functions:

Theorem 6.1.6. Let so > 0 and let s) € Dom(®), then ®_(so) and @', (so) exist in
R and we have ®_(so) < @', (so). Moreover:

(a) If beyond that O®(sg) # 0, then ®'_(sg) is finite and the following inclusion
holds:
[@(s0), @, (s0)) C 0@(s0) C [P (50), D', (s0)]-

(b) If, however, 0D(so) = 0, then ®'_(sg) = D’ (s0) = oo.

(¢) If, in particular sy € Int(Dom(®)), then @' (s¢) is finite and we obtain for the
subdifferential at s¢
[d),_ (80), @;(80)] = 8@(80).

Proof. Lett > 0and a € {1, —1}, then we define
ha(t) := ®(so + at) — P(so).

Apparently h,, is convex and for 0 < s < ¢

t_
ha(s) = ha (it + tso) < %ha(t) =
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holds. Therefore

D(s0 + as) — D(s0) - D(s0 + at) — D(s0)
s - t '

In particular the difference quotients w resp. w are monotoni-

cally decreasing resp. increasing for ¢ | 0.
Hence there exist @’ (sp)=lim; w%fb(so)
R.
Due to

D(sot+t)—DP(s0) -

and @/, (so)=lim¢ o ; in

®(s0) = @(;(80 )4 2 (s0+ t)) < %CI)(SO 4 %CI)(SO Lo,

we have for ¢ > 0

CI)(S() — t) — (I)(S()) < (I>(S() + t) — (D(S())
—t - t ’

and thus ®’_(s9) < @/, (s).
(a) Let now 0®(sg) # () and ¢ € OD(sy), then

- (=) < P(so —t) — D(s0),
thus for ¢ > 0 and ¢ small enough (0 is an interior point of Dom(®))

> q)(S() — t) — (I)(S())

€R.
7= —t

As the above difference quotient for ¢ | 0 is monotonically increasing, it follows that
© > (s0) €R.
Furthermore
w0t < D(sg+t) — D(so),
and hence
D(sg+t) — D(sp)
t )

o <

thus p < @’ (sp).
Conversely let ¢ € R and @’_(s9) < ¢ < @/, (s), i.e. because of the monotonicity
of the difference quotient for ¢ > 0

D(so —t) — D(s0)
—

D(sp +t) — D(s0)
t b

<ep<

hence ¢ -t < D(sg+t) — D(sp) and ¢ - (—t) < P(sp — t) — D(sp), and therefore
© € 0D(sp).



178 Chapter 6 Orlicz Spaces

(b) If 0®(sp) = 0, then D’_(s9) = oo must hold, because suppose @ (s9) < oo,
then, due to the result obtained above @’ (s9) € O®(sy).

(c) Let now sg € Int(Dom(®)), then by Theorem 3.10.2 d®(sg) # (. In particular
by (a). @’_(sp) finite. Furthermore w € R for ¢ > 0 and sufficiently small,
and hence due to the monotonicity of the difference quotient @’ (so) € R. We obtain

q)(So — 72 — CD(S()) < ‘I)/,(So) < (I),Jr(So) < q)(So + tz — q)(S())7

and thus @/, (sg) € 9P(so). O

Remark 6.1.7. For sy < 0 analogous assertions hold. If in particular sy €
Int(Dom(®)), then also @/, (so) is finite and

(@ (s0), ', (s0)] = 0P (s0)
holds.
Theorem 6.1.8. Ler 0 < u < v € Dom(®), then: ¥/, (u) < @ (v) holds.

Proof. We have u € Int(Dom(®)) and hence @/, (u) is finite by the previous theorem.
If @ (v) is finite, then we also have by the previous theorem @ (v) € 9®(v). Using
the monotonicity of the subdifferential (see Theorem 3.10.3) we then obtain

(@ (v) = @ (u) - (v—u) >0,
and since v — u > 0 the assertion. If @ (v) = oo, then there is nothing left to
show. m|
The Conjugate of a Young Function
For the conjugate ¥ of a Young function @ one obtains according to Definition 3.11.1
Y(s) =sup{s-t—®(t)|t € R}.

Apparently W is again a Young function, because ¥ is, being the supremum of affine
functions (see Remark 3.5.2) lower semi-continuous. From the definition immediately
(as in the general case) Young’s inequality

D(t)+W(s)>t-s

follows.
From the theorem of Fenchel-Moreau 3.11.7 we obtain for ¥ = ®*

O =P = .

Thus ® and ¥ are mutual conjugates. For Young’s equality we obtain the following
equivalences (see Theorem 3.11.9):
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Theorem 6.1.9. The following assertions are equivalent:
(a) s € 0D(t)
(b) t € O¥(s)
(c) D(t) +Y¥(s)=s-t

As a consequence we obtain the following

Lemma 6.1.10. Let ® be a finite Young function. Then: ¥(®', (t)) < oo holds for all
t € R. In particular ¥(®'_(0)) = 0 holds. A corresponding statement holds for the
left-sided derivative @'_.

Proof. The fact that @ is finite implies by Theorem 6.1.6 and Remark 6.1.7 that
@’ (t) € OD(t) and hence

(1) + W@, (1) = @, (1) - 1.
The same proof holds for the left-sided derivative. |

We will now demonstrate a geometrical interpretation of the right-sided derivative
of ¥ as a generalized inverse of the right-sided derivative of ® using the relationship
of the subdifferential with the one-sided derivatives shown in the previous section
(compare Krasnosielskii [72]) for N-functions).

Lemma 6.1.11. Lett € (Y_(s), ¥, (s)), then 0®(t) consists only of a single point.

Proof. By Theorem 6.1.9 s € 9®(t). Suppose there is s; € 0D(t) with s; # s, then,
again by Theorem 6.1.9 ¢ € 9¥(s). Therefore according to Theorem 6.1.8

s1>s=>WY_(s1) >V, (s) >t
s1<s=W,(s1) <WY_(s) <t

i.e.t ¢ 0¥(s1) a contradiction. |
Notation 6.1.12.

o(t) = {tl)ﬁr(t) for ¢ E.Dom((I))
00 otherwise
{‘P;(s) for s € Dom(¥)

00 otherwise.

Lemma 6.1.13. ¢ is increasing and right-sided continuous on D := R N Dom ¢.
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Proof. Let0 <t; <ty € Dom¢. Then
o(t1) = @ (t1) < DL(t) < D (t2) = d(t2).

Let to € D and (t,) a sequence in D such that ¢,, | to, then @ (t,) = ¢(t,) | 3.
Furthermore @', (¢,) > @', (¢) for all n € N and hence 5§ > @’ (;). On the other
hand we have according to Theorem 6.1.9

q)(tn) + \P((b(tn)) =tin - ¢(tn)

and hence
D(ty) +W(3)) =ty 3.

Again by Theorem 6.1.9 we have 5§ € 0®(ty) and hence due to Theorem 6.1.6 5 <
@', (to)- m

Remark 6.1.14. A corresponding statement holds for the left-sided derivative @’ :
@’ is increasing and left-sided continuous on D := R, N Dom @’_.

The duality relation between a Young function and its conjugate can now be de-
scribed in the following way: the right-sided derivative of the conjugate is the gener-
alized inverse of the right-sided derivative of the Young function (for N-functions see
Krasnosielskii, [72]). This is substantiated in the following theorem:

Theorem 6.1.15. Let s > 0, then

¥(s) = sup{7[¢(7) < s}
holds.

Proof. Case 1: Let the interior of 9W¥(s) non-empty and let ¢ be in the interior, then
by Lemma 6.1.11: s = @/(¢). At first we show the following inclusion:

(W.(s), ¥, (s)) C {r|D'(1) = s} C O¥(s).

Let u € {7|®'(7) = s}, then apparently s € d®(u) and by Theorem 6.1.9 u €
0¥(s). Let on the other hand u € (W_(s), ¥’ (s)), then s = @' (u) by Lemma 6.1.11
and hence u € {7|®'(7) = s}. According to Theorem 6.1.6

W, (s) = sup{0¥(s)} = sup{r | ®/(r) = s}

holds.
Case 2: Let O¥(s) consist only of a single point and let t = W/(s) then s € 0®(t)

by Theorem 6.1.9. Furthermore ¢ > 0, because if s = 0, then ¢t = ¥/ (s) = 0, if
s >0, thent = W(s) > Y& > .

S

If O®(t) also consists of a single point, then t = ¥/ (D'(¢)).
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If the interior of O®(t) is non-empty let s € (®’_(¢),d’, (¢)), then we obtain for
@ > t by Theorem 6.1.8: @' (@) > @/ (t) provided that O®(a) # 0, ie. @ ¢
{u|® (u) < s}. For u < t we obtain

O (t) > s> D _(t) > D, (u),
ie.u e {r|d (1) < s} forall u < t. Therefore
WV (s) =t = sup{u| D, (u) < s}.

Let now s = @/, (t), then @’ (t) € 0D(t), i.e. ¥ (P’ (t)) = t by Theorem 6.1.9.
Let finally s = @’ _(t), then as above @’ _(t) € OD(t),

W(s) = (@ (1) = ¢ = sup{u| ¥, (u) < s},

since s = @’_(t) > @' (u) for all u < t by Theorem 6.1.8.

Case 3: 0¥(s) = (: i.e. s > 0. Then @’ _(u) < sforall u € R>¢. For suppose there
is u; € R>g with @/, (u;) := 51 > sthen u; € 9¥(sy) and u; > W_(s1) > ¥’ (s)
hence ¥/, (s) finite, a contradiction. Therefore

sup{u | @', (u) < s} = c0. o

Corollary 6.1.16. Let ¢ be continuous, strictly monotone, and let lims_, o ¢(s) = o0,
then for s > 0

holds.

Proof. According to our assumption there is a unique 7 > 0 with ¢(7) = s, hence by
Theorem 6.1.15 9 (s) = 7 = ¢~ (). o

Theorem 6.1.17. Iflim;_.o ¢(t) = o0, then 1) is finite. If beyond that ¢ is finite, then
lims_so0 ¥(8) = 00 holds.

Proof. Let s > 0 be arbitrary, then there is ts € R with ¢(¢s;) > s and hence by
definition: ¢ (s) < ts.

Let now ¢ be finite and ¢,, — oo, hence ¢(t,,) — oo. Let (s,,) be chosen, such that
Sn > ¢(tn), then by definition ¢,, < ¥(s,,) — 0. O

The relationship between the right-sided derivatives of @ and ¥ established above
we will now employ to substantiate the duality of differentiability and strict convexity.

Definition 6.1.18. @ is called continuous in the extended sense, if ® is continuous
fort < to = sup{r|®(r) < oo} and lims, P(t) = oo.

@ is called (continuously) differentiable in the extended sense, if ¢ continuous in
the extended sense, i.e. if ¢ is continuous for ¢ < o and limy, ¢(t) = oc.
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Remark 6.1.19. For every Young function @ we have lim;_,o, ®(t) = oo, thus all
continuous (i.e. finite) Young functions are also continuous in the extended sense. The
continuity of ¢ in the extended sense is, however, a stronger requirement, in particular
¢ is continuous in the extended sense, if R C ¢(R).

Theorem 6.1.20. Let ¢ be finite. ¢ is strictly monotone, if and only if 1 is continuous
in the extended sense.

Proof. Let at first ¢ be strictly monotone and for s > 0

¥(s) = sup{t € R[¢(t) < s}.

Let s € ¢(R), then there is a unique t; € R, with ¢(t;) = s. Then apparently
W(s) = ts.

Letnow U := {u € R|¢(u) < s}and V := {v € R|p(v) > s}.

(a) V # (0: apparently: 1(s) = supU = inf V =: t, holds. Let (v,,) be a sequence
in V' with v, | t5, then due to the right-sided continuity of ¢ (see Lemma 6.1.13)

Tn = (vn) L d(ts) =13 > s,

hence in particular ¢(5) = ts and furthermore

Un = 1/)(7"71) Jf ts = 1/)(5)

Let on the other hand (u,,) be a sequence in U with u,, 1 ¢, then we obtain

Sp = ¢(un) t ¢(t87) =158 <s,

and therefore
Un, = P(sn) Tts = P(5) < h(s).

The monotonicity of ¢ implies

P(5) < () < P(s) < p(3).

If now ¢(ts—) = ¢(ts), i.e. s = 3, then ¢ is continuous at s, if ¢(ts—) < ¢(ts), then
1 is constant on [s, §] and — due to the results of our previous discussion — continuous
at the boundary points of the interval.

(b) V' = (: apparently then ¢ is bounded. Let s, := sup{¢(t) |t € R} and let (u,,)
be a strictly monotone sequence with s,, := ¢(uy,) T Seo. Suppose (u,,) is bounded,
then u, — up € R. Since ¢(u,) < ¢(up) we then obtain se < d(up) < Soos
hence ¢ constant on [ug, o], a contradiction to the strict monotonicity of ¢. Therefore
W(Sp) = Uy — 0.

If ¢ is unbounded, then Theorem 6.1.17 implies lims_,, 1(s) = oco.
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Conversely let 1) be continuous in the extended sense. Let ¢t > 0, then {s | ¢ (s) =
t} # 0 and bounded. We have ¢(t) = sup{s|¢(s) < t} and hence ¢(t) = s; =
sup{s|1(s) = t}. Due to the continuity of ¢) we then have ¢(s;) = t. Let now
0 < t; < ta, then ¢(sy,) = t; < ta = ¥(sy,). Since ¢ is monotonically increasing,
we obtain ¢(t1) = sy, < s, = ¢(t2). O

Theorem 6.1.21. Let s € Int(Dom(®)) and s > 0, then

D(s) = /O @ (t)dt = /Osd>’_(t)dt

Proof. By Theorem 6.1.13 and 6.1.8 the right-sided derivative @', is monotonically
increasing and bounded on [0, s] and hence Riemann integrable. Let now 0 = t( <
t; < --- < t, = s be a partition of the interval [0, s|, then by Theorem 6.1.6 and the
subgradient inequality

holds.

O (tp—1) <P, (tp—1) < Pk) - q)(tk_l)

<@ (1) <V, (t).

by — -1
Furthermore "
D(s) — (0) = Y (D(t) — D(tr1)),
k=1
and hence
Zd)’ te1)(te — th1) < ®(s) <Zq> (tr) (ts — tr—1)-
k=1

Since the two Riemann sums converge to the integral, the assertion follows with
®(0) = 0 (and in an analogous manner for the second integral). O

If we admit (if necessary) the value co, then we obtain the representation of a Young
function @ and its conjugate ¥ as integrals of the generalized inverses

5) = /O T o(t)dt
5 = /0 T p(t)dt

We are now in the position to state the duality relation announced earlier:

resp.

Theorem 6.1.22. Let @ and ¥ be finite, then @ is strictly convex, if and only if ¥ is
(continuously) differentiable.
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o ., D(t)
Theorem 6.1.23. Y is finite, if and only if =~ — oo.

Proof. Lets > 0.

If @ < M for all ¢, then W(s) = sup{t - (s — y)} — oo for s > M holds.
Conversely let y — 00, then there is a t,, such that s — % is negative for ¢t > tg,
i.e.

W(s) =sup{ts —®(t) |0 <t <ts} <s-ts. O
Theorem 6.1.24. ¥ is finite, if and only if $(t) — oc.

Proof. Due to the subgradient inequality we have ¢(¢)(0 — t) < ®(0) — D(t), we
obtain for ¢ > 0: % < ¢(t). If V¥ finite, then by Theorem 6.1.23 ¢(t) — oo.
Conversely let ¢(t) — oo, then by Theorem 6.1.17 4 is finite and using the above
integral representation the assertion follows. m]

Remark 6.1.25. Let ¢y := sup{t|®(¢) = 0}, then @ is strictly monotonically in-
creasing on [tg,c0), because let tg < ¢ < tp, then there is a A € (0, 1] with
t1 = Mo + (1 — M)tz and hence @(t;) < AD(tg) + (1 — N)D(t2) < D(t2).

Lemma 6.1.26. Let @ be finite, then the function s sCI)_l(é) is monotonically
increasing on (0,00). If in addition ¥ is finite, then: w n—soo O.

Proof. The first part can be seen as follows: for ¢ > ¢y > 0 let ®(¢) > 0 and
D(tp) = 0. Apparently, for each s > 0 there is a unique ¢ > 0 such that s = ﬁ. Put
s(t) := g~ and let tg < t; < to, then s(t;) > s(t2) and, due to the monotonicity of

D(t)
the difference quotient y

B 1 t ta - !
09 (55) = i > atig =™ ()

We now discuss part 2: let s,, := ®~!(n), then due to the finiteness of ¥ we have

(D(gn) — 0. O

at0

Stability of the Conjugates of Young Functions

Theorem 6.1.27. Let (®,),en be a sequence of Young functions, converging point-
wise and monotonically to the Young function ®. In the case of a monotonically in-
creasing sequence let in addition ¥ be finite. Then the sequence of the Young functions
W, converges pointwise and monotonically to P, increasing if (®,,) is decreasing, de-
creasing, if (D) is increasing.
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Proof. By definition we have for the conjugates
W, (t) = sup{st — @, (s)|s >0} = —inf{D,(s) — st|s > 0}.

Let ¢ > 0 be chosen. By Theorem 5.2.1 the sequence () with ¢, (s) 1= D, (s) — st
converges lower semi-continuously to ¢ with ¢(s) := ®(s)— st. If the sequence (P,,)
is decreasing, then also the sequence () and we obtain according to the Stability
Theorem of Monotone Convergence 5.2.3

=¥, (t) = inf{p,(s) | s = 0} — inf{p(s)|s > 0} = —¥(¢t).

If the sequence (®,,) is monotonically increasing, then from lower semi-continuous
convergence (see Theorem 5.1.6) the Kuratowski convergence of the epigraphs
Epi(¢n) — Epi(yp) follows. If now ¥ is finite, then for ¢ > 0 we obtain by Young’s
equality M (¢, R) = 0'P(t). By Theorem 6.1.6 we have 0P (t) = [W_(¢), ¥/ (¢)]. By
Theorem 6.1.6 we have ¥/, (t) < oo, also ¥’_(¢t) > 0 holds, since ¥’_(t) > @ >0.

If t = 0, then M(p,R) = {s € R|®(s) = 0}. Thus in any case M (¢, R) is non-
empty and bounded. From the Stability Theorem on the Epigraph Convergence 5.3.27
we obtain by definition of the conjugates

¥, (t) = inf{p,(s) | s > 0} — inf{p(s)|s >0} = —¥(t). |

6.2 Modular and Luxemburg Norm

Let (T, %, 1) be an arbitrary measure space. On the vector space of p-measurable real-
valued functions on 7" we introduce the following relation: two functions are called
equivalent if they differ only on a set of y-measure zero. Let E be the vector space of
the equivalence classes (quotient space). Let further @ : R — R be a Young function.
The set

L) = {m cE

there exists o« > 0 with /

TCI)(ax)du < oo}

is called Orlicz space. Apparently L® (1) is a subspace of E, because — due to the
convexity of ® — the arithmetic mean of two elements is still in L% (). This is also
true for an arbitrary multiple of an element.

Frequently we will consider the special case of the sequence spaces: let 7' = N, X
the power set of N and (t;) = 1 for t; € T arbitrary, then we denote L® (1) by ¢2.

Theorem 6.2.1. The Minkowski functional

x'—>inf{c>0’ /®(I>dygl}
T C

defines a norm on L®(p). It is called Luxemburg norm, denoted by || - || (@) -



186 Chapter 6 Orlicz Spaces

K- {xeLq’ '/ du<1}

According to Theorem 3.2.7 we have to show that K is a convex, symmetric lin-
early bounded set with the origin as algebraically interior point. It is straightfor-
ward to establish that the set K is convex and symmetric. Furthermore K has O as
an algebraically interior point. In order to see this, let z € L® and o > 0 such
that [, ®(ax)dp < oo, then we define the function h : [0,1] — R by h(\) =
J7 @(Aax)dp. Since h is convex and h(0) = 0 we obtain

Proof. Let

h(A) < A-h(1) < oo.

Hence there exists a Ao > 0 with 2(\) < 1 for A < ).

We now discuss the linear boundedness: lety € L®\ {0}, then there is M € %, such
that (M) > 0 and € > 0 with |y(t)| > e for all t € M. Since lim;_,o ®(s) = o0,
we obtain

/T ®(ay)dp > p(M)d(ac) 2= . o

Remark 6.2.2. The Luxemburg norm is apparently monotone, i.e. for z,y € L® with
0 <z < y it follows that [|z[|(@) < ||lyl(s), because for e > 0 we have

Y T
v\l +e  \lYll@ +e

hence ||z]|(@) < [lyll(@) + €

In order to establish the completeness of Orlicz spaces the following lemma turns
out to be helpful.

Lemma 6.2.3. Let 0 < x,, 1 x almost everywhere and x,, € L®(p) for all n € N.
Then either x € L® (1) and ||xn|\(q,) — ||x||(¢) or Hxn”(q,) — 0.

Proof. Lete > 0and 3 := sup{||z,/(p) € N} < oo. Then for all n € N we have

Tn
/Tq)<ﬂ+e>d”§1'

Apparently the sequence ®( 7 F4<) converges pointwise a.e. to CI>( 7z ). This is obvious,
if @ is continuous in the extended sense (see Definition 6.1.18 and Remark 6.1.19).
If ®(s) is finite for |s| < @ and infinite for |s| > a and if d)( 2(t )) = o then Z28) ¢

® B+e
x(t
Bte =
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By the theorem of monotone convergence of integration theory we obtain

Tn B x
1>sn71lp/ <ﬁ+€>du/Td)<ﬁ+€>d,u,

ie.x € L®(p)and B +¢e > |z[|(@) and thus 8 > ||z (&)
On the other hand let 0 < 8; < (3. Then — due to the monotonicity of the sequence
([[znl|(@)) — there is ng € N, such that for n > ny we have: ||z, [|@) > 51, i-e.

fo(G a1

and by the monotonicity of the integral

fo(5 a1

1.e. ||93||(q)) > ﬂ]. O

Theorem 6.2.4. The Orlicz space L® (1) is a Banach space.

Proof. Let (), be a Cauchy sequence in L (1), i.e. limyy, »—00 |70 — Tl (@) = 0.
Then there exists a subsequence () of (z;,), such that

[ee]

D vkt = wrll @) < oo
K=

Let z, := |y1]|+>_r_; [Yk+1— yx|, then apparently z, € L®(u). By the above lemma
the sequence (2y,),, converges a.e. to a function z € L® (). Hence also > 5% | |yi1 —

yi| is convergent a.e. and thus also > 77 | (Yk+1—Yk). Letnow y := y1+> pe | (Yrr1—
Yk ), then we have

9] o] n—1
Y=Un =Y Wkt —yk) F U —Yn =Y (Wkr1 —yk) — Y (Wkr1 — Yk)
k=1 k=1 k=1

Z Yk+1 = Yk),

and thus

ly = ynll@) < Z k1 — vl @) ——

Since (x,,), is a Cauchy sequence, the whole sequence converges to y w.r.t. the Lux-
emburg norm. m|
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Closely related to the Luxemburg norm is the modular f®, which we will employ
frequently below.

Definition 6.2.5. The functional f® : L®(;) — R with

we call modular.

6.2.1 Examples of Orlicz Spaces
In particular we obtain by the choice @, : R — R defined by

o (5) 0 for|s| <1
wo(8) =
oo otherwise

and the corresponding Luxemburg norm

||:r||oo:inf{c>0‘ /(Doo<x>du§1}
T C
the space L (u).

For the Young functions @, : R — R with ®,(s) := |s|P one obtains the LP(u)-
spaces with the well-known notation || - ||, for the corresponding norms.

In the sequel we need a direct consequence of the closed graph theorem, which is
known as the two-norm theorem.

Theorem 6.2.6 (Two-norm theorem). Let X be a Banach space w.r.t. the norms || - ||,
and || - ||y and let
- lla < e[ - o

Then the two norms are equivalent.
Proof. We consider the identical mapping
id s (X - Mla) = (X 11 lo)-

Let now (x,,) be a sequence in X with z,, — x w.rt. || - ||, and 2, — y w.r.t. || - |-

Then z,, — y w.rt. || - ||, immediately follows and hence y = x = id(x). By the

closed graph theorem the identity is continuous and hence bounded on the unit ball,
x

i.e.
’ lz]la b

therefore || - ||[p < D - | - ||a- -

<D,
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Lemma 6.2.7. Let @ and ®, be Young functions with ®, < @y, then
(a) L% (p) € L®(p)
® |- ||(<1>2) <[ - H(cp]) on L® (1)

ORIERD
(d) L¥2(p) € L ()
@ I llews) = Il - llw,) on L¥2(p).

Proof. Let z € L® (p), then for ¢ > ||z||(¢,) we obtain

AL AL O

The remaining part follows from
Y (r) = sup{rs — @i(s)} > sup{rs — D,(s)} = ¥a(r). a

Definition 6.2.8. The Young function @ is called definite, if ®(s) > 0 for s > 0,
otherwise indefinite.

Lemma 6.2.9. Let W not be finite and let a > 0, such that ¥ is oo on (a, o0) and
finite on [0,a). Then we have for the Young function ®; with ®(s) = als| the
relation ® < @y, where @ is the conjugate function of \P.

Let now

(a) ¥ be definite then there are positive numbers 3, sy and a Young function ®;
with

(I)Q(S) =

0 Jor0 < |s| < so
B(Is| = s0) for|s| > so

such that ®, < @.

(b) W indefinite, then there is a b > 0 and a Young function ®; with ®,(s) = b|s]
and ®, < .

Proof. For s > 0 we have

D(s) = fli%{su —¥(u)} = Oizga{su —Yu)} < Oigga{su} =as = Dy(s).

(a) Let ¥ be definite. Then ¥/, > 0 on (0,a). Let ug € (0, a), then 0 < ¥/, (up) <
oo by Theorem 6.1.6. Choose so = P/, (ug), then by Theorem 6.1.15

@, (s9) = sup{u |V, (u) < so} = up.
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Concerning the construction of ®,: Let 3 := @’ (). Then for
0 for 0 < |s| < s
D,(s) 1= 1
B(|s| —so) for|s| > sp
with the right-sided derivative

0 for0<s<sg
Pa2(s) =
B fors > sy

and hence for s > 0: ¢»(s) < @’ (s), therefore @ (s) < D(s).
(b) Let ¥ be indefinite, i.e. there is a s; > 0 with ¥(s) = O forall s € [0, s1]. Then
fors >0

D(s) = sgp{su —Y(u)} > 0<su£> {su—Y¥(u)} =sp-s.

If we put b := s1, we obtain the assertion. O

Theorem 6.2.10. Let ¥ be not finite and for infinite measure let in addition ¥ be
indefinite, then we have

(a) LP(u) = L' ()

®) || - ll(@) is equivalent to || - ||
(©) L¥(p) = L>(p)
(@ |- llw) is equivalent to || - |-

Proof. Let a > 0, such that ¥ is equal to co on (a,00) and finite on [0,a). By
Lemma 6.2.9 we have for the Young function ®; with ®;(s) = als| the relation
® < @;. Apparently L® (1) = L' (1) and || - ||(@,) = al| - ||i. By Lemma 6.2.7 we
obtain L (1) € LO(s) and |- |0y < al - 1.

Letz € L¥(p) and ¢ > 0, such that [, W(%)du < 1. Suppose z ¢ L°°(u), then

there is a number > a and a set A € X with p(A) > 0 and |@\ >rforallt € A.
Then ‘I’(@) = oo on all of A, a contradiction. Hence we have at first: LY ¢ L>°.
Let now:
i) W be indefinite, i.e. there is a sp > 0 with W(s) = 0 for all s € [0, so]. Let now

x € L*(u), then we have |W30| < so almost everywhere and hence

/‘I’(xso)du:O.
7\l

Therefore: ||z ) < S—IOHJCHOO and thus L>(u) and LY (1) are equal as sets. The
equivalence of the norms follows by the two-norm theorem.
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By Lemma 6.2.9 thereis a b > 0 with b - |[; < || - [|(@). Then L' (1) = L®(p) and
the norms are equivalent.
ii) W definite and p(7T) < oco. Then by Lemma 6.2.9 there is a Young function @,
with
Ba(s) = {0 for 0 < |s| < so
B(|s| —so) for|s| > so

and @, < ®, hence L® c L?. Let now :1: € L®(p). We have to show: 2 € L' (p):
Letso > OandletTy:={t € T| < so}. Then we have

- 80) dp

Hac +€ =

Lol [
T 2/|(@,) +¢ T\Tp

B / Bso
= |zldp — —————pu(T \ Tp).
|zll(@,) +¢€ Jr\7, 2]l (@,) + ¢

x
2l (@,) + &

Therefore
2 /l(@,) +&

B

put ¢ := |[z[|lo, + € and due to [}, [z[dp < u(Tp) - so - ¢ we obtain

+%MTWM>/ j2lds,
T\T)

WWS%+%MBU+d

Hence x € L'(u),i.e.inall L'(1) = L®(p). The equivalence of the norms || - ||| and

| - || @) follows by the two-norm theorem.
Let W(s) be finite for all s € [0, s;] and let 2 € L°(p). Then |m)\| < Xa.e. for

arbitrary positive X. ¥ has a (finite) inverse ¥~! on [0, ¥(s;)] due to the definiteness
of W. Let now either

< W(sy), then there exists X := ¥~ !(—1=)

i Ty

H(T )

i or o > W(s;) then put A := s;.

M(T
Thus we obtain

AwQ@mestmwsAM)W1

Therefore: L (1) = L¥ (1) and ||z ) < /%] oc-
The equivalence of the norms follows again by the two-norm theorem. |

Corollary 6.2.11. Let ® be not finite, let Ty € T be a subset with finite measure, and
let (Ty, 2o, pio) be an induced measure space on Ty, then L®(u) contains a closed
subspace, isomorphic to L>(po).
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Proof. By Theorem 6.2.10 items (c) and (d) we have L® (1) = L (o) as sets and
the corresponding norms are equivalent. m]

If ¥ is definite, then the assertion of Theorem 6.2.10 for infinite measure does not
hold in general, as can be seen by the following example of sequence spaces.

Example 6.2.12. Let
0 for0 < |s] <1
o (s) = or0 < |s|] <
(Is|] = 1) for|s| > 1
then for ¥ = ®* we obtain

W(s) = |s] for0<|s| <1
oo for|s| > 1.

First of all we find: /% and £*° are equal as sets: if = is bounded, then f‘l’(m) =

0 < oo, i.e. z € (2. If on the other hand y unbounded, % is also unbounded for
y”k‘

arbitrary ¢ > 0 and there is a subsequence of components (=
tends to infinity and hence

()= £ ()

for ¢ > 0 arbitrary, i.e. y ¢ /. Let now = € (%, then f‘b(m) =0<1,ie.
[2[loc > [|2]/(@). By the two-norm theorem both norms are equivalent.

), whose absolute value

We now consider /¥ and show at first: ¢! and ¢¥ are equal as sets: let x € ¢ ! then
2 1s in particular bounded and

"(5) -3

i=1

< 00,

xi ’_ Jaly
ie.xel?

Conversely, let z € ¢, then there is a ¢ > 0, such that f\P(%) < oo. Apparently x
is bounded and ¢ > ||z||o must hold, hence

"0)-5

i=1

Ly
c

1 (e.¢]
= *Z|$z| < o0,
€

ie.x €' Letnow z € ¢¥. Since ||z > ||7||c, we have

() -

i=1

[

and hence ||z[|y) < [|z[|;. In order to show equality, we distinguish two cases
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(@) ||z|[1 = ||z||co: in this case only a single component is different from zero. Let

¢ < ||z|1, then
NORICSEN
c c

and hence (due to the left-sided continuity of ¥ on R ): ||z y) > c.
®) |lz][1 > [|z|loo: let ||z]|1 > ¢ > ||#]/co. then

(2%

i=1

T

1
= —flzlh >1
c

and hence ¢ < |[z| ).

In both cases ¢ < ||z, implies ¢ < [|z[|y), altogether ||z = ||z ).

Example 6.2.13. Let 1 < p < oo and

W(s) = |s|P for0 <|s| <1
oo for|s] > 1.

Then ¢¥ = ¢P (unit ball identical), hence ¢ # ¢>°. Moreover, with % + é =1
(s) — cpls|? for0 < |s| <p
|s| =1 for|s| > 1

with ¢, = (%)% - (%)q = (%)% . é. Apparently (® £ ¢!,

6.2.2 Structure of Orlicz Spaces

Definition 6.2.14. In the sequel we denote by M® (1) the closed subspace of L® (1)
spanned by the step functions in L®(;) with finite support, i.e.

{ S o,
i=1
The domain of finite values of the modular f®
C¥(n) = {x € L) | f®() < o0}
is introduced as the Orlicz class. Furthermore we define

H®(u) == {z € L®(u) | f®(k-z) < oo forall k € N}.

w(A;) <oo,a; Ry = 1,...,n}.

Since
PO+ ) = 1°( 52ha +200) ) < 30(ke) + 37 (2ky) < o0

for x,y € H®(u1) the set H®(y) is a subspace.
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For future use we need the following

Lemma 6.2.15. Let v € H®(p1) and = # 0, then

() !
el

holds. If on the other hand f®(x) = 1, then ||z||() = 1.

Proof. The mapping h : R — R with X\ — f®(\z) is apparently convex and hence
continuous (see Theorem 5.3.11). Let 0 < e < ||z([(@) and A := 1/([|x[|(@) + €),
then f®(A\;z) < 1. Moreover we obtain with \y := 1/ ([[z[|(@) — €) the inequality
f®(M\ax) > 1. By the intermediate value theorem there is a A € [A1, \2], such that
f®(A\x) = 1. Let Ao := sup{\| h()\) = 0}. Then h is strictly monotone on [\, o),
because let A\g < A\ < Ay, then A\; = sh\g+ (1 — )\, fora s € (0, 1) and hence

h(/\]) <s- h()\()) + (1 — S)h()\z) < h()\z) O

Remark 6.2.16. (a) Apparently we have: H®(u) € C®(p).

(b) The Orlicz class is a convex set, because for z1, 75 € C®(1) we obtain for 0 <
A< 1
f‘b(/\x] + (1= XNxz) < )\f‘b(arl) +(1 - )\)fq)(l’z) < o0.

Theorem 6.2.17. If ® is finite, then M®(y) C C®(u) holds.

Proof. Let 2z € M® (1) and y a step function with finite support, for which
2|z =yl +e<1

holds (¢ > 0 appropriately chosen). Then y is in C® () and hence also 2y — being a
step function — in C®(11). Due to the convexity of f® we obtain

1 / 2(x —y)
S S— Y0 YO dug/d)( dp < 1.
A=yl + e Jp PEE VS | O S T e
Therefore
/T Oz — y))du < 2l — yllw) + 2.

ie.2(z —y) € C®(p). Since C® () is convex, we obtain

1 1
x = EZy + 5(2(37 —y) € C®(u). ]
The subsequent theorem asserts that for finite measure and finite Young function @

the bounded functions are always contained in the closure of the step functions.
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Theorem 6.2.18. Let j(T) < oo and @ finite, then L™ is a linear subspace of M®
and L>® = M® holds, where the closure is understood w.r:t. || - [l (@)-

Proof. Letx € L® bounded, a < z < bae.fora,b € R, and e > 0 be given. Let
further 6 := e®~! (L) and ng the smallest natural number, such that I’*Ta < ngp and

wT)
let
Tp:={teT|a+ (k—1)) <z(t) < a-+kd}
for k = 1,...,no, then for the step function y := > '° , (a + (k — 1)d)x7, we have

- 0 0
#(E22) < (2) <o E)oimr -1
€ € €
and hence ||z — y[[@) < . On the other hand the step functions are, of course,

contained in L°°. m|

By a similar construction as in the above theorem one can substantiate that for finite
measure the step functions are dense in L () w.r.t. the || - || oo-norm.

Theorem 6.2.19. Let ji(T') < oo, then: L™ (p) = M () holds.

For infinite measure this statement is false in general, as the example of the se-
quence spaces shows:

Example 6.2.20. The step functions are not dense in £°°, as can be seen from the
sequence = = (x;);en with z; = 1 fori € N. The space m® consists of the sequences
tending to zero. In the literature this space is denoted by cy.

From convergence in the Luxemburg norm always follows convergence in the mod-
ular.

Theorem 6.2.21. From ||z, — xol|(@) — O always f®(z, — x9) — 0 follows.

Proof. Let0 < A <1, then
® o\ _ o T
)= ()\)\—i—(l A)O)S)\f (A)

Letnow 1 > ¢ > 0, then [, <1>(| Lo dp < 1 and thus for n sufficiently large

o )
|xn7:v0||(q>)+s
and \ := [|x, — wol/(@) + €

Ty — X0 >d
m
|z — zoll(@) + €

< ([lzn = @ol/(@) +¢)- o

F(@n — m0) < (|2 — z0l|(@) +5)/ q’(
T
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If @ satisfies the Ay-condition (see Definition 6.2.25), then, as we will see, also the
converse of this theorem holds.
From the previous theorem the closedness of H® (1) immediately follows

Theorem 6.2.22. H®(p) is a closed subspace of L®(1).

Proof. Letxzy € L®(u1) and let (,,) be a sequence in H® (1), converging to x. From
x, — xq it follows for k € N arbitrary 2kx,, — 2kz¢, and hence f®(2kx, —2kzo) —
0,i.e. 2kx,, — 2kxg € C®(u) for n sufficiently large. We then obtain

O (ko) = (;21% — %(kan — 2kxo))

1
< —f®(2kxz,) + Efq)(Zk’xn — 2kxg) < oo. ]

| =

Remark 6.2.23. Apparently for @ finite the step functions with finite support are
contained in H®(y). Since H® (1) is closed, we conclude M® (1) ¢ H® (). We will
now establish that for @ finite and a o-finite measure space already M®(p) = H® (1)
holds:

Theorem 6.2.24. Let (T, %, 1) be a o-finite measure space and let @ be finite, then
M®(p) = H®(u) holds.

Proof. Let T = (J2| B; with pu(B;) < oc. Let further B" := |Ji_; B;, let z €
H® (1), and let

) xz(t) for|z(t)] <mandte€ B"
x =
" 0 otherwise.

then z,, € L®(p), because |z, (t)| < |z(t)] ie. [znll@) < llz/l@). We will now
approximate x,, by a sequence of step functions. Let 6, := 7 for & € N and let for
reZwith0<r <k

Crtr :={t € B" |10 < zp(t) < (r + 1)1},
and for -k <r < O:

Croger 1= {t € B™| (r — D)6y < 2n(t) < 16,1}

Then we define forr = —k,...  k

op(t) = ropr  fort € Copr
A 0 otherwise.
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Then we have by construction |z,;(t)] < |z,(t)| and |zpx — 2] < dnp (hence
uniform convergence on B™) and thus for € > 0 arbitrary

/q)(l?nk_wn)dug/ q)<5nk:>du_u(Bn)q)<5nk> koo,
T € o\« €

and therefore for n fixed
lim ||z — 2n||(@) = 0.
k—o0

In particular by Remark 6.2.23 we conclude =, € H®(p).
As a next step we show: limy, o ||z — z,, || = 0: since z — 2, € H®(1) we obtain

by Lemma 6.2.15
- / q,<x—xn>du,
r \l7 = 2nll@)

Suppose there exists a subsequence (z,, ) with ||z — zy, [|(@) > § > 0, then

1 g/qn(x_x”k>du.
. 5

|z

—Zn, | |z |z—zn, |
—5% < 5 and hence ®(—5") <

‘x_mnk‘

d)(@). But we also have [, q)(%)d,u < oo and ®(—~%) — 0 almost everywhere.
Lebesgue’s convergence theorem then yields

/d)(m_xn’“>du — 0,
T 0

a contradiction. We obtain: = € M®(y) and together with Remark 6.2.23 the asser-
tion. O

On the other hand we have by construction

6.2.3 The A,-condition

In this section we will see that with an appropriate growth condition on @, the so-
called A-condition, Orlicz class, Orlicz space, and the closure of the step functions
coincide. In addition these conditions play an essential role for the description of the
dual space (see next chapter).

Definition 6.2.25. The Young function satisfies the
(a) Ap-condition, if there is a A € R, such that for all s € R

D(2s) < AD(s),
(b) A3°-condition, if there isa A € R and a & > 0, such that for all s > k

D(2s) < AD(s),
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(c) Ag—condition, if thereisa A € Rand a k > 0, such that forall 0 < s < k
D(2s) < AD(s).

Remark 6.2.26. (a) If ® satisfies the AS°-condition for a & > 0 and if @ is definite,
@ satisfies the AS°-condition for arbitrary & > 0.

(b) if @ is finite and satisfies the Ag—condition fora k > 0, ® satisfies the Ag-condition
for arbitrary k& > 0. In particular @ is definite.

(c) If @ satisfies the Ag-condition and the AS°-condition, @ satisfies the A>-condition.

Proof. The reason is found in the fact that the function s — (D(( )) is continuous on

R+ and hence bounded on any compact subinterval of R. m|

Remark 6.2.27. The Aj°-condition is satisfied, if and only if there isa p > 1 and a
K, such that: ®(ps) < k®(s) for s > k > 0, because (see Krasnosielskii [72]) let
2™ > p, then we obtain for s > k

D(ps) < D(2"s) < N'D(s) = KD(s).

Conversely let 2 < p", then ®(2s) < D(p™s) < K"D(s).
If ®(ps) < kD(s) for s > 0, then the Ar-condition holds for ®.

Theorem 6.2.28. If\¥ is not finite, then ® satisfies the AS°-condition. If in addition
W is indefinite, then @ satisfies even the A,-condition.

Proof. Let a > 0, such that ¥ is infinite on (a,c0) and finite on [0,a). Then by
Lemma 6.2.9 ®(s) < a - s for s > 0. On the other hand there is by Lemma 6.2.9 a
Young function @, < @ with

®s(s) 0 for 0 < |s| < s
s) =
? B(|s| —so) for|s| > so.

Hence for s > 25

D(2s) < 2as = 2—a5(s —s0) + 27a6(250 — 50)

B B
2 (@a(s) + @a(250) < 520a(s) < T ().
= — (Da(s 2(2s0 — 29, —P(s
B B B
If ¥ is indefinite, then by Lemma 6.2.9 there are a,b with b| - | < ® < a| - |. We

then have a a
D(2s) < 2als| = 251)\5| < ZEd)(s). ]



Section 6.2 Modular and Luxemburg Norm 199

Theorem 6.2.29. If ® satisfies the Ay-condition, then
C®(p) = L (p)
holds. This equality also holds, if 1(T') < oo and ® satisfies only A3°-condition.

Proof. Let x € L®(p), then there is an o € R with [, ®(az)dp < oo. Let
2% < «, then

2k 1
/Td)(x)du = /Td><2kx) dp < )\k/Td)<2kx> dp < )\k/Td)(ax)d,u < 00.

Let now pu(T') < oo, let @ satisfy the AS°-condition for a sy > 0, and let Tj be
defined by

To:={teT|27¥x(t)| > so},

then

/TQ(x)d,u = /TO D(z)dp + /T\TO D(z)dp < / O (x)dp + (T \ To)D(2"s).

To

For the integral over Ty we obtain as above

/TO ®(x)dp < /\’“/ ®(ax)dp < oo,

To

and thus the assertion. 0

Remark. The above theorem immediately implies that the modular is finite on all of
L®(p), provided that @ satisfies the A,-condition (resp. for finite measure the AS°-
condition).

For not purely atomic measures also the converse of the above theorem holds. In
order to prove this we need the following (see [114]):

Lemma 6.2.30 (Zaanen). Let E be of finite positive measure and contain no atoms,
then for every number  withQ < 3 < p(FE) there is a subset F' of E with the property

u(F) = B.

Theorem 6.2.31. Let (T, %, 1) be a not purely atomic measure space with p(T') < oo,
then the following implication holds

C®(p) = L®(u) = @ satisfies the AS°-condition.
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Proof. Let A be the set of atoms and let A := u(7"\ A):
Suppose @ does not satisfy the AS°-condition, then there is due to Remark 6.2.27 a
monotonically increasing sequence (t,,) with ¢,, —,—00 00, Where ®(t,,) > 1 for all

n € N and
1
CI)<<1 + )tn) > 2"®(t,) forn e N.
n

Let further (7},) be a sequence of disjoint subsets of 7"\ A with

A
200 (1)

w(Tn) =

which we construct in the following way let Ty € T\ A be chosen according to
Lemma 6.2.30, such that u(7}) = 2(1)( 5 and let T,y C (T'\ A) \ Ui, T; with

w(The1) = W(tnﬂ)' This choice is possible (again employing Lemma 6.2.30),

since

- A
<T\A\U >_,uT\A > ) —/\(I—ZZZ(D )_2n
i=1
We now define a function

t, forteT,
z(t) :== -
0 forteT\U, 2 Tn

We conclude z € C® (1), because

f‘b(x) = /Tq)(l’)d/,L = nz::lq)(tn),u(’fn) = )\; zin < 00

But we will now show: Bz is not in C®(p) for arbitrary 8 > 1: we then have 3 >
1+ % for n > ng, hence

A

/ O(Bx)dp = ©(Bt,) u(Ty) > (I)((l + Tll>tn>u(Tn) > 2"d>(tn)2nq)(t ) =),
and therefore

£o(50) = [ ()i - > / @A) = o
a contradiction. O

The connection between Ax-condition and the equality of Orlicz class and Orlicz
space is not present for every measure space, as the example of the R™ shows:
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Example. Let @ be finite and let 7' = {¢;,...,¢,} with u(t;) = Lfori =1,...,n.
Then C® = L2, even if ® does not satisfy a Ap-condition.

Theorem 6.2.32. If ® satisfies the Ag-condition, then

Proof. Let x € ¢®, then there is an o € R- with c:= f®(az) = doer @lax(t;)) <
00, hence for all i € N ®(ax(t;)) < ¢ holds, i.e.

Let now 2% < a. Using the Ag-condition for 0 < s < s¢ the remaining part of the
proof can be performed in analogy to that of Theorem 6.2.29. i

If @ satisfies the A,- resp. the Ag-condition, then, as we have seen, the Orlicz class
and Orlicz space agree. Thus the Orlicz class is a linear space, and contains all real
multiples. An immediate consequence is the

Theorem 6.2.33. If ® satisfies the Ay-condition, then
H® () = C®(p).
This equality also holds, if i(T') < oo and @ satisfies only the AS°-condition.
In the same way we obtain
Theorem 6.2.34. If ® satisfies the Ag-condition, then
h®(p) = ®(u).

The theorem of Lindenstrauss—Tsafriri, developed in the sequel, asserts in particular
that also the converse of the previous Theorem 6.2.34 holds. As a preparation we need
the following

Lemma 6.2.35. Let @ be a finite Young function. Then h® is a closed subspace of 1%,
and the unit vectors {e;} form a basis of h®.

Proof. Letx € h® and let z,, = Y_1" | x(t;)e;. By definition £ € h® holds for all

>0, ie. .
f@(z) = iZ}cb(””S”) < .
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In particular the above series converges and we obtain for n sufficiently large

Zq>($(;i)>§1 = f‘D< . )<1 = -zl <e

i=n+1

Therefore h% C [e;] and hence h® C [e;]. On the other hand, apparently [e;] € h®
holds and hence [e;] C h®. We obtain [e;] = h®.

Let z € h®, then there exists a sequence (x
Ty = X.

) C hq)7 Tp = Z;)i] xn(ti)ez with

Let &, = va(l >xn( ti)e; be chosen such that ||, — 2, ||(@) < L. Apparently
- 1
|2 = Zull@) < 1z — 2all@) + o
i.e. limy, oo &y = 2. Let now ¢, := ||x — inH(q)), then
- 00 _ N(n) N '
B AT R CC NI SNEUETIO) |
Cn . Cn - Cn
i=N(n)+1 i=1

We obtain 72| @(=; 2(t; )) < oo for a sequence (¢, ) tending to zero and hence = € h®,
because let k € N be arbitrary, then ¢,, < % for n > N and hence

Zij:VCD(k:a:(ti)) < li:v®<$§:)> <

We will now establish the uniqueness of the representation:

Suppose, s, = > p_; Tre and s, = >_7_, x}e), converge to x € h® and suppose
there is an ng € N with 2, # 7, , then u,, = s, — 5, = Y1 (x1, — 2, )ey, # O for
n > ng. Then due to the monotonicity of the norm for n > ny

1
HunH(d)) > H(xno - x;o)enOH(q)) = |x"° B x;m|q)7l(1) 0

Therefore the sequence (||uy||(q)) cannot tend to zero, a contradiction. O

Remark. In Theorem 6.2.22 we have established the closedness of 4% in a different
way.

In the theorem of Lindenstrauss—Tsafriri it will be shown, that ¢® is separable, if @
satisfies the Ag-condition.

Theorem 6.2.36. (°° is not separable.
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Proof. LetU :={x € {*°|x = (x;),z; € {0,1} forall i € N} and let z,y € U with
x # vy, then apparently ||z — y|| = 1. Using Cantor’s method one can show that U
is uncountable. Thus no countable dense subset of £°° can exist. O

In the subsequent consideration we need the following notion

Definition 6.2.37. A basis {x,} of a Banach space is called boundedly complete, if
for every number sequence (a,,) with sup,, || Y- | a;x;|| < oo the series Y | anyp
converges.

Theorem 6.2.38 (Lindenstrauss—Tsafriri). Let @ be a (definite) finite Young function.
Then the following statements are equivalent:

a) @ satisfies the Ag-condition.

b) (® = K.

¢) The unit vectors form a boundedly complete basis of {®.

d) (® is separable.

e) (% contains no subspace isomorphic to (>,

f) (® =m®.

g) (® =2
Prooé a) :c; b): By Theorem 6.2.32 we have /® = ¢®. Hence c® is a linear space,
ie. c® = h".

b) = c): Letsup, || >, aieil|@) = ¢ < oo for a sequence (ay), then ¢, =
| >t “eill@) < 1holds, hence

q
E:?zl S, " a;
@ ® i
1>f <Cq>2f (E q€z>-

n i=1

Therefore 1 > "7, @©(%) and thus (a1, az,...) € ¢® = h®. By Lemma 6.2.35
the series Y o0, a;e; converges in h®.

¢) = d): The linear combinations of the unit vectors with rational coefficients {e;}
form a countable dense subset of /®.

d) = e): Since /> is not separable, /% cannot contain a subspace isomorphic to £°°.

e) = a): Suppose @ does not satisfy the Ag—condition. Then there is a sequence
(tn)nen, such that

q)(ztn)/q)(tn) > 2n+1 and (I)(tn) S 27(n+1)

(if necessary choose a subsequence).
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Choose a sequence (k) of natural numbers in the following way: let k,, be the
smallest natural number, such that 2~ ("1 < kn®(ty,), then apparently

2~ ) <k d(t,) <277,

and therefore Y 07 | k, ®(t,) < > 07 27" =

kn®(2t,) > 2" d(t,) - ky > 1.
Let a := (a,) be a bounded sequence of numbers and let 7" : /> — (® the linear
mapping defined by

1
1—3

T(a) = .= (altl,... yai1ty,anta, ... aata, ... Anty, . .. ,antn,...),

ki —times k> —times ky, —times

then for a # 0

(i) ~ 22 (G = L oo

holds and hence ||z[|(@) < supy, [ag|.
On the other hand let 0 < ¢ < supy, |ay|

D € _ anty
I ((Supk |ak| —€) ) Zk q)( (supy, \ak| - 5)) > kng®(2tny) > 1

for a suitable ng, i.e. ||z||(w) > 27" sup, |ax|. In other words

2 alloo < I1T(a) @) < llafloo-

Therefore T'(¢°°) is isomorphic to £°°.
a) = f): follows from b) together with Theorem 6.2.24.
f) = b): This follows immediately from m® c h®.
a) = g): This follows from Theorem 6.2.34.
g) = b): g) implies that ¢® is a linear space and hence contained in h®. m]

In the not purely atomic case similar assertions can be made as in the case of se-
quence spaces. The following theorem can be found in [107].

Theorem 6.2.39. Let © be a finite Young function and let (T, X, 1) be a not purely
atomic measure space. Then the following statement holds: if ® does not satisfy the
AS°-condition, L‘I’(u) contains a subspace, which is isometrically isomorphic to (*°.

Proof. Let @ not satisfy the A5°-condition, then there is a monotonically increasing
sequence (t,,) with t,, =00 00, where ®(t,,) > 1 forall n € N and

1
<I><<1 + >tn> > 2"®(t,) forn e N.
n
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Let S € X non-atomic with 0 < p(S) < 1. Let further (S,) be a sequence of
disjoint subsets of S with
p(5)

Then we construct a sequence (1, ),, in L® (1) with supp x,, C.S,,, such that f®(z,,) <

€L
2n:

For the construction of x,, we choose a sequence of measurable, pairwise disjoint
sets Sy, C Sy, with the property 11(Sy, 1) = zkf{i) 7 Then we put

o0
Ty 1= Z thgmk.
k=1

In this way we obtain

DY I LA

k=1 k=1

Let a := (a,) be a bounded sequence of numbers and 7" : £ — L®(y) a linear
mapping defined by -
= Z AnTn,
n=1

then for a # 0
(o} T = ApTp > 1
= D (I) < —
(=) Z/ () Z ()< 5 =

holds and hence ||z][(@) < ||a|/oc. On the other hand let 0 < ¢ < ||al/oc and ng € N

be chosen, such that Haﬁ% =1+ > 1then

x anxn an xn
=) =S Lo (i) [ ()
lalleo — € Z lallo — € Sug \lalloo —€

= / O((1 + 6)0,)dp
S,

0

i Sho,e)P((1 + 6)tk) = i M(Sno,k)q)<tk <1 + ;))

k=1 k=Fkq
oo
> Z Sng k)25 @(t) = D p(Sny) = 00,
k=ko k=ko
ie. [|[z][@) > [lallc —&. In other words || T(a)|(@) = l|allcc- Therefore T'(£>°) is

isometrically isomorphic to £°°. m|
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For infinite measure we obtain a somewhat weaker assertion:

Theorem 6.2.40. Let (T,%, u1) be a o-finite, non-atomic measure space with i(T) =
o0, then the following statement holds: if Lq’(,u) contains no subspace isomorphic to
{°°, then ® satisfies the Ay-condition.

Proof. The AS°-condition we obtain by Theorem 6.2.39.

In order to establish the validity of the Ag-condition in this situation, we construct
a subspace of L®(u), which is isometrically isomorphic to £®:

Let T' = (Jg— Bj, where the By, are pairwise disjoint and of finite measure. Then
we choose a sequence of integers k; with kg = 0, such that ,u(UZ‘IkO b1 Be) > 1

and u(Uk"*k‘ 1 Bk) > 1. Now choose S, C Uk”*k' +1 Br with pu(Sy,) = 1 (using
Lemma 6.2.30). Those z € L®(y) that are constant on all S,, and are identical to zero
on T\ U2, Sn, then form a subspace of L® (1), which is isometrically isomorphic

to ¢®: let T : ¢® — L®(p) be defined by ¢ — z := > 22, ¢;xs;, then

= o) Zq’(nxn >“(Si):;ilq’<lml(;+e>’

ie. [[c[l@) < [|2[/(®)+e, and similarly one obtains ||¢||(@) > [|7||(@)—¢. Then, accord-
ing to our assumption /% cannot contain a subspace isomorphic to /*°. Employing the
theorem of Lindenstrauss—Tsafriri this yields the Ag—condition for @. m]

Corollary 6.2.41. The above theorem also holds, if (T, X, j1) is a o-finite, not purely
atomic measure space with (T \ A) = oo, if A denotes the set of atoms.

As was established above, the Ay-condition has the effect that Orlicz space, Orlicz
class, and the closure of the step functions coincide. This fact is recorded in the
following

Theorem 6.2.42. Let (T,X, 1) be a o-finite measure space and let ® satisfy the Ay-
condition. Then

M®(u) = L®(n) = C®(n) = H(n).
This also holds, if u(T') < oo and ® satisfies the AS°-condition.

Proof. Since @ satisfies the Ay- resp. the AS°-condition, @ is in particular finite and
hence M®(y) = H®(u) by Theorem 6.2.24, due to Theorem 6.2.29 we obtain
L®(u) = C®(u), and by Theorem 6.2.33 C®(u) = H®(p). O

For not purely atomic measures and sequence spaces we even obtain that the above
equality is equivalent to the corresponding A;-conditions.
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Theorem 6.2.43. Let (T, X, 1) be a not purely atomic measure space with u(T) < oo
and let @ be finite, then the following statements are equivalent:

(a) O satisfies the AS°-condition

(b) H® = L%
(c) C®=1L1°%
(d) M® = L%

Proof. (d) < (b) follows from Theorem 6.2.24.
(b) = (c) due to H® c C?.
(c) = (b) since C'? is a linear space, hence C® ¢ H?.
(a) = (c) follows from Theorem 6.2.29.
(c) = (a) follows from Theorem 6.2.31. O

If @ does not satisfy the AS°-condition, one can construct a function x € C® ()
such that the distance of 3x to all step functions is at least 1, as the subsequent example
shows:

Example 6.2.44. Let ® not satisfy the AS°-condition, then there is a monotonically
increasing sequence (t,,) with ¢, —, oo 00, where ®(¢,) > 1 and
D(2t,) > 2"d(t,) forn € N.

Let further (7},) be a sequence of disjoint subsets of 7', constructed in a similar manner
as in Theorem 6.2.31, such that
1 w(T)

H(Tn) = 2”d>(tn) < )

for n sufficiently large. We now define a function

t, forteT,
z(t) :== -
0 forteT\U, 2 Tn-

We obtain 2 € C® (), because

1) = [ ®@du= Y O(taulT) =Y 5 <o
T n=1 n=1

Moreover: 3z € L® but not in M®(1): in order to see this let 3 be an arbitrary step
function, then y is in particular bounded, i.e. there is a number a with |y| < a and
hence for n sufficiently large

FoBr—y) = /T O3z — y)dp > O3ty — a)u(Ty) > B(2h,)u(T,)
1

and therefore ||3z — y/|(@) > 1.
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For infinite and non-atomic measures we have a theorem that corresponds to Theo-
rem 6.2.43:

Theorem 6.2.45. Let (T,X, 1) a o-finite, non-atomic measure space with (T) = co
and let @ be finite, then the following statements are equivalent:

(a) @ satisfies the Ay-condition
®) H®(n) = L(n)

(©) C®(u) = L®(p)

(d) M®(u) = L®(p).

Proof. (d) = (a): Since M® (1) = H®(p) by Theorem 6.2.24 and H® (1) € C®(u)
the equality C® () = L® () follows and hence by Theorem 6.2.31 the A3°-condition
for ®. Using the same construction for /® as in Theorem 6.2.40, the Orlicz space
L® (1) contains a subspace isomorphic to /. If ® does not satisfy the Ag-condition,
¢® contains a subspace isomorphic to £°°, in which the step functions are not dense, a
contradiction.

(a) = (c) follows from Theorem 6.2.29.

(c) = (b) follows from Theorem 6.2.33.

(b) = (d) follows from Theorem 6.2.24. O

Corollary 6.2.46. The above theorem also holds, if (T, X, j1) is a o-finite, not purely
atomic measure space with 1(T \ A) = oo, if A denotes the set of atoms.

6.3 Properties of the Modular

6.3.1 Convergence in Modular

We have seen above (see Theorem 6.2.21) that norm convergence always implies
convergence in the modular.

The subsequent theorem states that the converse also applies, provided that @ sat-
isfies the A,-condition.

Theorem 6.3.1. Let @ satisfy the Ay-condition and let (xy,)nen be a sequence of
elements in L®(1). then

Fan) =50 = @ —=>0

holds. This is also true for finite measure, if ® is definite and only satisfies the A5°-
condition.
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Proof. Lete >0and 2™ < eforam € N, thenfora A >0
[ o wnan =yt [ ot =0
T T

Hence there is a NV € N, such that forall n > N
L,
o0 Jau= [ @@ (@)du< 1
/T (2m> T

||an(d)) <2TM < e

holds. Therefore

We now consider the case ;1(7") < oo. Since @ is definite, the AS°-condition holds
for arbitrary £ > 0 (see Remark 6.2.26). Let now sy > 0 be chosen, such that
®(s0) - u(T) < 5. Let T,, be defined by

T, :={t €T |2"|x,(t)] > so},

and m chosen as above, then
| o @nau= | O (e + / ")
< /T ®(2" (0))dp + (T \ T)(s0)

holds. For the integral over 7;, we obtain with & = 5% and the A5°-condition for
s > k as above

/ D™ (2,))dp < A™ / () dp 2% 0.
T Tn

Altogether we obtain for n sufficiently large

[ o @<,
T

and therefore the assertion. O

Example 6.3.2. Let ®(s) = elsl — 1. Then ® does not satisfy the AS°-condition. Let
further T = [0, 1], & > 0, and let

NG

) In2 for0<t<a?
l‘ fr—
“ 0 fora? <t<1.
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For ¢ > % we then obtain

2 2

) [ () - [

T R IR >
= |Qxc lt 2c—t = acY c - I —
1— L 1- L

2c 0 2c

1 1
:a2< 1—1>:a2-201.
1 =5 =5

For ¢ = 1 we have f®(x,) = o and for ¢ = %(az +1)

1
f(l) xf(x o a2 al+1 _ 1+a? 1
c - 1 [ 7

T+l 1+a?

ie. [|zall@) = %(az +1).

For a — 0 we obtain f®(24) — 0 but ||z4//@) — 5, showing that convergence in
the modular does not imply norm convergence.

Moreover, for 0 < p < 2 we find

1

Dy —2 _ 2
£2(p) /O@s 1)dt

15

| o

< 00,

i
but f®(2-x) = fol(e2ln Vi —1)du = fol(% —1)dt = ccie. C® # L.

For sequence spaces we obtain a correspondence to the previous theorem:
Theorem 6.3.3. Let @ satisfy the AS-condition and let (xy,)nen be a sequence of
elements in (®. Then

Fan) 250 = lanl@) 0.

Proof. We show as a first step the uniform boundedness of the elements of the se-
quence: from f®(x,) —, 0o 0 we obtain a ¢ > 0, such that

fq)(xn) = Z O(zn(ti)) <c,

t, €T

ie. [x,(t;)| < @ !(c) foralli € N. Lete > 0and 2™ < ¢ for am € N. If we put
50 1= 2m@p~! (¢), then, using the Ag—condition for 0 < s < s¢ the remaining part of
the proof can be performed in analogy to that of Theorem 6.3.1. m]
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Example 6.3.4. Let

0 fors =0
e*é for0<$§%
(s—13) (g)2+e—2 for s > 1.

For() <s < iwehave

D(2s) e 2 12 1 550
(I)(8> = T =€ 2s - @2s = @28 —» s
e s
i.e. @ does not satisfy the A-condition. The convexity of ® for s < % follows from
1 _1
D(s)= —e s
(5) = e
2 1 1\ 1 .
/! —= —= .
o )f—ge s+s—46 s = <—2+S>836 s > 0.
We now consider the space [®. Let n > €2, then we define z,,(t) := lnan for

1 < k < n and equal to zero for k& > n, then
- 1 SN | 11
L)) _ _ _ o n—oo
/ <xn>2¢(mz)2@wnﬁn—>o7
k=1 k=1

but [z, || (@) = 1. because

n 1
o In Inn? 2 1 1
() -0 ()=o) - woelme) =

i.e. convergence in the modular does not imply norm convergence.
Moreover, ¢® # (®, because let x(ty) = ﬁ forn € Nand n > 2, then

JO(x) =300, & < oo but
> 2 1
1o(20) = ;cp<2mn> Yy low

6.3.2 Level Sets and Balls

In the sequel we will establish a relation between level sets of the modular and balls
w.r.t. the Luxemburg norm.

Notation 6.3.5. The ball about = with radius r w.r.t. the Luxemburg norm we denote
by
K)(z,7r) :={y € L) | ly — =l @) <7}
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Lemma 6.3.6. Let 1 > ¢ > 0 then K(¢)(0,1 —¢) C Sjo(1) C K()(0, 1) holds.

Proof. Letx € Spo(1) then

/ch(‘f)du:/Tcp(x)dug 1.

By definition this implies ||z||() < 1. On the other hand let z € K(4)(0,1 — ¢) and

x # 0, then by definition of the Luxemburg norm there is a sequence (c,,) of positive

numbers such that ¢, > ||z[|(q) and lim;, o ¢ = [|7[@) < 1 —¢,ie.cp <1 -3

for n sufficiently large. Due to the convexity of @ we then obtain

1
1= <I><x>du > [ a@an
T Cn Cn JT

and thus [, ®(z)dp < ¢, < lie. x € Spo(1). o
Remark 6.3.7. In Theorem 7.3.5 we will show that Sy (1) is closed.

Remark 6.3.8. From the above lemma and Theorem 7.3.5 we conclude

Spa(1) = K@)(0,1).

By the characterization of the continuity of real-valued convex functions (see The-
orem 3.5.4) we know that boundedness on a ball guarantees continuity. But according
to the above lemma we have K (g)(0,1 — &) C Syo(1) and hence f®(x) < 1 for
x € K(q,)(O, 1 - 8).

In particular we obtain the following

Theorem 6.3.9. Let ® be finite, then f® : H®(1) — R is a continuous function.

Proof. By definition f? is finite on H?. o

6.3.3 Boundedness of the Modular

A convex function on a normed space is called bounded, if it is bounded on bounded
sets.

Theorem 6.3.10. If © satisfies the Ay-condition (resp. for T of finite measure the
AS°-condition), then f®: L®(u) — R is a bounded function.

Proof. Let at first @ satisfy the Ay-condition, let M > 0 and » € K(¢)(0, M). Let
further 2" > M, then we obtain

Fo(x) < f“’(zz\;x) <A O <A"Z) < A"
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Let now 7" be of finite measure and let ® satisfy the A5°-condition, then put

201 ),

To:z{tET

and we obtain

@ <2n:c> dp + p(T)D(Mso)

@ = X X
J%@—AQUW+T%®UWS/ >

To

<A /T 0 (D(J\if)d,u + (T)D(Msg) < A" + pu(T)®(Mso). o

For sequence spaces we obtain

Theorem 6.3.11. Let @ be finite and let @ satisfy the AS-condition, then f® : (® — R
is a bounded function.

Proof. Let @ satisfy the A)-condition on every interval [0, a] (see Remark 6.2.26),
let M > 0and 2 € Kg)(0,M). Then we have: > 7° ®(f7) < 1 and hence

‘z—j\}' < ®~!(1). Let further 2" > M, then we obtain for a := 2"®~!(1)

o) < £ <]2\:[a:> < )\"fq’<;[> <A o



Chapter 7
Orlicz Norm and Duality

7.1 The Orlicz Norm

The functional Ng defined below will turn out to be a norm, whose domain of finite
values will emerge to be L®(1z). This norm will be called the Orlicz norm.

Definition 7.1.1. Let ®@ be a Young function and ¥ its conjugate. Let F be the space
of equivalence classes of p-measurable functions, then we define the following func-
tional:

Nog : EF — ﬁ,

No(u) == sup{’/TU-ud,u

Remark. The functional defined above is monotone in the following sense: from
|ui| < |ua] it follows that N (u;) < Ne(usz), because

] / uuldu\ _ \ / sign(unvuudu\ < [ bl < [ ol sl
T T T T

= ‘/sign(u2)|vu2dy‘ < No(up)
T

where

v e wa(l)}.

holds, and hence apparently Ng(u1) < No(up).

Theorem 7.1.2. Let ¥ be the conjugate function of @, then
(@) No is finite on L% (1)
(b) L®(u) C L¥(p)*
(©) No <2[ - (@)

hold.

Proof. Letxz € L®(u) and y € Spv(1). Let further A > ||z||(q) then due to Young’s

inequality
x x
Sl <x( [ @5 )an+ [ wwin) a1 =2n
A T ) .

‘/x-yd,u‘ < )\/
T T
(7.1)
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By Lemma 6.3.6 we have Ky (0,1 — &) C Spv(1). Thus the functional y — [, -
ydu defined by x is bounded on Ky, (0,1 — ¢) and hence a continuous functional on
LY (). Moreover we obtain Ng () < 2 and hence (c). a

The functional Ng is apparently a norm on L® (1), which we will call the Orlicz
norm, and it will turn out to be equivalent to the Luxemburg norm (see Theorem 7.5.4).

Definition 7.1.3. On L®(;1) we define the Orlicz norm by

lello = sup{| [+ [y € 50}

Remark. Since
Spe(1) = Ky (0, 1),

(see Remark 6.3.8) it follows that

lallo = p{\ /Tit'ydﬂ‘ ] Il < 1}.

Thus the Orlicz norm corresponds to the canonical norm of the dual space, i.e. (L®(11),
| - ||lo) is isometrically imbedded into the dual space of L¥ ().

7.2 Holder’s Inequality

Theorem 7.2.1. The following inequalities hold:
@ [2o < 2] @ forallz € L)
(b) Holder’s inequality | fo cydpl < ||zl - ||y||(\y).

Proof. (a) follows from Theorem 7.1.2.

Let further be ¢ > 0, then by Lemma 6.3.6 - € Sfuy(l), ie.

y
llwllew)+

Yy
vV ] < el
/T Tolloe) +

whence Holder’s inequality follows. O

Since the conjugate of ¥ is again @, we can interchange the roles of ® and ¥ in
the above consideration and we obtain LY (1) as a subspace of L®(y)*.

We will investigate under what conditions these two spaces are equal in the sequel.
It will emerge that in this context the Ay-condition plays a central role.
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7.3 Lower Semi-continuity and Duality of the Modular

Beyond the description of the dual spaces we are also interested in this chapter in the
duality relation between modulars: the fact that Young functions are mutual conju-
gates carries completely over to the corresponding modulars.

Definition 7.3.1. (f¥)*: (L¥(n))* = R

)= s { [evta-r*w}.

yeL¥(

Remark. (f \P)* is thereby also defined on L% (1), because by Theorem 7.1.2 we have
L®(n) € (LY ()"

We will use the following lemma for real-valued functions f on Cartesian products
of arbitrary sets as a tool to interchange the order of least upper bounds for the values

of f:

Lemma 7.3.2. Let A, B be sets and f : A x B — R, then
sup f(a,b) = supsup f(a,b) = supsup f(a,b)
AxB A B B A

holds.

Proof. Let (ay,by), be a sequence in A X B with

flan,by) n=eo, sup f(a,b).
AxB

Let first of all sup 4, 5 f(a,b) < oo, then for n > N and given e > 0
f(a’rhbn) 2> sup f(av b) —€
AxB
holds, moreover
f(an,bn) < sup f(an,b) < supsup f(a,b)
B A B
f(an,bn) < sup f(a,bn) < supsup f(a,b).
A B A
Since supg f(a,b) <supy, g f(a,b) forall a € A and

sup f(a,b) < sup f(a,b) forallb € B,
A AxB

we obtain

sup 4 supg f(a,b) }
) —e< < b).
s J(0.0) e < { PP 0] < up

The case sup 4,5 f(a,b) = oo can be treated in a corresponding manner. m|
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Lemma 7.3.3. Let @ be a non-finite Young function. Then there is a sequence (®,)nen
of finite Young functions converging pointwise monotonically increasing to ®. The
sequence (W, )nen of the corresponding conjugates then converges pointwise mono-
tonically decreasing to Y, the conjugate of ®.

Proof. Let @ be finite for |s| < a and infinite for |s| > a, and let (s,,) be a monoton-
ically increasing sequence in (0, a) with s,, — a. Then we define for s > 0

D(s) for0 < s < s,
D, (s) 1= { D(sp) + D, (s0) (s — sn) fors, <s<a
D(sp,) + D (sn)(a — s5) +n(s —a)® fors > a.

For s < 0 we put: @,,(s) := Dy, (—s).
We now discuss the monotonicity:
(2) 0 < s < s, here we have: @,,(s) = @, 11(s).
(b) s, < s < spy1: according to the subgradient inequality we have

D, (s) = D(sy) + D' (sn)(s — 5p) < D(s) = Dypp1 (). (7.2)
(¢) sp+1 < s < a: and again by the subgradient inequality
Dy (sn11) = P(sp) + q)l-i-(sn)(an —5p) < DP(Sn11) = Prg1(Snr1),

apparently
D, (s) = P (sn+1) + (I)'Jr(sn)(s — Spt1),

and hence, using (7.2) and the monotonicity of the right-sided derivative

D, (s) < Dpyi (Spp1) + D (Sp41)(5 = Sng1) = Prpi(s),

(d) s > a: since, again due to (7.2) and the monotonicity of the right-sided deriva-
tive, we have
@, (a) = Dp(sy) + @g_(sn)((a — Spt1) + (Sn+1 — Sn))
< D(spr1) + d);(sn)(a — sn+1) < @pi(a),
monotonicity also holds in this case.
As to pointwise convergence we remark: for 0 < s < a we have for n sufficiently

large: s < s, and hence ®@,,(s) = D(s).
For s = a we find: 0 < @/, (s,,)(a — s,,) < ®(a) — P(sy) and hence

D(sp) < D(sy,) + D (sn)(a — sn) = Pp(a) < D(a).

Due to the lower semi-continuity of ® we have: ®(s,) — ®(a) and hence (P,,)
converges pointwise to ®@.



218 Chapter 7 Orlicz Norm and Duality

This also holds, if ®(a) is finite and @/, (s,) — oo, but also, if ®(a) = oo, because
@ is due to its lower semi-continuity continuous in the extended sense.

Moreover, ¥ is by Lemma 6.2.9 finite. Thus the pointwise convergence of the
sequence (W) to W follows from Theorem 6.1.27. O

Theorem 7.3.4. Let ® be a Young function and ¥ its conjugate, then for arbitrary
z e LP(n)

rw = sw { [ o=} - 0@

yeL¥(u)

holds.

Proof. At first let @ be finite. By Young’s inequality we have for y € LY ae.
O(x(t)) > z(t) - y(t) — ¥(y(t)) and hence: f®(z) > [ xydu — f¥(y). There-
fore

f®(x) > sup {/Trcydu—f\"(y)}

yeL¥(u)

If0 < u € Eis bounded with finite support, then the same is true for ¥(®’_(u)), since
according to Lemma 6.1.10 ¥(®’_(0)) = 0 and W¥(d’,(-)) is finite and apparently
monotonically increasing. Hence we obtain f¥ (y) < oo for y = @', (u), in particular
alsoy € LY (). Young’s equality then implies ®@(u) = u®, (u) — ¥(P, (u)) and
therefore

fO(u) = /Tuydu— ).

Let now z € L®(y) be arbitrary, T = |J72, Bj, u(Bj) < oo for j € N, B" :=
Uj—, Bj and

(t) x(t) for|z(t)| <n,te B"
z,(t) :=
0 otherwise

then all functions z,, are bounded, have a support of finite measure and |z, | 1 |z| a.e.
Employing the theorem on monotone convergence of integration theory it follows that
f®(x,) 1 f®(x) and for y,, = @/, (z,,) we obtain

@ _ Y
f (xn)_/TfL'nynd,u f (yn)

We now distinguish two cases:
(a) f®(x) = oo: let ¢ > 0 be arbitrary, then there is a N € N, such that for n > N

1O () = / Eagndit — ¥ () > ¢
T
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For n fixed then zxy, — koo Y, pointwise a.e., and by construction |zg| |y,| <
|| [yn|, and [, || |yn|dp < oo due to Holder’s inequality. Lebesgue’s convergence
theorem then implies that

/ 2] [yl — / 2] lynldis,
T T

/Txyndu — ¥ (yn) >c—¢

for n sufficiently large, hence

sup {/ zydp — f\P(y)} = oo.
yel¥(u) LJT

(b) f®(x) < 00: let 0 < e < f®(z), then for n sufficiently large

and hence

fq)(xn) = / TpYndp — f\l‘(yn) > fq)(x) - &
T

and hence in a similar way as above

sup {/Twydu— f“’(y)} > f(x).

yeLY (u)

Let now @ not be finite, then there is a sequence (®,,) of finite Young functions, con-
verging pointwise monotonically increasing to @ (see Lemma 7.3.3). By Lemma 6.2.7
we have in particular L ¢ L®». The sequence (¥, of the conjugate Young func-
tions converges pointwise monotonically decreasing to ¥ (see Theorem 6.1.27 and
Lemma 7.3.3).

Let now y € L', then we obtain by Holder’s inequality

\ / xycm' < llzllw - Iyl < oo

According to our above consideration we conclude

SO (x) = sup {/xydu—fq’"(y)} = sup {/xydu—fq’"(y)},
yeL¥n T yeL¥ T

where the last equation can be justified as follows: by Lemma 6.2.7 we have LY» C
LY, butfory € LY\ LY we have f¥»(y) = cc.
The theorem on monotone convergence of integration theory yields for 2 € L®

f(x) = sup [ (x),

neN
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and fory € LY
F¥(y) = inf f7(y) = —sup{—f""(y)}.

neN neN

Altogether we conclude using the Supsup-Lemma 7.3.2

7o) = sup 19 2) = sup sup { [ leylda— %)}

n yeLY

sup {/ Ixylduinffw”(y)} = sup {/ ﬂcylduf“u(y)}- o
yeL¥ T " yeL¥ T

An important consequence of the above theorem is the following:

Theorem 7.3.5. f® : L®(u) — R is lower semi-continuous and thus S ro(1) is
closed.

Proof. Being the supremum of continuous functionals [.(-)ydu — f ¥(y) on L®(u)
with y € C’\P(u) then according to Remark 3.5.2 f® is lower semi-continuous on
L®(p). o

7.4 Jensen’s Integral Inequality and the Convergence in
Measure

As an application of Holder’s inequality it will turn out that norm convergence always
implies convergence in measure. This fact will become important in the next chapter.

Definition 7.4.1. We say, a sequence of measurable functions (x,,)nen converges
in measure to a measurable function xg, if there is a sequence (Q)nen With
1w(Qn) —n—oo 0, such that

lim sup |z, (t) — zo(t)| = 0.
n—r00 tET\Qn

For the proof of the implication we have announced above, we can make use of the
following

Theorem 7.4.2 (Jensen’s Integral Inequality). Let A be a measurable set of finite
measure and ® a Young function and let v € C® (), then

(5t o)< o
holds.
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Proof. Let v € C®(p), then, due to Holder’s inequality,
because

v| is integrable over A,

/ odjs = / vxadp < [|v]l ol xalle-
A T

Let now

) v(t) for|v(t)|<nandte A
v (t) ==
0 otherwise.

Then v,, € C®(p), since |v,(t)| < |v(t)|ie. fP(v,) < f®(v). We will now approx-
imate v,, by a sequence of step functions: let 6, := 7 for k € N and let for r € Z
with) <r <k

Crtr = A{t € A|10nr < vp(t) < (r+ 1)0px}
and for -k <r <0
Chrper :={t € B" | (r — 1)0n < vp(t) < ropk}-
Then we define forr = —k, ...,k

) Ak = T0p  fort € Coiy
’Unk(t) = .
0 otherwise.

Then |vy,1(t)] < |vp(t)] and |vpk(t) — vy (t)| < Opi for all ¢ € A and hence

1 1 !
,u(A)/Aq)(U)dMZ M(A)/Ad)(vn)duz u(A)/A(D(’Unk)dM

- ’u(lA) Zq)(ankr):u(cnkr) > q)<u(1A) Z ankrﬂ(cnkr))

-o{gl )

where in particular the latter sequence is bounded. By construction we have

| Jyowan= [
_ Uprdit — | vpdp| < 0ng,

and the lower semi-continuity of @ yields ﬁ / 4 Vndp € Dom®. Let now € > 0,
then, due to the continuity of ® on Dom @, for k£ € N sufficiently large

it ) i o) -

u(lA)/Ad)(v)dMZQ)(@/Avndu) e

We conclude by using Lebesgue’s convergence theorem [ A Undpt — / 4 vdpL. |

Hence
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For the Luxemburg norm of characteristic functions we obtain:

Lemma 7.4.3. Let @ be an arbitrary Young function and () a measurable set with
w(Q) < oo, then

@ lIxollw) = ﬁ holds, provided that ( )] is an element of the range of ®@,
Q)
®) lIxell@ = Q otherwise, where ®(t) = oo for t > to, and ®(t) < oo on
[0, too).
Proof. (a) For c = % we obtain
>~ Gy
1 X
1=u(Q)<I><> = / <D<Q>du,
& T &
_ 1
hence ||XQ||(<I>) ey
(b) In this case we have: inf{c > 0] u(Q)D (%) } , since for ¢ € [0, tx)
we have ®(t) < (Q) hence for § > 0: d)(ffé) < ) Therefore Ixell@) < ]t—
on the other hand: ®({=5) = oo and thus || xq| @) > =2 ]

In order to obtain the Orlicz norm of characteristic functions we can employ
Jensen’s inequality.

Lemma 7.4.4. Let QQ be a measurable set with 11(Q) < oo and let W be finite, then
Ixallo = (@)Y~ (51g7) holds.

Proof. By definition: ||xg|le = sup{ [, xoudu| f¥(v) < 1}. Due to the previous
: _ 1 ._ —1(_1
lemma we have: ||xqllpw) = ) If we put v := xq - ¥~ (557) (1 — €). then

=

we obtain |

Iolle = 1(@¥! <u<@>> (-

forevery 0 < e < 1.
On the other hand we obtain using Jensen’s integral inequality for f¥(v) < 1

w(u(l@ /Q vdu) < /Q ) < o 0 < o

therefore [ xqudu < M(Q)‘I’_l(m) forall v € Spv (1), hence

1

Ixollo < 1(Q)w! (mc») .

We are now in the position to present the connection between norm convergence
and convergence in measure.
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Theorem 7.4.5. Let (T, Z, 1) be a o-finite measure space. Then the following state-
ment holds: x,, — xo in L® (1) implies convergence in measure of x,, to x.

Proof. Suppose this is not the case, and let (Q),,) be a sequence of measurable sets
with (@) —n—oo 0. Then there is a ¢ > 0, such that for all N € N thereisn > N
with the property
sup [z (t) — wo(t)] = ¢,
teT\Qn

i.e. there is a subsequence P, C T\ @y, and a p > 0 with p < p(P,,) and
|, (t) —zo(t)| > forallt e P,,.

At first we show: there are subsets R,,, C P, of finite measure, such that 0 < p <
(Ry)
(@) pu(T) < oo put Ry, 1= Py,
(b) u(T) = oc: since the measure space is o-finite, there is a representation T =
Ui2, T; with pairwise disjoint T; of finite measure. Then in particular P,, =
U2, Ti N Py, If (P, ) = oo, then choose k(n) such that R,,, = Ufg) T; N
Py, and p < p(Ry,) < oo. If u(Py,) < oo, then put R, := P,,.
We now distinguish two situations (at least one of the two Young functions, ® or
Y, is finite):
(a) @ is finite, then |z, — xo| > |n, — TolX R,, and — due to the monotonicity of
the Luxemburg norm
1 1

q)_l(u(Rlnk)) - q)_l(%)

[0, = 2oll@) > &

a contradiction.

(b) Y finite: using Holder’s inequality we obtain
/T %y, — ZolXR,,, At < [|Zny, — Zoll(@) X R, e < 2M[20, —2oll(@) XA, lo)-
On the other hand
/ Ty, — TolXR,, A 2> Ep(Rny).
T

Hence we obtain

1 1
2||xn, — o >ep(R ‘I’_l< > Zep‘P_l<> > 0,

since the function s ++ s¥~! (%) is according to Lemma 6.1.26 monotonically
increasing on (0, o), again a contradiction. O
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Remark. Direct use of the Orlicz norm of the characteristic function in part (b) of
the above proof would have yielded the inequality

|20, — Zoll@) X R, I = ept(Rny),

therefore
1 1
€
-1 1 —1(1
Y Gy Y(G)

[0y, = oll(@) =

since it is easily seen that the function s — is monotonically increasing on

(0, 00).

1
¥-I(L)

Again by use of Holder’s inequality we obtain a corresponding theorem for se-
quence spaces:

Theorem 7.4.6. x,, — x¢ in (® (1) implies convergence of x,, to x¢ in the supremum
norm.

Proof. Suppose there is a € > 0, a subsequence (x,,,) such that for every m there is a
point ¢;, with the property: |z, (t;,,) — zo(t;,, )| > €, then we obtain

> fem(ti) = zo(ti)xe,, (t:) < 2/|zm — zoll@) Xt | o#),
i=1

where || X, |loy) is constant according to Lemma 7.4.3. On the other hand

> lam(ti) = vo(ti)xe,, (k) = |m(ti,,) — zo(ti, )| > €,
i=1

a contradiction. O

7.5 Equivalence of the Norms
In the sequel we will always assume that 7" is o-finite.

Lemma 7.5.1. Let @ be finite and let @' denote the left-sided derivative of ®. Let u
be measurable with Ng(u) < 1. Then vy = @'_(|u|) belongs to C*¥ (1) and we have

f\P(vo) S 1.

Proof. First of all we show: let v € CY (1) then

No(u) if f¥(v) <1
/T“”d“’ = {Nq,(u)-f“f(v) for f¥(v) > 1.

The first inequality follows by definition.
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Let now f¥(v) > 1, then from ¥(0) = 0 and ¥ convex we conclude

W(f‘"?@)) : ;((i»))’

and therefore due to v € C(p)

(i) (i o i f o=

By definition of Ng we then obtain

/ v d ‘< No(u)
Uy —~dp| < No(u),

r ()

/ uvdu‘ < No(u)- f¥(v) if f¥(v) > 1. (7.3)
T

Let now No(u) < land u # 0. Let T = (J2, By, u(B;j) < oo for j € N and
"= Jj_, Bj. We define

and hence

) u(t) for|u(t)] <mand t € B"
Up(t) =
0 otherwise.

Young’s equality yields W(®'_) finite on all of R and W(®’_(0)) = 0 (see Lemma
6.1.10), hence

FH(@ (Jun])) /w (ltn]))dpe = /\P (Jun) du</ W@ (n))dp
= (B ¥ (@ (n),

therefore @' (|u,|) € C¥(p). Since u # O there is N € N, such that u,, # 0 for
n > N. We now consider two cases:

(a) @ definite, then ®(u,(t)) > 0 on a set of positive measure.
(b) @ indefinite, then sy := max{s|®(s) = 0} > 0. If ®(u,(t)) = 0 ae. then
|un (t)| < sp a.e. and hence @ (|u,(t)|) = 0 a.e., hence W (P’ (|u,(t)])) =0
a.e. So, if W(@"_(|u,(t)])) > 0 on a set Tj of positive measure, then |u, (t)| >
s on Ty, and hence ®(uy,(t)) > 0 on Tp.
Suppose there is ng > N with f* (D" (|uny|)) = [ Y (P (|un|))dp > 1.
In particular @ (uy,(t)) > 0 on a set of positive measure. Young’s equality then
yields

(DL (Jun,y (1)])) < @ (uny(t)) + P (P (Jun, (t)])
= |uno(t)| ) Q)L(|un0(t)|)
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on a set of positive measure. Using Inequality (7.3) we obtain by integration of the
above inequality

Y a/ _ ! (lu u "
f@(WM—AT@OmMW<AJw@¢UnNWM@

< Nd)(uno) : f\P(q)L(‘unOD)7

and thus Ng(up,) > 1. But our assumption was Ne(u) < 1 and by construction
|tn,| < |u|, contradicting the monotonicity of Ng. Hence f¥(®' (|u,|)) < 1 for
all n € N with n > N. The lemma of Fatou then implies f¥(vy) < 1 and hence
vo € CF(p). O

Lemma 7.5.2. Let u be measurable and let No(u) < 1, then f®(u) < No(u) holds.

Proof. First of all let ® be finite and let vg = ®’_(|u|) sign(u). By Lemma 7.5.1 we
have ¥ (vo) < 1. Young’s equality yields

u(t) - vo(t) = ®(u(t)) + ¥(vo(t)),

and hence

o) = [ o< [ o+ | W

= / u-vodp < Ne(u).
T

Let now @ not be finite. Then, as we will see below, we can construct a sequence of
finite Young functions (®,,), which is monotonically non-decreasing pointwise to ®.
Then by Lemma 7.3.3 ¥, > ¥, hence Syv, (1) C Sp¢(1) and hence No, (u) <
Ng(u) for every measurable function w. Let now Ng(u) < 1, then also Ng, (u) < 1
and therefore, according to the first part of the proof of this lemma

A%wwzﬂwmmmws%w.

By the theorem on monotone convergence, ®,,(u) T ®(u) implies

| @t = 12 < Nofw).

As to the construction of the sequence (®,,): let («,,) be a monotone sequence of
positive numbers tending to zero and W, (s) := ay, s> +¥(s) for arbitrary s € R. Then
(¥,) converges monotonically decreasing to W. The sequence (®,,) of conjugate
functions is finite, since the strongly convex functions ¥,,(s) — ¢s have compact level
sets for all ¢ € R. By construction the sequence (®,,) is monotonically increasing.
The stability theorem on monotone convergence (see Theorem 5.2.3) then implies (by
convergence of the values) the pointwise convergence (monotonically increasing) of
the sequence (®,,) to P. O



Section 7.6 Duality Theorems

227

Theorem 7.5.3. Let u € E and No(u) < oo, then v € L®(u) and
No(u) = |lull@)-

Proof. Lemma 7.5.2 implies

7 (vaiin) =% () =

and therefore Ne(u) > ||lul|(@)-

Thus Orlicz and Luxemburg norms are equivalent:
Theorem 7.5.4. Forall u € L® (1)
2/|ull@) = llulle = llull)

holds.

Proof. Theorem 7.5.3 and Theorem 7.1.2, as well as Definition 7.1.3.

Remark. Theorem 7.5.4 also provides the following insight: the set

M :={u € E|No(u) < oo}

is equal to L% (). In order to describe the Orlicz space as a set, the finiteness of the

Luxemburg norm is equivalent to the finiteness of the Orlicz norm.

7.6 Duality Theorems

Theorem 7.6.1 (Representation Theorem). Let (T, X, i1) be a o-finite measure space
and let @ finite, then every continuous linear functional f on M CI’(,u) can be repre-

sented by a function y € LY () via the formula
(3) = [ u®aldn x e L
T

If M® () is equipped with the Luxemburg norm, then || f|| = ||y

Proof. Let T = J;Z, B; where ju(B;) < 0o, and let

n

B":= | B;.

J=1
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Let ¥, the o-algebra induced on B" and let B € %, n fixed, then xp € L®(u1). We
will now show that v(B) := (f, xB) is o-additive and absolutely continuous w.r.t. s
let A; € X, fori € N,

A= JAi, AinA;=0 fori#j,
=1

then )., x4, = Xxa. At first we show

m—0o0

— 0.
(@)

Apparently we have pi(A) = >, 11(A;) and hence

1 o 1 m—0o0

Tl (T T ol
(®) @ (M(Ul mi1 A )) @ (Zi'mA»l M(Ai))

The continuity of the functional f implies

YA) = (f,xa) = D> _(Fx4,) ZW(A
i=1

Thus ~ is o-additive.
As to the absolute continuity: let &/ € X,,, then

V(&) = {fixe) < M llixele = Ml g=—

<(>

therefore
w(E)—0
s

V(E) = (f,xE) 0.

Then the theorem of Radon—Nykodym implies: there is a uniquely determined func-
tion y, () € L'(B™) with

v(B) = / Yn - XB dpt.

By the uniqueness of y,, and B™ C B™ for n < m we obtain y,,|pn = y,. Let now
Yy (t) := yn(t) for t € B™ and y™(t) = 0 otherwise. Then 3™ is defined on T,
and v(B) = [ y™) . xpdu for B € %,. Let now y be the pointwise limit of the
sequence ™), then in particular Y|gn = Yn for all n € N. Then for an arbitrary step

function z = Z?Zl cixa, with A, € £, fori=1,...,k

(fyz) = /T zydp. (7.4)
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As a next step we show: (7.4) holds for all z € M® (). By definition x is limit of a
sequence of step functions. We will repeat here the explicit construction in the proof
of Theorem 6.2.24, because we need its monotonicity property for further reasoning.
Let now

2alt) = {$(t) for |x(t)| < nandt € B

0 otherwise,

then z,, € L®(p), since |z, ()| < [x(t)] ie. |zn|| (@) < [|2]/(@). We will now approx-
imate x,, by a sequence of step functions: let d, := 7 for k& € N and let for r € Z
with) <r <k

Chrger = {t € B" | 10p < zp(t) < (r + 1)},
and for -k <r <0
Crter :={t € B" | (r — 1)0nx < 2n(t) < 1pp}-

Then we define forr = —k, ..., k

on(t) = 0 fort € Cou,
" 0 otherwise.

Then |2,k (t)] < |2z, (t)] and |z — x| < Ok, ie. (zpk) converges uniformly to x,,
and hence

li - =0.
kin;o | Znk xn”((b)

The continuity of the functional f and its representation on the space of step func-
tions (7.4) implies

(fszn) (f, znk) = klglolo/Txnky du.

= lim
k—o0
By construction we have
lim 2 (H)y(t) = za(t)y(t)  ae.
k—o0

Moreover
|2k )y (8)] < 2z ()y ()] < nly(@)] - xBn (1)

The function |y| is (due to the theorem of Radon—Nikodym) p-integrable over B™.
Therefore the requirements of Lebesgue’s convergence theorem are satisfied and we

obtain
(f,7) = lim /wnkyd,u:/ lim xnkydﬂz/xnydﬁ’“
k—o00 T Tk*)OO T
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By construction we also have |z,,| < |z| and hence ||z[/(@) < ||2[(). Furthermore,
we have by construction: |z,y| —n—co |2y| a.e. and we obtain using the lemma of
Fatou

\ /T xydu] < /T layldu < sup /T wnyldi = supl(f, Jaalsign(y))  (7.5)

< sup || flll[znll@) < 1/ 1lIz[l()- (7.6)
n

i.e. z(t)y(t) is integrable. The sequence (|z,y|) is monotonically increasing and con-
verges a.e. to |xy|. Thus Lebesgue’s convergence theorem is applicable and we obtain

lim (f,z,) = lim / Tpy dp = / Ty du. (7.7)
We will now show: lim,, o ||z — 2| = 0: since # — x, € H®(u) (see Theo-

rem 6.2.24 and Theorem 6.2.15) we have

{— / ¢<W>du.
v \lz —zull(o)

Suppose there is a subsequence (y,, ) with ||z — 2y, [|(@) > 6 > 0, then

1< / Q(x_xnk>dﬂ.
. 5

On the other hand we have by construction % < % and therefore CID(‘Q:%?"‘“') <

(I)(%). But again due to Theorem 6.2.24 we have |, d)(%)d,u < oo and by construc-

tion @(%) — 0 a.e. Lebesgue’s convergence theorem then yields

/ (I)<x _ x”’“)du — 0,
T 1)
a contradiction.

By the continuity of f and equation (7.7) we obtain

n—oo

lim (f, 2,) = (f,z) = /T 2y dy,

i.e. the representation of the functional f by a measurable function y.

It remains to be shown: y € LY (i) and |y|[¢ = ||f||. The first part follows, if
we can substantiate Ny(y) < oo, this is certainly the case if: | [ zydu| < | f|| for
all z € L®(u) with f®(z) < 1: for given z € St (1) we construct (in analogy to
the above sequence (z,,)) a sequence of bounded functions (z,), which in turn are
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approximated by step functions. In particular we then have z, € M®(u). Then as
above the lemma of Fatou implies

’/szdu’ S/leyldu < sup/lenyldu = sup(f, |zn[sign(y))  (7.8)
< sup || fll[[znll@) < I/ 1l2ll(@)- (7.9)
By definition we have

171l = sup{(f,z) | |z[l@) < 1,2 € MP(u)},

and by virtue of the representation of the functional

1l = sup{ /T eydp |zl < 1, € M‘Dm)}. (7.10)

But Inequality (7.8) even implies together with (7.10)

11 = sup { [ vl lolw <12 € L%)} — iyl

where the last equality holds by the definition of the Orlicz norm. |

Remark. Since in the above theorem z is in general not in H®(y), the norm con-
vergence of the sequence (z,) does not follow, because [ ®(%)du < oo does not
necessarily hold.

Under additional conditions the roles of Luxemburg norm and Orlicz norm can be
interchanged:

Theorem 7.6.2. Let ® and ¥ be finite and let M® (1) = L® (1), then
@ (M (), | w)* = (LP()s | [l o))

() (M¥ (), |- )™ = (L¥(n), || - Ilw)
hold.

Proof. Let X = (M®(p),| - l|(@)), then by the previous theorem X* = (L¥(p),
| - [Jw). Letnow U := (MY (u),]| - |l¢) and let f € U*. Due to the equivalence
of Luxemburg and Orlicz norms there is — according to the representation theorem —
ay € L®(u) = M® () with (f,u) = [ u-ydp forall u € U. Thus we obtain

11l = sup{ (o) [ u € MY, Julle < 1} = sup{ [
T

we MY, ully < 1}.
(7.11)
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Letnow z € S f\p(l), then we construct in an analogous way as in the previous theo-
rem a sequence

0 z(t) for|z(t)] <mandt € B"
zn(t) ==
0 otherwise,

then as in the previous theorem z, € MY (). Using the monotonicity of the Orlicz
norm we obtain, again similar to the previous theorem

‘/szdu‘ S/szdu < sup/lenyduz sup(f, |zn| sign(y))

n

< sup | fllllznlle < I £11I],
n

and hence together with (7.11)

1Al =SUP{‘/szdu‘

Defining (f, z) := fT zydp for z € LY we can, due to Holder’s inequality, extend
f as a continuous functional to LY. But by Theorem 7.6.1 we have LY = X*, ie.
f € X**. According to [39] p. 181, Theorem 41.1 the canonical mapping I : X —
X** with y — [.(-)ydp is norm preserving, i.e. in this case: || f|| = ||y/|(@). Hence
equation (a) holds.

Since

ze LY |z|e < 1}.

(L2 1| - Nl@))* = (MP (), |- @)™ = (LF (), || - 1),
and (a) also equation (b) follows. O

As a consequence of Theorem 7.6.1 we obtain

Theorem 7.6.3. Let @ satisfy the Ay-condition. Then every continuous linear func-
tional f on (L®(), || - ||(@)) is represented by a function y € LY (1) via the formula

(f.x) = /T y(Oa(t)dp = e L°,

where ||f|| = |lyl|lw. This also holds, if 1(T)) < oo and ® satisfies only the AS°-
condition.

Proof. With Theorem 6.2.42 we have M® = L®. The remaining part follows from
the representation Theorem 7.6.1. i

Remark. In particular (L”(p1))* = L9(p) for p > 1 and % + % =1.
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For sequence spaces we obtain in analogy to Theorem 7.6.3.

Theorem 7.6.4. Let ® satisfy the Ag-condition. Every continuous linear functional f
on (£®,| - | (@)) is represented by a sequence y € Y via the formula

(frx) =Y ylt)z(t) =e®,
tieT
where | f|| = [|y||e.

Proof. This follows from the theorem of Lindenstrauss—Tsafriri 6.2.38 together with
Theorem 7.6.1. ml

Remark. In particular (¢P)* = ¢7 for p > 1 and zl) + é =1
If ¥ is not finite, then we obtain the following assertion about the dual space of

LP(p)):

Theorem 7.6.5. Let Y not be finite and let for infinite measure in addition ¥ be
indefinite, then

(L))" = L¥ ().

Moreover, LY (1) and L™ () are equal as sets and the Orlicz norm ||- ||y is equivalent
0[] - [|oo-

Proof. By Theorem 6.2.28 @ satisfies the AS°- (resp. for infinite measure the A>-)
condition. Then by Theorem 6.2.42 M®(1) = L®(p). By Theorem 6.2.10 L' (1)
and L® (1) are equal as sets and the corresponding norms are equivalent.

By the above remark (L'(u))* = L*(u). Again by Theorem 6.2.10 LY (11) and
L>°(p) are equal as sets and the Luxemburg norm || - || ) is equivalent to || - [|oo. By
Theorem 7.5.4 the Luxemburg norm || - || ) is equivalent to the Orlicz norm || - [ly. O

Remark. The above theorem does not hold in general for (7") = oo and ¥ definite,

since for
W(s) {52 for [s| <1

oo  otherwise,

we obtain: ¢¥ = ¢2 and /® = (2.

7.7 Reflexivity

Our insights into dual spaces, provided by the previous section, put us into the position
to characterize the reflexivity of Orlicz spaces.
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Theorem 7.7.1. Let ® and ¥ be mutually conjugate Young functions, then:

(a) Let u(T) < oo and let the measure space be not purely atomic, then L®(j1) is
reflexive, if and only if ® and ¥ satisfy the AS°-condition.

(b) Let u(T) = oo and the measure space not purely atomic with u(T \ A) = oo
(A set of atoms in'T'), then Lq’(,u) is reflexive, if and only if ® and ¥ satisfy the
Ap-condition.

Proof. At first we show: @ finite, for suppose ® not finite, then L®(u) contains a
subspace isomorphic to L>(up): let Tp € X be of finite measure and (o, o, 7o)
the measure space induced on Tp, then L® (o) is a closed subspace of L®(u). By
Theorem 6.2.10 we have L% (1) is isomorphic to L>(y10). According to (see [41])
every closed subspace of a reflexive Banach space is reflexive, hence L®(p) cannot
be reflexive if @ is not finite.

Let now u(7') < oo. Suppose the A3°-condition is not satisfied, then by Theo-
rem 6.2.39 L® (1) contains a subspace isomorphic to £*°, contradicting its reflexivity.

Therefore by Theorem 6.2.42 M® (1) = L® () and by Theorem 7.6.1 (L®(11))* =
LY (). Since (L®(u))** = L®(u) then also LY (p) is reflexive, i.e. ¥ also satisfies
the AS®-condition.

For infinite measure the assertion follows in analogy to the above line of reasoning
using Theorem 6.2.40 and Corollary 6.2.41. m]

For sequence spaces we obtain a somewhat weaker version of the above theorem:

Theorem 7.7.2. Let ® and ¥ be finite, then (% is reflexive, if and only if ® and ¥
satisfy the A9-condition.

We finally obtain from reflexivity of the closure of the step functions already equal-
ity to the Orlicz space.

Theorem 7.7.3. Let be ® finite. If M® (1) is reflexive, then M® (1) = L® (1) holds.

Proof. By definition M®(y) € L®(u). By Theorem 7.6.1 we have: (M®(u))* =
L¥(p). Reflexivity then implies M®(u) = ( P(u))™* = (LY(u))*. But from
Holder’s inequality it follows that L® (1) € (L¥(u))* and hence

L) € (L¥ ()" = M® () € L®(n). D

7.8 Separability and Bases of Orlicz Spaces
7.8.1 Separability

For sequence spaces the theorem of Lindenstrauss—Tsafriri (see Theorem 6.2.38) con-
tains the following assertion:

¢® is separable, if and only if @ satisfies the Ag—condition,

provided that ® is finite.



Section 7.8 Separability and Bases of Orlicz Spaces 235

Furthermore, Theorem 6.2.36 asserts: ¢ is not separable.
A basis for the investigation of non-atomic measures in this section is the

Theorem 7.8.1 (Lusin). Let T' be a compact Hausdorff space, | the corresponding
Baire measure and let © be a measurable function. Then for every € > 0 there is a
function y continuous on T" such that

u({t € T|a(t) = y(t) # 0}) < e.

Moreover, if ||z||ooc < 00 then y can be chosen such that ||y||co < [|2||c-

Then (compare [72]):

Theorem 7.8.2. Let T be a compact Hausdorff space, (T, %, i) the corresponding
Baire measure space, and let ® and ¥ be finite. Then the functions continuous on T
are dense in M®(p).

Proof. Let u € M®(u) be bounded, such that |u| < a, then by the theorem of Lusin
there is a sequence (u,,) of continuous functions with |u,| < a, such that u — u,
different from zero only on a set T;, with u(7,) < % Then by Holder’s inequality
and Lemma 7.4.4 and Lemma 6.1.26

|lu—unllo = sup
llvll gy <1

/T (u — un)vd,u‘

<24 sup / loldp = 2alx7, o
lollpgy <1 /T

= 2au(T,) P! <u(]Tn)) < Z—T?‘P_l(n).

By Lemma 6.1.26 it follows that: lim,, .« ||t — uy||e = 0. Let now w € M®(u) be
arbitrary and € > 0, then by definition there is a step function u (obviously bounded)
with [|lw — ul|le < §, and hence ||w — u,|le < € for n sufficiently large. O

Let T be a compact subset of R™ and p the Lebesgue measure, then, as a conse-
quence of the theorem of Stone—Weierstral$3 (see e.g. [59]), for every function x con-
tinuous on 7 there is a sequence of polynomials with rational coefficients, converging
uniformly — and hence also in L® (1) —to . Thus we obtain the following

Theorem 7.8.3. Let © and Y be finite. Let T' be a compact subset of R™ and p the
Lebesgue measure, then M® (1) is separable.
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7.8.2 Bases

Definition 7.8.4. A (Schauder) basis (y;) of a Banach space X is a sequence of
elements of X, such that for every x € X there is a unique sequence (z;) of real
numbers with the property lim,, || >~ | zi¢; — x| = 0.

Definition 7.8.5. A basis {(;} of a Banach space is called boundedly complete, if for
every number sequence (z;) with sup,, || "1 | x| < oo there is an z € X, such
that the series » .o, ;(p; converges to .

We will now repeat the theorem of Lindenstrauss—Tsafriri (see 6.2.38) with those
characterizations relevant in this context:

Theorem 7.8.6. Let @ be a finite Young function. Then the following statements are
equivalent:

a) @ satisfies the Ag-condition.
b) The unit vectors form a boundedly complete basis of (2.
) (% is separable.

Definition 7.8.7. The series ).~ u; is called unconditionally convergent to x € X,

if for every permutation p of the natural numbers the series > ., Up(;) converges to .

Definition 7.8.8. A basis (¢;) of a Banach space X is called an unconditional basis
of X, if for every x € X the series ) -~ x;¢; converges unconditionally to .

The following theorem can be found in [102]:

Theorem 7.8.9. Let i be the Lebesgue measure on R™, and let L®(11) be reflexive.
Let further {1\ } e be an orthonormal wavelet basis with an r-regular multi-scale
analysis of L* (1), then {1)x}sea is an unconditional basis of L® ().

For the definition of an r-regular multi-scale analysis of L? (1) see [84].

7.9 Amemiya formula and Orlicz Norm

We will now concern ourselves with a representation of the Orlicz norm involving
only the Young function ®. This representation is based on the fact that conjugate
pairs of Young functions carry over to conjugate pairs of the corresponding modulars
(see Theorem 7.3.4).
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From Young’s inequality for the Young functions ® and W it follows for z € L®(u)
and arbitrary A > 0 (weak duality)

e < A(l + (i))

since by definition |||l = sup{ [ zydp | f¥(y) < 1} and due to Young’s inequality

o(52) + v = 2o

X X
fq’</\> + f¥(y) Z/TAydu,

o " Wy .
A (A>+A2/T ydu for [ (y) < 1

hence
and therefore

The theorem of Amemiya states that even equality holds (strong duality), if on the
right-hand side the infimum is taken w.r.t. all positive A

e () -0}

We will now prove this theorem using Lagrange duality (if one considers the definition
of the Orlicz norm as an optimization problem under convex restrictions) and the fact
that conjugate Young functions correspond to conjugate modulars.

We define, following Musielak (see [88]), the Amemiya norm on L(D(,u):

Definition 7.9.1. Let z € L® (), then put Ag(x) := inf{\(1 + f®(%))| A > 0}.
Theorem 7.9.2. Ag : L®(n) — R is a norm on L®(p) with Ae(z) > ||7||e.
Proof. Apparently Ag is finite on L®(p), since by definition there is a A > 0 with

f@(§) < oo. First of all we show the triangle inequality: let 2,y € L®(p), leta > 0
arbitrary, then there are positive numbers u, v, such that

u<1+fq)<z)> < Ap(z)+a and v(l—i—f‘D(Z)) < Ao(y) + a.

As an immediate consequence we have

o(2) <At e g (1) et
u u

(% v
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By the convexity of f® we then obtain

o(T+Y U o2 vV oefY

< il - Z
/ <u+v>_u+’vf (u)+u+’vf <v)
u Aq;(a:)—i—a_l LY Aq;(y)—i—a_l
u+v U u—+v v

_ Ao(2) + Ao(y) +2a
B u—+v

1.

Therefore (u-+v)(1+ f®(ZY)) < Ag(x)+ Ae(y)+2a and hence for a > 0 arbitrary

u+v
Ao(z +y) < Ao(z) + Ao (y) + 2a.

The positive homogeneity can be seen as follows: let p > 0 and o := %, then

ot = (147 (5)) =it (14 (3))

For © = 0 apparently Agp(x) = 0 holds. Let now & # 0, then from weak duality
apparently Ag(z) > ||z]le > 0. The symmetry of Ag follows immediately from the
symmetry of f®. O

We are now in the position to show that Orlicz norm and Amemiya norm coincide.

Theorem 7.9.3.
. x
fello = ot 3 (14 72(5 ) ) = Anlo)
Proof. We have for x € L® (1) because of (f¥)* = f® by Theorem 7.3.4

Ag(z) = A11;1:)/\(1 + £ <f\>> = AiI;’I(“)/\(l +yséqu>w <<i,y> - f\P(y)))

— ir;{)ysgu&((m,w - A(f\ll(y) —1))

= —sup inf (—(z,9) + A(f¥(y) - 1)).
A>0y€eL

The definition of the Orlicz norm yields

lzllo = sup{{z,y) | f¥(y) < 1} = —inf{—(z,y) [ f*(y) < 1}.

Since the restriction set Spv (1) has the interior point 0 (see Lemma 6.3.6), there is by
the theorem on Lagrange multipliers for Convex Optimization (see Theorem 3.14.4)
a non-negative \*, such that

—inf{—(z,y) [ f(y) <1} = - Jof {—~(z.y) + N(fFy) = D)
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The theorem on the saddle point property of Lagrange multipliers 3.14.5 then yields
(Lagrange duality)

—inf {—(z,y) + X (f*(y) = D} = —sup inf {—(z,y) +A(f¥(y) = D}.
yerl A>0YEL

Hence
lello = inf 2 (14 (7 (§) ) = Aa(o)

Altogether we obtain the following representation for the Orlicz norm

. x
||x||¢—i2%A<l+A®<A>du>. |

Remark 7.9.4. The mapping ¢ : R~g — R with

o+ [o(2)e)

Idea of proof. For @ differentiable one obtains using the monotonicity of the differ-
ence quotient and the theorem on monotone convergence

o1 (o) o)
(e

where in the last part we have used Young’s equality. The last expression is, however,
monotonically increasing w.r.t. A. If @ is not differentiable, one can approximate ®
by differentiable Young functions. |

1S convex.

Example 7.9.5. (a)

lz|l; = inf )\(1 +/
A>0 T

. x
|z]| oo = )\11;{)/\(1 —l—/T(I)OO‘)\'du).

For A > ||z||oc We have goo(X) = A, for A < ||z]|oc We have g (A) = oo.

T

3 du) —T;gA+L|x|du—A|x|du.

(b)
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(©) 1 <p<oo:

xp
=inf \[ 1 “ldu) =inf ([A+ MNP Pdu ).
ol = inr ( +/T\A u) ;go( s [ u)

Now we have: ¢},(A\)=1+ (1 — p)A~?[}.|z[Pdp and hence A\,=((p — 1) [ |z[Pdp)
1e.

=

z]lp = ©(Ap) = wpllzllp),
where
1 1-p pr
wp=@-Dr+pE-1)7r =——~.
We observe using lim,_,gxlnz = 1
(a) wp >0,
(b) limy, | wy, =1,

() limy_yoo wp = 1.



Chapter 8
Differentiability and Convexity in Orlicz Spaces

8.1 Flat Convexity and Weak Differentiability

For a continuous convex function f : X — R the flat convexity of the set {z €
X | f(z) < r} is characterized by the differentiability properties of f.

For a continuous convex function f : X — R (X a real normed space) the subdif-
ferential

Of (o) :={¢ € X*[¢(x — o) < f(x) — f(z0)}

is a non-empty convex set (see Theorem 3.10.2). For ¢ € 9f(xo) the graph of
[f(x0) + ¢(- — x0)] is a supporting hyperplane of the epigraph {(z,s) € X X
R| f(x) < s} in (o, f(x0)), and each supporting hyperplane can be represented
in such a way.

The right-handed derivative f’ (xo, z) := limyo w always exists and is
finite (see Corollary 3.3.2) and the equation f’ (zo,x) = — f/ (z¢, —z) holds. Due to
the theorem of Moreau—Pschenitschnii (see Theorem 3.10.4) one obtains

fi(@o, ) = jmax ()
Jl (o, ) = ¢€Ig}& ) o(x).

A convex set (with non-empty interior) is called flat convex, if every boundary point
has a unique supporting hyperplane.

Theorem 8.1.1. Let X be a real normed space and f : X — R a continuous convex
function. Then for r > inf{ f(z) | x € X} the following statements are equivalent:

(a) The convex set S¢(r) :={x € X | f(x) < r} is flat convex.
(b) For all boundary points xo of Sy(r) one has
(1) [fi('r()a ) + fL<I03 )] € X"

(1) there exists a ¢ > 0 with

f/_ (x07x) = Cf-,q-(xm l')

for all z with f' (x,z) > 0.
In particular, S¢(r) is flat convex, if f Gateaux differentiable in {x € X | f(x) =r}.
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Proof. Let f be not constant. Due to the continuity of f the set S¢(r) has a non-empty
interior, and for every boundary point o of S¢(r) one has f(zg) = r > inf f(x),
hence from the definition we obtain 0 ¢ 0f(x).

(a) = (b): Let H be the unique supporting hyperplane of S¢ () in xo. As for every
¢ € 0f(xp) also xy + Ker ¢ is a supporting hyperplane we obtain

xo+ Ker¢p = H.

If ¢o € X™* represents the hyperplane H, then ¢ = A¢g for a A € R. The theorem of
Moreau—Pschenitschnii yields

Of(xo) = {Ado | A1 <A< Ao}

and hence I o
20, 7) = A2go(x
fi(wo,x) = )\1¢0(x)} for go(z) = 0
and fl( ) \ ¢ ( )
+(To, x) = A1@o(T
[ (wo,x) = ,\2¢0(x)} for ¢o(z) < 0.
We conclude (i)

(£ (@0, ) + fL (20, )] = (M 4+ A2) - ¢o() € X™.

It remains to verify (ii): as 0 ¢ Jf(x¢), the relation sign A\; = sign A\ # 0 holds,
consequently '
FL (o, x) = (MA; )N f (20, 2)
for z with f! (zo,z) > 0.
(b) = (a): For ¢ € 0f(xo) we have
filzo, ) = d(x) > L (20, ) 8.1

for all z € X and because of (ii)
Fi(@o,x) > ¢(2) > cf! (zo,2) = f (w0, 7) (8.2)

for those  with f’ (zo, ) >0. From ¢(z)=0 it follows because of (8.1) f (o, ) >
0 and from (8.2)

fﬁr(lbo,l') = fL(iE(),J?) = Oa
ie.
Ker ¢ C Ker(f} + f") := Hy.

As f (xo,-) > f'(xo,-) and 0 ¢ O f(xo) it follows from (8.2) Hy # X and hence

Ker ¢ = Hj.
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Let now H be a supporting hyperplane of Sy(r) in x9. Due to the theorem of
Mazur 3.9.6 the affine supporting set H x { f(x¢)} of the epigraph of f in (xo, f(z0))
can be extended to a supporting hyperplane in X x R , thus there is ¢ € 9 f(x¢) with

H > {f(x0)} C{(=, f(wo) + d(x — w0)) |z € X}

Hence
H C {z|¢(x — x) = 0} = o + Ker ¢ =z + Ho,

consequently
H = x9+ Hy. o

Corollary. Let Sy(r) be flat convex and f not Gateaux differentiable at xo. Then f
is at x differentiable in direction x if and only if f' (zo,x) = 0.

Proof. If f (xo,x) = 0, then using (ii) it follows that f’ (zo,z) = f’ (zo,x). Con-
versely, if f (zo, ) = f’(xo,x), then, because of (i) we can assume f/ (zo,z) > 0
(exchange x by —x if necessary). As ¢ # 1, it follows from (ii) that f (x9,z) = 0. O

Theorem 8.1.2. If f is non-negative and positively homogeneous, then S¢(r) is flat
convex if and only if f is Gateaux differentiable in {z € X | f(z) > 0}.

Proof. If S¢(r) is flat convex for an > 0, then, because of the positive homogeneity
of f, all level sets Sy(r) are flat convex. Now we have

f(zo + tzo) — f(mwo)

fi (o, x0) = lgfg " = f(zo)
e

Hence ¢ = 1 in (ii) and thus f (zo,z) = f’ (xo, z) for f’ (z9,x) > 0.
Let now f’, (xg, ) < 0, then

f:t(x()v _‘T) > fL(-T(), —ZE) = _f:L(‘TOa‘T) > 07
and with ¢ = 1 in (ii) it follows that
f-/'r(x()’ —.T) = f,— (:130, —J,‘).

Therefore we obtain using (i)

2f (0, 2) = =2 (w0, —2) = —(f4 (0, —2) + fL (0, —2))
= fi(zo,z) + f (w0, x),

hence [’ (zo,z) = f’ (20, ). a
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If f is a norm, the above consideration yields the

Theorem 8.1.3 (Mazur). A normed space X is flat convex if and only if the norm is
Gateaux differentiable in X \ {0}.

Theorem 8.1.4. Let X be a normed space X whose norm is Gdteaux differentiable in
X\{0} andlet D : X\ {0} — X* denote the Gdteaux derivative. Then ||D(z)| = 1
and (x,D(x)) = ||z|| for all x € X \ {0}.

Proof. We have, due to the subgradient inequality for all h € X
(h, D(z)) = (& +h — 2, D(x)) < |z + h]| = [Jz]| <[]

hence || D(z)|| < 1. On the other hand (D(x),0—x) < ||0]|—||z||, hence (D(z),x) >
||z||, and thus the assertion. O

8.2 Flat Convexity and Gateaux Differentiability of Orlicz
Spaces

Let ® : R — R be a finite Young function. Let (7, X, ;1) be a o-finite measure space,
and L®(p) the Orlicz space determined via ® and y, equipped with the Luxemburg
norm || - .

Let further M ® (1) be the closed subspace of L® (1), spanned by the step functions
in L®(u).

We consider the unit ball in M® (). If x € M®(u), then (see Theorem 6.2.24 and
Lemma 6.2.15)

|z[|@) =1 if and only if / ®O(x)dp =1, (8.3)
T

If @ satisfies the Ay-condition, then (see Theorem 6.2.42) M®(u) = L ().

A normed space is called flat convex, if the closed unit ball is flat convex.

According to Theorem 8.1.1 the level set S¢(r) is flat convex, if f is Gateaux
differentiable in {z € X | f(z) = r}.

Lemma 8.2.1. The function f® : M®(1) — R defined by
1) = [ @)
T
is continuous and convex. Furthermore for xo € M® ()

(f®), (w0, 2) :/{ » @', (wo)dp + o) 2@ (xo)du (8.4)

Py (20, 2) = @ (x x® (x .
(f7)(zo, ) /{DO} @ ( o)du+/{z<0} @', () dp
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If @ is differentiable, then f® is Gateaux differentiable and

(fd))’(xo,m):/md)'(xo)du. (8.5)

T

Proof. Convexity of f® follows immediately from the convexity of ®. As f® is
bounded on the unit ball, f® is continuous (see Theorem 6.3.9 and Theorem 6.2.24).
For the difference quotient we obtain

2(zo + 72) — F®(20) _ / D(z0(t) + 72(t)) — q)(xo(t))du
T

T T

_ [ S ) -0,
z(t)>0 T.%‘(t)
D(x0(t) + T2(t)) — P(20(t))
n /Z . e 2(t)dp.

Through the monotonicity w.r.t. 7 of

D(sg + 75) — D(s0)

for all s9, s € R, the representation (8.4) of (f®)’, and (f®)"_ follows.
Let ® be differentiable. According to (8.4) (f®)’(x, x) exists and we have (8.5).
O

Lemma 8.2.2. Let Ty, T\ and T» € X be disjoint sets with 0 < p(T;) < oo (i =
0,1,2). If there exists an so > 0 with ®'_(so) # ®'_(s0) and ®(s¢) - u(To) < 1, then
M® () is not flat convex.

Proof. The set of discontinuities of a function, monotonically increasing on [a, b], is
at most countable (see [89], S. 229). Hence there is s; > 0 with @/, (s1) = ®'_(s)

and
1 — ®(s0)pu(To) — @(s1)p(T1) > 0.

As @ is continuous, one can choose s, € R such that
D(s0) - p(To) + D(s1) - pu(T1) + P(s2) - p(T2) = 1.
For the functions
To = SoXT, T S1XT, + S2X1>,

T = XT()a

€2 = XTy
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we have

< (f®)\ (w0, 21) = (o) - @', (s0) # () (0, 21) = p(Tp) - D_(s0),
0 < (f®) (w0, 22) = pu(T1) - ', (s1) = p(T) - D'_(s1) = (f®)" (w0, 22).

Hence condition (ii) of Theorem 8.1.1 is not satisfied and thus M ® (1) not flat convex.
O

Theorem 8.2.3. Let yu be not purely atomic. Then M® (1) is flat convex if and only if
@ is differentiable.

Proof. Lemma 8.2.2 and Theorem 8.2.1. m]

The derivative of the norm || - || () is now determined as follows. Let 2o € M® (1)
and ||zo||(@) = 1. The graph of the function z — (f®)'(xo, z — x0) + f®(x0) is a
supporting hyperplane of the epigraph of f® in (zg, f®(z0)) = (20,1) € M® x R.
This means that the hyperplane {z € M® | (f®) (¢, — zo) = 0} supports the unit
ball of M® in . If we denote || - || (@) by po then pg (0, 29) = 1 (see Theorem 8.1.4)
and p, (o, -) is a multiple of (f®) (o, -). Taking into account that [;. ®'(z¢)zodp >
J7 @(x0)dp = 1, we obtain that

J 2@’ (z0)dp

i =1 8.6
fxoq)’(l"o)du’ ||x0H(<D) 5 ( )

is the derivative of the norm || - ||y (in M ).

If the measure p is purely atomic, then the differentiability of ® is not a necessary
condition for flat convexity of M® ().

In the sequel let

S = {s € R|®in s not differentiable}.
Then we have

Theorem 8.2.4. Let (T, X, 1) be purely atomic and consist of more than 2 atoms.
Then M® (1) is flat convex if and only if for all s € S and all atoms A € T

D(s) - p(A) = 1.

Proof. Necessity follows immediately from Lemma 8.2.2.
Let g € M®(u) and |zoll(@) = 1. According to Lemma 8.2.1 and the condition
D(s) - p(A) > 1itis sufficient to consider xg = rx 4 foranatom A € Zand r € S.
As ®(r) - u(A) = 1 wehave @, (r) - r > ®(r) > 0and ®’_(r) - r > ®(r) > 0. In
particular sign(®’, (r)) = sign(®’, (r)) = sign(r).
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Since 0 ¢ S and @'(0) = 0 it follows from Lemma 8.2.1 that

(1), (an,) = [

2@, (wo)dp + / 2@ (z0)dp
{z>0}

{z<0}
— @ (r) / - xadp+ @ (r) / 2 - xadp,
{z>0} {z<0}

and in the same way

() (20, 2) = @' (r) /

zxadp + @ (r) / X Adp.
{z>0}

{z<0}
Hence we obtain (i) with f (o, z) + ' (20, ) = p(A)[P (r) + D'_(r)]x|a, where
A an atom, i.e. x constant on A. This implies

z v [ (w0, @) + fL (2o, 2) = p(A)[@ (r) + O (r)]z|a € (MP)".

Concerning (ii): If z > 0 on A then f{z<0} 2 - xadp = 0 and hence

fi(xo, ) = d)ﬁr(r)/ x - xadp.
{z>0}

If @ (r) > 0 then f’ (zo,z) > 0 and we have f’ (z9,z) = Zi’((:))fi(xo,x). If,
+

however, < 0 on A then

f(z0,2) = (1) / —n

{z<0}

If @ (r) < Othen f)(zo,z) > 0and f’ (x9,z) = g{i:gf;(xo,x).
From Theorem 8.1.1 it then follows that M ®(p) is flat convex. |

8.3 A-differentiability and B-convexity

In this section we will consider the duality of A-differentiability and B-convexity of a
conjugate pair of convex functions. In this context B is the polar of A. These notions
were introduced by Asplund and Rockafellar in [4]. Our main interest is focused on
the duality of Fréchet differentiability and K (0, 1)-convexity. The results of this sec-
tion will play an important role for the substantiation of the duality of Fréchet differ-
entiability and local uniform convexity (see Theorem 8.4.10) and — as we will explain
in detail in the next section — for the strong solvability of optimization problems.

The exposition of this section is to a large extent based on that in [4].

Let in the sequel X and Y be normed spaces and either Y = X* or X = Y* and
let f: X - Randg:Y — R mutually conjugate, continuous, and convex functions.



248 Chapter 8 Differentiability and Convexity in Orlicz Spaces

Lemma 8.3.1. Sy (r) is bounded for every r € R.

Proof. Lety € Y, then

9(y) = sup{(z,y) — f(x) [z € Sf(r)} = sup{(z,y) —r[z € Sf(r)},

hence
sup{(z,y) |z € Sy(r)} < g(y) + 1 < o0,

and similarly
inf{(z,y) |z € Sy(r)} = —g(=y) —r > —o0.

This means S f(r) is weakly bounded and therefore, due to Theorem 5.3.15, bounded.
O

Lemma 8.3.2. Let the interior of S¢(0) be non-empty and let h : Y — R be the
support functional of S¢(0), i.e.

h(v) := sup{(z,v) | f(2) < 0}

h(v) = min {z\g(i) ’ A> o}

Proof. By the previous theorem Sf(0) is bounded and hence h finite. Apparently
h(v) = —inf{(z, —v) | f(2) < 0} holds. Let now for A > 0

O(A) = inf{(z, —v) + A\f(2) |z € X} = inf{—((z,v) — Af(2)) ]|z € X}.
Then
—6(3) = sup{{z, )~ Af() | = € X} = Asup {< §>—f<z> ve X} - Ag(i)
holds. According to the theorem on Lagrange duality (see Theorem 3.14.5) we then
obtain

then

holds.

h(v) = —max{d(\) | A > 0} = min{—p(\) | A > 0} = min {)\g(z) ‘ A> o}.
O

Definition 8.3.3. Let C' C X, then we define the polar CYof C by
C¥={weY|(uv) <1, VYucC}.
The bipolar of C'is the defined as follows:

C% .= {ue X |(u,v) <1, Yo e C.
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Then the following theorem holds (see [23], II, p. 51):

Theorem 8.3.4 (Bipolar Theorem). Let X be a normed space and either Y = X* or
X =Y"andlet C C X. Then

C% = conv(C' U {0})
holds, where the closure has to be taken w.r.t. the weak topology.

Remark 8.3.5. If C' is convex, weakly closed, and if C' contains the origin, then
c"=¢

holds. By Theorem 3.9.18 a closed convex subset of a normed space is always weakly
closed.

The following lemma is of central importance for the subsequent discussion:

Lemma 8.3.6. Let f and g be continuous mutually conjugate convex functions on X
resp. on'Y and let for v € X andy € Y Young’s equality be satisfied

(z,y) — f(z) —g(y) =0,

then for every § > 0

{v]g(y +v) —g(y) — (z,0) <6}° <6~ Hul f(a+u) — f(z) - (u,z) < 6}
C 2{vlg(y +v) — g(y) — (w,0) < 8}".
Proof. Let f5(z) := (f(z +02) — f(z) — (6z,y) — 6)0~" and g5(v) := (g(y +v) —
g(y) — (x,v) + §)0~". Then fs and g5 are mutual conjugates, because
5 (0) = sup{(z,v) — f5(2) | z € X}
up{(z,v) — (f(x +02) — f(a) — (6z,y) = 6)6 ' |z € X}

sup{(z,y +v) — (f(x 4 0z) — f(x) = 0)d ' |z € X}
sup{<zy+v> (f(z +02) +9(y) — (z,y) = 8)6' |2 € X}
=6 tsup{(z + 0z,y +v) — f(x +62) — gly) — (x,v) + |z € X}
- 5*1(9(@/ +v) = g(y) — (@,0) +0) = g5(v).

In the same manner it can be shown that: f5 = g5.
Using the subgradient inequality it follows that: 1 = infgs = g5(0) and —1 =
f5(0) = inf f;s.
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It remains to be shown
S45(2)° C Cs = 57,(0) C 2 5,,(2)"

Here Cj is a convex, closed set, which due to f5(0) = —1 contains the origin as
an interior point (thus Cj is also weakly closed by Theorem 3.9.18). The bipolar
theorem 8.3.4 together with Remark 8.3.5 then implies C%° = Cj. The assertion then
follows if we can show

1
S0y(2) 2 C 5 3+ 5,4(2) )
Let now h be the support functional of Cy, i.e.

h(v) = sup{(z,v) | z € Cs},

h(v) = inf{Ag(g(z) ‘ A> 0}

holds, since Cj is bounded due to the finiteness of the conjugate gs.
In particular: h(v) < gs(v), hence

then by Lemma 8.3.2

Sgs(2) C S(2) =2 Sp(1) = 2C7,

and thus the right-hand side of (x).
We now prove the left hand side of (x) and show at first

{v|h(v) < 1} C Sy, (2).
Let v € Y such that h(v) < 1, then there is a A > 0 with
Ags(A o) < 1.

On the other hand: gs(A\~'v) > 1 = infgs and hence: 0 < X\ < 1. By the convexity
of gs we then obtain

95(v) < (1= N)gs(0) + Ags(A~"v) < 2.

As mentioned above, {v|h(v) < 1} = CY. Let h(v) = 1, A, € (0,1) with
An — 0and v, := (1 — A\y)v, then since 0 € {v|h(v) < 1}, since h(0) = 0, and
the convexity of h also v, € {v|h(v) < 1}. Therefore gs(v,) < 2, and, since by
construction v,, — v, we obtain gs(v) < 2, due to the continuity of gs. O

Definition 8.3.7. Let A be a non-empty subset of X, f : X — R, then f is called
A-differentiable at x € X, if there is ay € Y, such that

i sup | £ A0 = 7 @)
MO yea A

- <u7y> =0.
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Then y is called the A-gradient of f at x.
Letg:Y — Rand B subset of Y. We say g is B-convex aty € Y wrt. x € X, if
for every £ > O there is a § > 0, such that

{vlg(y +v) —gly) — (z,v) <} CeB.

Theorem 8.3.8. Let f and g be finite and mutually conjugate convex functions on X
resp. on Y. Let A be non-empty subsets of X and B the polar of AinY. Let x € X
and y € Of(x), then y is the A-gradient of [ at x if and only if g is B-convex at y
W.L.L. .

Proof. Since y € df(x) then y is an A-gradient at z, if and only if for every e > 0
there is a ;x > 0, such that

{f(l“+ Au) — f(x)

sup
ueA

3 —(u,y)}ge, VO<A<pu.

‘We obtain

e A C e ul flo+ pu) — f(z) = (pu,y) < pe}
='Wz | fla+2) — f(z) = (2,y) < pe} = Cpe.

Lemma 8.3.6 implies

Cue € 2{v|g(y +v) — g(y) — (z,v) < pe}’,
hence

S AC {ulgly +o) — gly) — {r0) < pe)

and therefore
2eB D {v|g(y+v) —g(y) — (z,v) < pe}.
If we put § := ue/2 then we obtain: g is B-convex at y w.r.t. x.
Conversely, let

eB > {v|g(y+v) —g(y) — (z,v) <4},
then
etAC {v|gly+v)—gly) — (z,v) < 6}°,
and by Lemma 8.3.6 then also
ce'Ac oy = 5_l{z|f(:r+z) — f(x) — (z,y) <4}
Therefore for all u € A

flx+ 67 ) — f()
de~1

—(u,y) <e. O
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If we choose for A the unit ball in X, then B is the unit ball in Y and A-differen-
tiability of f coincides with its Fréchet differentiability. Thereby we obtain

Corollary 8.3.9. y is Fréchet gradient of f at x < g is K(0, 1)-convex at y w.rt. x,
if K(0, 1) denotes the unit ball in'Y'.

The subsequent theorem will draw a connection between K (0, 1)-convexity and
strong solvability according to

Definition 8.3.10. A function f has a strong minimum kg on a subset K of a Banach
space X, if the set of minimal solutions M (f, K) of f on K only consists of {ko}
and if for every sequence (k,)nen C K with

lim f(k,) = f(ko) wehave lim k, = ko.

n—oo n—oo

The problem of minimizing f on K is then called strongly solvable.

Theorem 8.3.11. g is K (0, 1)-convex at y w.rt. x, if and only if y is strong global
minimum of g — (x, ).

Proof. Let g be K (0, 1)-convex at y w.r.t. z. Apparently foralle > Oandall z € YV
with ||z]| > ¢
9y +2) —g(y) > (z,2),

and hence = € Jg(y). By the subgradient inequality we obtain for all z € Y’

9(2) = (x,2) > g(y) — (v, y),

i.e. y is a global minimum of g — (z, ). Let now

9y +vn) = @,y +va) = g(y) — (2,y),
hence
9y +vn) — (z,v5) — g(y) = 0.

Suppose there is a subsequence (vy, ) and a p > 0 with ||v,, || > p, then forall 6 > 0
there is nj with

un, € {9y +v) —g(y) — (z,v) <4},
in contradiction to the K (0, 1)-convexity of g.
Conversely let y be a strong global minimum of g — (z, ), i.e.

9y +vn) — gy) — (z,v,) =0

implies v,, — 0. Since apparently x € dg(y), the K (0, 1)-convexity of g at y w.r.t. =
follows. |
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As a corollary of Theorem 8.3.8 we obtain

Corollary 8.3.12. Let f be Gdteaux differentiable at x and let y € Of(x), then g is
H,-convex at y w.rt. z, for all half-spaces H,, := {v € Y | (u,v) < 1}, withu € X
arbitrary.

Proof. fis A,-differentiable w.r.t. every one-point subset A, := {u} of X. Then
Ay = Hy = {v]{u,v) < 1}

holds. O

We thus obtain a duality relation between Gateaux differentiability and strict con-
vexity of the conjugate.

Theorem 8.3.13. Let Y be a normed space and X = Y™ and let f be Gdteaux
differentiable, then g is strictly convex.

Proof. Suppose g is not strictly convex, then there are y,v € Y with v # 0 and
x € dg(y), such that for all A € [—1, 1]

9y + ) — g(y) — (z,\v) =0
holds and hence for all 6 > 0

[—v,v] C{z]g(y +2) — g(y) — (x,2) < d}.

According to the theorem of Hahn-Banach there is a w € X with |ju|| = 1 and
(u,v) = ||v||, but then [—v, v] is not contained in e H,, for ¢ < ||v||, a contradiction to
Corollary 8.3.12. |

8.4 Local Uniform Convexity, Strong Solvability and
Fréchet Differentiability of the Conjugate

If one wants to generalize the notion of uniform convexity of functions (see [76]) by
allowing for different convexity modules for different points of the space, there are
different possibilities to do so.

Definition 8.4.1. A monotonically increasing function 7 : Ry — R with 7(0) = 0,
7(s) > 0 for s > 0 and %‘9) —s 500 00 18 called a convexity module. A continuous

function f : X — R, where X is a normed space, is called locally uniformly convex
by definition
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a) if for all x € X a convexity module 7, exists, such that for all y € X we have

1 r+y

S0+ 1) = £(T5) 4l - o

b) if for all z € X and all z* € 0f(x) a convexity module 7, ,+ exists, such that
for all y € X we have

Fy) = f@) = {y =, 2") + 7oo (2 —yl),
c¢) if for all z € X a convexity module 7, exists, such that for all y € X we have
1
(@ +y) + flz—y)) 2 f@) + m(llyl)-

It is easily seen that: a) = b) and b) = c¢); if the function f satisfies property a),
one obtains using the subgradient inequality

1 rT+y

3@+ 1) 2 7 (T il = o)

> 1)+ (T w0+l = ),

Defining 7, 5+ (s) := 7,(2s) then immediately property b) follows. If a function f
satisfies property b), then again by the subgradient inequality

@ +9) 2 350" + J@) + T ()
> (@) = =)+ J@) + T (),

and hence property ¢) for 7,(s) := %szm* (s).

The converse, however is not true, because the function f(z) = e® satisfies prop-
erty c) using the convexity module 7,(s) := e”(cosh(s) — 1), but does not have
bounded level sets, and hence cannot satisfy b) (see below).

The strictly convex function f(z) := (z + 1)log(x + 1) — z satisfies property b),
because for h > 0 we obtain due to the strict convexity of f

0< 2 (fla+h) = () = () h)

1 r+h+1 r+h+1 h—s00
= 1)log———— + h| log——— — 1 —
h((m+ ) log o + (0g por >> 00,

but violates a) at the origin, because

. 1/1 Y 1
ylﬂ&y<zf<y> _f<2)) = plog2 <co.
In the sequel we will mean by locally uniformly convex functions always those with
property b).
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Remark. Lovaglia in [78] investigates locally uniformly convex norms. The notion
introduced there differs from the one we consider here, the squares of these norms
are, however, locally uniformly convex in the sense of b) (see [56]).

Remark 8.4.2. If f : X — R is locally uniformly convex then % —|lyll—oo 0©- In
particular, the level sets of f are bounded.

Proof. We have forall z € X and all z* € 0f(x) andally € X

fy) = f(x) >y —2,2%) + 720 ([l —yl])

Let in particular be z = 0 and z* € 0f(0) then

@ o @+ <y x> | Toar (ly1)
lyll = [yl lyll’ [yl
S SOy o (D) e .
vl [yl

Definition 8.4.3. A function f has a strong minimum kg on a subset K of a Banach
space X, if the set of minimal solutions M (f, K) of f on K only consists of {ko}
and if for every sequence (k, )neny C K with

lim f(k,) = f(ko) wehave: lim k, = ko.
n—oo

n—oo

The problem of minimizing f on K is then called strongly solvable.

Lemma 8.4.4. Let X be a reflexive Banach space and let f : X — R be convex and
continuous then the following statements are equivalent:

(a) f has a strong minimum on every closed hyperplane and on X
(b) f has a strong minimum on every closed half-space and on X

(¢) f has a strong minimum on every closed convex subset of X.

Proof. Without limiting generality we can assume that f(0) = 0 and f(x) > 0 for
x # 0. Otherwise we can consider g(z) := f(xo — x) — f(zo), where f(z9) =
min{f(z) |z € X}.

(a) = (b): Let G, := {z| (2§, 2) > a}. If 0 € G,, then gy = 0 is the strong
minimum of f on G. If 0 ¢ G, then it follows that o # 0. Let 2 be an interior point
of G, then f(z) > 0 and with z) := (1 — \) - 0+ Az for A € (0, 1) it follows that
f(xzn) < Af(x) < f(x). Hence x cannot be a minimum of f on G,. Let gy be the
strong minimum of f on H, = {x | (x{, ) = a}. Then according to the reasoning
above f(go) = inf{f(g) | g € Ga}. Letnow f(gn) — f(g0) with g, € Ga.
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Then (x§, gn) — «, because assume there is ¢ > 0 and a subsequence (z{j, gn, ) >
a + ¢. Then g,, € G.. But we have for every ¢ > 0

min{f(x) [ (x5, 2) > a + e} > f(go)-

For let f(g:) = inf{f(g)|g € Ga4tc}, then we obtain in the same way as above
(xf,9:) = a +¢e. As 0 is strong minimum of f on X, the mapping A — f(Agc)
is strictly monotonically increasing on [0, 1]. The mapping A — ¢(\) = (x§, Age)
is continuous there and we have: ¢(0) = 0 and ¢(1) = « + . Hence there is a
Ao € (0,1) with ¢p(Ao) = @, i.e. go = A\age € H,. Therefore we obtain

f(go) < f(ga) < f(ga) = mm{f(x) ‘ <x87x> > o+ 6},

hence f(gn,) > f(ge), a contradiction, which establishes (x(, gn) — o
Since g,, € G, we have ﬁ < 1. This implies
0> n

f<< >gn> < <963’9”>f(gn) — f(90)-

Ty, In

Moreover we have

<$8,gn>gn € {:E ’ <£L‘8,IE> = Oé},

and hence f(go) < f (ﬁgn). We conclude that (ﬁgn) is a minimizing se-
0rIn 0rIn
quence of f on H,, and hence

m 9n — 90,
<x0, gn)
thus g, — go.
(b) = (c): Let K be convex and closed, let 0 ¢ K and let r := inf f(K), then
r > 0 and the interior of Sy (r) is non-empty. According to the Separation Theorem of
Eidelheit 3.9.14 there is a half space G, with K C G and G, NInt(Sy(r)) = 0. Let
go be the strong minimum of f on Gy, then f(go) < r, but f(go) < r is impossible,
because in that case go would belong to the interior of S¢(r). Let (k) be a sequence
in K with f(k,) — r = inf(X). Then f(go) = r since K C Gq, and (k) is
a minimizing sequence for f on Gy, hence k, — g¢o. But K is closed, therefore
go € K. Thus go is minimal solution of f on K and because of K C G also strong
minimum.
If 0 € K and (k,) a sequence in K with f(k,) — O, we can assume that K is a
subset of a half space GG. The point 0 is minimum and hence strong minimum of f on
G and therefore also strong minimum of f on K. O

Definition 8.4.5. A convex function is called bounded, if the image of every bounded
set is bounded.
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In order to establish a relation between strong solvability and local uniform con-
vexity, we need the subsequent

Lemma 8.4.6. Let X be a reflexive Banach space and f : X — R convex and
connnuous

Then - —¥||z||—o0 00 holds, if and only if the convex conjugate f* is bounded.

Hr\l

Proof. Let f* be bounded. Suppose there is a sequence (z,,)2° | with ||2,| —n—oe

oo for which the sequence of expressions ﬂ< ”) < M for some M € R, then there is
a sequence

(zp)ney CXT with ||z || = 1 and (25, 2,) = 2]
Then one obtains

fr@eMay) = 52§{2M<$27 x) — fx)}

Tn_ f(l’n>)
> ool (204t 720 ) = I > )

and because of the boundedness of f* a contradiction.
Conversely let ||z*|| < r, then there is ¢ € R, such that ”(g”H) > r for ||z|| > o.
Therefore

F) = swplea) = ) < sup { (= 25 ) 121}

reX zeX

< s {(r=f Y} o o { (o 450t}

< HSIIIJE {rllzll = f(z)} <ro—inf f({z||lz]| < o}).

In order to estimate — inf f({z | ||z|| < o}) from above, let finally zj; € 9(0), then
f(@) = f(0) = |lzl[ll=5]l = £(0) = pl|2]l and thus

—inf f({z | [lz]} < o}) < pllapll — £(0). o
Corollary 8.4.7. Let f : X — R be locally uniformly convex then f* is bounded.

Proof. Remark 8.4.2 and the previous lemma. |

Lemma 8.4.8. Let X be a reflexive Banach space, f : X — R continuous and

convex, and let f* be bounded, then for every closed convex set K the set of minimal
solutions M (f, K) # 0.
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Proof. As f* is bounded, then according to Lemma 8.4.6 in particular all level sets
of f are bounded and hence due to the theorem of Mazur-Schauder 3.13.5 M (f, K) #
() for an arbitrary closed convex set K. m]

Lemma 8.4.9. Let f be bounded, then f is Lipschitz continuous on bounded sets.

Proof. Let B be the unit ball in X, let ¢ > 0, and let S be a bounded subset of
X. Then also S + B is bounded. Let o) and «a; be lower and upper bounds of
fonS+eB. Letx,y € S withz # y and let \ := EH;ﬂL”. Let further z :=
Y+ =1y —x).then z € S +eBandy = (1 — M)z + Az. From the convexity of
f we obtain

fy) <A =Nf(z) +Af(2) = f(2) + A(f(2) — f(2)),
and hence

) — o 5 Qp — ]
ly —=z| <
e et|y—=z|

fy) = f(z) < Maa —ay) = |y — ]|

If one exchanges the roles of = and y, one obtains the Lipschitz continuity f on .S. O

The subsequent theorem provides a connection between strong solvability and
Fréchet differentiability.

Theorem 8.4.10. Let X be a reflexive Banach space and f : X — R a strictly
convex and bounded function, whose conjugate f* is also bounded. Then f has a
strong minimum on every closed convex set, if and only if f* is Fréchet differentiable.

Proof. Let f* be Fréchet differentiable. According to Lemma 8.4.4 it suffices to show
that f has a strong minimum on every closed hyperplane and on X. By Corollary 8.3.9
and Theorem 8.3.11 f* is Fréchet differentiable at z*, if and only if the function
f — (x*,-) has a strong minimum on X. As f* is differentiable at 0, f has a strong
minimum on X.

Let H := {x| (z{,2z) = r} with 2§ # 0. By Lemma 8.4.8 we have M (f, H) # 0.
Let hg € M(f,H). According to Theorem 3.10.5 there is a 7 € 0f(ho) with
(¥, h —ho) = 0forall h € H. Due to the subgradient inequality we obtain (x},x —
ho) < f(x) — f(ho) for all z € X. Setting f1 := f — (7, -), it follows that fi(x) >
fi(ho) forall z € X. As f* is differentiable at 27, ho is the strong minimum of f; on
X. In particular hg is also the strong minimum of f on H, due to

fla = (fi + (@7, ho))|u,

because for all h € H we have

fi(h) + (a1, ho) = f(h) — (a1, h) + (27, ho) = f(h) — (27, h — ho) = [(h).
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In order to prove the converse let x5 € X™*. According to Corollary 8.3.9 and
Theorem 8.3.11 we have to show that fi := f — (z, -) has a strong minimum on X.
As fi(z*) = f*(xj + «*) for all z* € X*, apparently f; is bounded and hence f;
has, according to Lemma 8.4.8, a minimum z on X. If 25 = 0, then f; = f and
hence x( is the strong minimum of f; on X.

Let 2§y # 0 and let f(x,) — fi(zo).

Let further be ¢ > 0, let K := {z € X |(z§,x) > (z{,z0) + ¢} and let K, :=
{z € X | (x}, ) < (x}, z9) — €} then we obtain because of the strict convexity of f

min{min(fi, K1), min(f1, K2)} > fi(xo).

It follows (z;, z,) — (), z0), because otherwise there is a subsequence (z,, ) in K
or K>, contradicting f1(zy,) — f1(x0).

Then for H := {h | (x§, z0) = (x(, h)} we have according to the Formula of Ascoli
(see Application 3.12.5)

|<m8,mn> - <x8,x0>|

— 0.
5l

min{ ||z, — k|| |h € H} =

For h, € M(||x, — ‘||, H) we conclude: x,, — h, — 0. The level sets of f; are
bounded due to Lemma 8.4.6, hence also the sequences (z;,) and (h,).

As f is, according to Lemma 8.4.9, Lipschitz continuous on bounded sets, there is
a constant L with

We obtain
fi(hn) = f(hn) = (25: hn)
= (f(hn) = f(zn)) + (f(2n) — (25, 2n)) — (20; he — @)
— fi(wo).

On H the functions f and f; differ only by a constant. As f has a strong minimum
there, this also holds for fi, hence h,, — x¢ and thus x,, — xy. m|

Theorem 8.4.11. Let X be a reflexive Banach space and let f be a continuous con-
vex function on X. Let further f be locally uniformly convex. Then f has a strong
minimum on every closed convex set.

Proof. Let f be locally uniformly convex. As f* is bounded (see Corollary 8.4.7),
then due to Lemma 8.4.6 all level sets of f are bounded and hence according to
Lemma 8.4.8 M(f, K) # ( for an arbitrary closed convex set K. Let now ko €
M(f, K), then by Theorems 3.4.3 and 3.10.4 there is

xy € Of (ko) with (k — ko, z5) > Oforall k € K.
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If 7 is the convexity module of f belonging to ko and zj, then for an arbitrary mini-
mizing sequence (k,) we have

f(kn) — f(ko) = (kn — ko, 25) + 7([|kn — koll) = 7([[kn — Kol]),
thus lim,, oo ki, = ko. O

Strong solvability is inherited, if one adds a continuous convex function to a locally
uniformly convex function.

Corollary 8.4.12. Let X be a reflexive Banach space and let f and g be continuous
convex functions on X. Let further f be locally uniformly convex. Then f + g is
locally uniformly convex and has a strong minimum on every closed convex set.

Proof. First we show: f + g is locally uniformly convex: letz € X and 2} € 0f(z),
then there is a convexity module oot such that for all y € X

) = F(@) = {y — 2, 2%) + 7o o (lz = yl)-

If 2, € dg(x), then we obtain using the subgradient inequality

W) +9(y) = (f(2) +9(@) = (Y =z, 2% + 2g) + o0y (l2 = yl)- =

Remark 8.4.13. Let X be a reflexive Banach space and let f and g be continuous
convex functions on X, and let f* be bounded. Then (f + ¢)* is bounded.

Proof. This is according to Theorem 8.4.6 the case if and only if £ (x‘)l;rﬁ (2) — 2] =00

oo. Now we have for z; € dg(0): g(z) — g(0) > (x — 0,z3) > —||z[|||lz}]], hence

9@ > 9O 27| > ¢ € R for ||z]| > r > 0. Therefore we conclude

Tl — ll25]
ol = Tl — 1%

f@) +9(@) _ f(@) | lelleo

> +c Q. O
[z |

In [56] the main content of the subsequent theorem is proved for f2, without re-
quiring the boundedness of f*. For the equivalence of strong solvability and local
uniform convexity here we need in addition the boundedness of f.

Theorem 8.4.14. Let X be a reflexive Banach space, and let f : X — R be a
bounded, strictly convex function.

Then f* is bounded and f has a strong minimum on every closed convex set, if and
only if f is locally uniformly convex.
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Proof. If f is locally uniformly convex, then the boundedness of f* follows from
Corollary 8.4.7 and strong solvability from Theorem 8.4.11.

Conversely, let f have the strong minimum property, then by Theorem 8.4.10 f*
is Fréchet differentiable. If xq is the Fréchet gradient of f* at zfj, then f(-) — (-, z{)
has, according to Corollary 8.3.9 and Theorem 8.3.11 the global strong minimum at
xo. Let

7(s) := inf {f(zo+y) — f(z0) — (v, 75)}-

lyll=s
Then 7(0) = 0 and 7(s) > 0 for s > 0. Furthermore 7 is monotonically increasing,
because let s > s; > O and let [|z]| = s;. Define y := £z then we obtain, due to the
monotonicity of the difference quotient
f@o + 3ty) — f(wo)
o < flao+y) — (o),

52

and hence
o+ 2) — f(wo) — (z,28) < %(f(ﬂso +y) = f(z0) — (v, 75))

< fwo +y) = f(wo) — (y, xp)-

Finally we conclude using Theorem 8.4.6

7€ﬂ::_ffw4ﬁgﬁs{fﬁﬂﬁy)_<H;Vﬁv}

- llyll=s llyll

The following example shows, that on a reflexive Banach space the conjugate of a
bounded convex function does not have to be bounded.

Example 8.4.15. Let f : [> — R be defined by f(z) = > 2, @i(z®), where ; :
R — R is given by

2

s <
o) =42 for |s| <1
m|$| % +m for|s|>l.

f is bounded, because f(z) < ||z||3 for all # € I2. The conjugate function of f is

Fia) =3 i) with(s) = {ﬁ“ o or |s| <
i-1 :

1+1 2(i+1)

for |s| > 1.
Let e; denote the ¢-th unit vector in 12, then we obtain

2i+1 i—1 isso0
F ) =7 T3+

f* is continuous on [?> and Gateaux differentiable.
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8.4.1 E-spaces

For a particular class of Banach spaces, the so-called E-spaces, all convex norm-
minimization problems are strongly solvable.

Definition 8.4.16. Let (Q, d) be a metric space and Qg a subset of Q. Q is called
approximatively compact, if for each z € € every minimizing sequence in Q (i.e.
every sequence (z,) C Qo, for which d(x,x,) — d(z,Qo) holds) has a point of
accumulation in €.

Definition 8.4.17. A Banach space X is an E-space, if X is strictly convex and every
weakly closed set is approximatively compact.

Such spaces were introduced by Fan and Glicksberg [29].
The following theorem can be found in [42]:

Theorem 8.4.18. Let X be a Banach space and let S(X) denote its unit sphere.
Then X is an E-space, if and only if X is reflexive and strictly convex and from
T,z € S(X) with x,, — x it follows that ||z, — || — 0.

Proof. Let K be a weakly closed subset of the reflexive Banach space X and let
x € X \ K. Let further be (x,,) C K a minimizing sequence, more precisely

|z — zn| — d(z, K) =d.

Then d > 0 holds, because suppose d = 0, then x,, — x and hence (x,,, y*) — (z,y*)
for all y* € X*, hence x,, = = € K, a contradiction to K being weakly closed.

Since (x,) is bounded, there is by the theorem of Eberlein—Shmulian (see [28]) a
weakly convergent subsequence (x, ) with z,, — x¢ € K. It follows that

Tpy =& Lo —X

[0, — | d

Apparently ||zg — x| > d, hence ||xg — x| = d, for suppose d < ||zo — ||, then
At ¢ U(X) == {y € X ||[ly]| <1}, in contradiction to U(X) being weakly closed.
Hence by assumption x,,, —x — o9 — ¥, 1.6. T, — xo which means z is a point of
accumulation of the minimizing sequence.

Conversely, let X be an E-space. First of all we show the reflexivity: let x* €
S(X™*) arbitrary and let H := {y € X |(y,z*) = 0}. H is weakly closed and hence
approximatively compact. Let z € X \ H and (x,,) C H with ||z, — z| — d(z, H).
By assumption there exists a subsequence (z,, ) with z,, — x¢o € H. Therefore
|z, — || = ||zo — x| = d(z, H). Hence, because of the strict convexity of X, z is
the best approximation of = w.r.t. H. According to the Theorem of Singer 3.12.6 then

(@ - 20,2%)| = le — o]
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holds. Therefore x* attains the supremum on the unit ball of X. Since z* was arbi-
trarily chosen, X is — according to the theorem of James [45] — reflexive.

Let now (z,,) C S(X) with z,, = = € S(X). We have to show: z,, — x.

We choose z* € S(X*) with (x,2*) = 1. Then

(T, ") = (x, 2™y =1, (8.7)

and (z,,,z*) > O forallm > N (N € N suitably chosen). Let now Z,, :=
then

<:E'n7nZ*>’
(Tn) CH :={z€ X|(z,2%) = 1}.

The Formula of Ascoli 3.12.5 yields d(0, H;) = |(0,z*) — 1| = 1. Furthermore, we

obtain
1

" [(wn, )]

Tn
(Tn, *)

i.e.||Z,—0| — d(0, Hy). Hence (Z,,) is a minimizing sequence for the approximation
of O w.r.t. Hy. Since H; is approximatively compact there exists a subsequence (Zy, )
with Z,,, — T € H;. But by assumption and (8.7) Z,,, — x and hence x = Z. Again
by (8.7): z,, — . Since every subsequence of (Z) is a minimizing sequence and
hence contains a to x convergent subsequence, we altogether obtain z,, — x. |

1Znl = =1,

The properties of an E-space are closely related to the Kadec—Klee property
(see [104]):

Definition 8.4.19. A Banach space X has the Kadec—Klee property, if x, — z and
|lzn|| — ||z|| already imply ||z, — || — O.

Therefore, a strictly convex and reflexive Banach space with Kadec—Klee property
is an E-space. Conversely, it is easily seen that an E-space has the Kadec—Klee prop-
erty.

But the E-space property can also be characterized by Fréchet differentiability of
the dual space. In order to substantiate this we need the following

Lemma 8.4.20 (Shmulian). The norm of a normed space X is Fréchet differentiable
at x € S(X), if and only if every sequence (x})neny C U(X™*) with (z,x}) — 1is
convergent.

Proof. Let z* € S(X*) be the Fréchet derivative of the norm at x. We will show
now: each sequence (z)) C U(X™) with (z, z}) — 1 converges to z*.

(z,z}) — 1 it follows that ||z}| — 1. Let z} := Hzﬁ
Suppose the sequence (&) does not converge to x*, then there is an € > 0 and a
sequence (z,) C S(X) with (2, Z}, —2*) > 2¢. Puta, == 1(||2| — (2, Z},))zn. then

Since 1 > |jz}| >
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<1‘?i‘7*1> = <$7$*> L — 1= ||:L‘|

. Lo/ zgl
of inequalities holds:

, hence x,, — 0. By definition the following chain

2 + 2ol = |2l = (20, 27) _ (@ + 20, T5) =1 — (20, 27)
[zl - (£
@,z — 1+ (@, T, — o7)

=% — % x\ 1 —(z,%;,
(@, 75) — 1+ (2, 7, — &) =00

1—(z,3})
e

= —e+ (2n, T, — ") > ¢,
a contradiction to z* being the Fréchet derivative of the norm at x.

In order to prove the converse we remark that the norm at = has a Gateaux deriva-
tive, since otherwise there are two distinct subgradients x, 25 € 0||«||. But then

the sequence x7, x5, x], 3, . . . violates the assumption since for ¢ = 1,2 we obtain:
(h,xf) =(x+h—x,27) < |z + h| — || < || and hence ||z}| < 1. Therefore
(x,xf) < |lz|| =1and (0 — z,z}) < 0] — ||z|| = —1, hence (x,z}) = 1. Let then

x* be the Gateaux derivative of the norm at z. If the norm is not Fréchet differentiable
at x, there exists an € > 0 and a sequence (x,,) C X with x,, — 0, such that

|2 + @all = ll2]| = (zn, 27)

[z

>

)

ie. |z + x| — (x + xpn, 2*) > €|z, || and hence
—(@n, %) > ellznll + (2, 27) = |z + 2. (8.8)

Choose a sequence (x)) C S(X™*) with (x + z,,z}) = ||z + x,||, then due to
T, — 0
(@, 27) = ||+ wnl| = (20, 2) = 2] = 1.

Therefore by assumption there is Z* € S(X*) with 2}, — z* and we have
(2, 27) = (2,77) = [|l=[|. (8.9)

Since (x +h —x,7*) = (x + h,T*) — (z, ") < ||z + h|| — ||z||, we have T* € J||z||
hence x* = z*.
On the other hand we obtain by (8.8)
* * Tn * * <13n,1':1> B <Z’n,$*>
=0l 2 (2 ) =
" lznf " [[@n |
(xn, 23) + ellan| + (z,27) — |z + 24|

[l

>

_ <l’,l‘*> — <$7$:1>

2

+e>e,
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where the last inequality follows from (x,x*) = ||z|| > (x, z},). Thus the sequence
(x}) does not converge to z*, a contradiction. ml

An immediate consequence of the above lemma of Shmulian is the following corol-
lary, which is a special case of the theorem of Phelps 3.8.6:

Corollary 8.4.21. Let the norm of a normed space X be Fréchet differentiable for all
x # 0. Then the mapping

D: X\ {0} - S(X™)
x+— D(z),

where D(x) denotes the Fréchet gradient at x, is continuous.

Proof. Let z,, — x then

[(z, D(zn) — D(2))| = [(zn, D(xn)) + (& = &n, D(zn)) — (2, D(2))|
<[zl = [|zall| + & — @n, D(zn))| < 2[|z — 24,

hence (x, D(zy,)) — (z, D(x)) = 1, where the last equality is due to Theorem 8.1.4
for x € S(X). The lemma of Shmulian then implies D(x,,) — D(z) in X*. |

By the lemma of Shmulian we are now in the position, to describe the E-space
property by the Fréchet differentiability of the dual space:

Theorem 8.4.22 (Anderson). A Banach space X is an E-space, if and only if X* is
Fréchet differentiable.

Proof. Let X be an E-space. By Theorem 8.4.18 X is reflexive and, since X = X**
is strictly convex, X* is smooth. Let * € S(X™*) be arbitrary. Now we have to show
the validity of the Shmulian criterion at x*:

Let (z,) C U(X) with (x,,2*) — 1. We have to show: the sequence (x,) is
convergent.

We have: 1 > ||x,|| > (xn,2*) — 1, hence ||x,|| — 1. Let Z,, := ooy and let
be a weak point of accumulation of the sequence (Z),) i.e. Z,, — Z for a subsequence
(Zn, ) of (Z,,), then ||Z|| < 1, since the closed unit ball of X is weakly closed.

On the other hand by the theorem of Hahn—Banach there is a §* € S(X*) with
(@,97) = [1Z]-

Moreover, we have

(E,m*)zlim(;‘nnk,x*>:11m< Tu ,x*>:1,
|2,

hence ||Z|| = 1. Theorem 8.4.18 then implies Z,,, — Z.
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Since X * is smooth, Z is by Z € S(X) and (Z, z*) = 1 uniquely determined as the
Gateaux gradient of the norm at x*, since

(Z,y" — ") = (Z,y7) — (z,27) < ly"|| = [l="].

Therefore we obtain for the whole sequence Z,, — T and since ||z, || — 1, as seen
above, also x,, — ¥, showing that the Shmulian criterion is satisfied and hence X*
Fréchet differentiable.

Conversely, let X* be Fréchet differentiable. Let z* € S(X™*) be arbitrary. By
definition there is a sequence (z,,) C U(X) with (z,,,2*) — 1. From the lemma of
Shmulian we conclude: () is convergent: x,, — Z, hence (z,,, z*) — (Z,2*) = 1
and ||Z]] < 1. Therefore z* attains its supremum at Z € U(X). According to the
theorem of James X is reflexive, since z* € S(X*) was arbitrarily chosen.

Let now z,,z € S(X) with x,, — =z, it remains to be shown: z, — z. Let
z* € S(X*) be chosen, such that (x, z*) = 1, then (z,,, z*) — (z,z*) = 1. Again by
the lemma of Shmulian the sequence (z,,) is convergent: x,, — &, hence (z,,z*) —
(z,2*) = 1 and ||Z|]| = 1. The smoothness of X* implies = = I, as seen above. O

The link to strong solvability (see [42]) is provided by the following

Theorem 8.4.23. A Banach space X is an E-space, if and only if for every closed
convex set K the problem min(|| - ||, K) is strongly solvable.

Proof. Let X be an E-space and K a closed convex subset, then K is also weakly
closed and hence approximatively compact. Let z € X \ K and (x,) C K a mini-
mizing sequence, i.e. ||z — x| — d(z, K), then there is a subsequence (z,, ) with
Zn, — xo € K. Hence || — z¢|| = d(x, K). Since X is strictly convex, x is the
uniquely determined best approximation of x w.r.t. K. As every subsequence of (z,,)
is a minimizing sequence, it again contains a subsequence converging to xo. Thus we
have for the whole sequence x,, — xo. Therefore the problem min(||z — -||, K) is
strongly solvable.

Conversely, let every problem of this kind be strongly solvable. Suppose X is not
strictly convex, then there are z1,z2 € S(X) with 21 # 22 and [z, 22] C S(X).
Then the problem min(0, [z, 7]) is apparently not strongly solvable, a contradiction.

Now we show the reflexivity: let z* € S(X™) arbitrary and let H := {y €
X | (y,z*) = 0}. H is convex and closed. Let z € X \ H and let (z,,) C H with
|zn, — x| — d(xz, H). By our assumption z,, — xo € H. Therefore ||z, — x| —
|zo — z|| = d(x, H). Hence x( is — due to the strict convexity of X — the best ap-
proximation of z w.r.t. H. According to the theorem of Singer 3.12.6 we then obtain

(x — x0,2") = ||lz — 0.
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This means that x* attains its supremum on the unit ball of X. Since x* was arbitrarily
chosen, X is, by the theorem of James, reflexive.

That x,,, 2 € S(X) with x,, — x implies that ||z, — z|| — 0 can be shown in the
same way as in the last part of the proof of Theorem 8.4.18. |

8.5 Fréchet differentiability and Local Uniform Convexity
in Orlicz Spaces

We obtain as the central result of this paragraph that in a reflexive Orlicz space strong
and weak differentiability of Luxemburg and Orlicz norm, as well as strict and local
uniform convexity coincide.

8.5.1 Fréchet Differentiability of Modular and Luxemburg Norm

If @ is differentiable, then f® and || - [/ are Gateaux differentiable and for the
Gateaux derivatives we have (see Lemma 8.2.1)

((F®) (o), ) = /T @ (0)

and (see Equation (8.6)) <H$0||/((D), x) = é};‘j’((jié’))é where g : Hafoll for x9 # 0. If

the conjugate function of @ satisfies the Aj-condition we can prove the continuity of
the above Gateaux derivatives.

The following theorem was shown by Krasnosielskii [72] for the Lebesgue measure
on a compact subset of the R™, but in a different way.

Theorem 8.5.1. Let (T, %, 1) be a o-finite measure space, ® a differentiable Young
function, and let its conjugate function ¥ satisfy the Ay-condition. Then the Gdteaux
derivatives of f® and || - || (@) are continuous mappings from

M® () resp. M® () \ {0} 10 L (1)

Proof. Let (2,,)2, be a sequence in M®(p) with limz,, = xo.

First we show that in LY (y) the relation lim,, o, @' (,,) = ®'(x0) holds. As ¥
satisfies the Ay-condition, convergence in the norm is equivalent to convergence w.r.t.
the modular flP (see Theorems 6.2.21, 6.3.1 and 6.3.3), i.e. we have to show that

lim f*(®'(z,) — @ (z0)) = 0.

n—oo

Let now 7' be represented as a countable union of pairwise disjoint sets 73, ¢ =
1,2, ..., of finite positive measures.
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We define
k
Ski=JT  Sk={teT|luo®) <k},
i=1
Dy := S, NS,
and finally
Rk =T \ Dk-

First we show: ka 2@ (x0)dp — k00 0. As |zo(t)| > k on Ry we obtain

0o > / 20® (z0)dp 2/ 2@ (x0)dp > p(Ri) kD' (k).
T Ry,
As k@' (k) > ®(k) =00 00, it follows that pu(Rg) —k o 0. As Dy C Dy
the sequence (zo®'(x)xp,) converges monotonically increasing pointwise a. e.
to wo® (zg). With ka 0@ (zo)dpt —k—oe [ To® (20)dp it then follows that
ka 2o®' (x0)dpt — 00 0. For given € > 0 we now choose k large enough that

/ x2o® (20)dp < e and p(Dy) > 0. (8.10)
Ry,

As @' is uniformly continuous on I := [—k — 1,k + 1], thereisa d € (0, 1), such that

/() — @/ (r)] < P! <M(1E)k))

for[s —r| < dands,r € I.
According to Theorem 7.4.5 the sequence (x,,)2° ; converges to xo in measure, i.e.
there is a sequence of sets (Q,,)2° | with lim, o 1£(Qr) = 0, such that

lim sup |zo(t) — z,(t)| = 0.

In particular there is a natural number NV, such that forn > N
|xn(t) —20(t)] <6 fort € T\ Qn,

and

8.11)

Thus we obtain

/ W () — P (20))dp < / T(wl( : ))du (8.12)
T\(QnURy) T\(QnURy) w(Dx)

_ N(T\ (Qn U Rk)
w(Dk)

e <e. (8.13)
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According to Theorem 3.8.5 the derivative of a continuous convex function is demi-
continuous, i.e. here: if the sequence (w,):°, converges to wqy in M ®(u), then
(@' (wy,))52, converges x-weak to @ (wy). Since according to the Uniform Bounded-
ness theorem of Banach (see Theorem 5.3.14) the sequence (¥’ (w,,))>2, is bounded
in LY (11), we obtain because of

/Twncb’(wn)du—/wotb’(wo)du

T

= /(wn — wp)® (wy,)dp + / wo(® (wy,) — @ (wo))dp
T T

using Holder’s inequality

‘/Twnq)/(wn)dM/Twoq)'(wo)dﬂ'

< Jlwn = woll(@) 19" (wn) v + ‘ /TIUo(q"(wn) = @'(wo))dp,

where the last expression on the right-hand side converges to zero because of the
*-weak convergence of @ (w;,) to @ (wyp). In this way we obtain the relation

lim wnq)'(wn)du:/wo(bl(wo)du. (8.14)

Let now: wy, := XQ,UR, * Tn, let further be wy := xR, -xo, and let v, := xQ,,uR, - To,
then we obtain

Wy — Wy = Wy — Up + Uy — Wy = (wn - $O)XQnURk, + xo(XQnuRk - XRk.)~

Now we have: |z, — 20| > |z, — 20|XQ.UR, and, using the monotonicity of the
Luxemburg norm, we obtain |x,, — 2o|XQ,UR, —n—oo 0, moreover using (8.11)

& 13
lvn — woll@) = IXQu\Rs |Zolll@) < [IXQ, - kll@) < 0 < @ <e,

since W is in particular finite (and hence % — 00). We conclude w,, —,—500 Wo-

Taking

/ xnCD/(mn)du—/ zOCD/(xo)du—i—/ xod)’(zo)d,u—/ 2o® (z0)dp
QnURk

Ry, Ry, QnURy,

~ ([~ [ v Cuoa)
([ ndn— [ o0/ )
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into account it follows using (8.14)

lim (/ an)/(mn)du—/ xoq)’(:ro)du> =0.
n—eo QnURk QnURk

The A;-condition for ¥ together with Young’s equality yields a. e.

W(P (2n) — @'(20))

IN

N> N> =

(W(Q2D' (n)) + ¥(29'(0))

IN

(P(D' () + V(D (0))

IN

(2@ (2,) + 2@ (20)).

Therefore

A
/ V(D (z) — @' (w0))dp < 5 (/ 2@ (2 )dp +/ woq”(%)du)
QnURk 2 QnURk QnURk

<A (/ 2o® (x0)dpu + 6)
QnURk

for n sufficiently large and, using (8.10) and (8.11), we obtain

/ xo® (20)dp = / 0@ (zo)dp + / 0@ (z0)dp < 2e.
QnURy Ry, Qn\ Rk
Together with (8.12) the first part of the claim follows.

Let now zg € M®(u) \ {0} and (z,,)°%, be a sequence that converges in M® (1)
to xg.

Let y, = Hzfm for n € N U {0}, then also (y,)°, converges to yo, i.e.
limy, 00 @' (yn) = @' (yo) and, because of (8.14) also

n—o0

lim [y, @ (yn)du = / yo® (yo)dp
T T
holds, which completes the proof for the derivatives of the Luxemburg norm. |

Remark 8.5.2. To prove the above Theorem 8.5.1 for the sequence space [, only the
Ag-condition for W is required. The proof can be performed in a similar way.

Remark 8.5.3. If 7" in Theorem 8.5.1 has finite measure, only the AS°-condition for
Y is needed.

Proof. @ is differentiable, hence ¥ strict convex according to Theorem 6.1.22, thus
in particular definite.
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Let now W(2s) < AW¥(s) for all s > s9 > 0, let, different from Theorem 8.5.1,
Dy, := S}, and k large enough that

3

M(Rk:) < mv

furthermore | Ry 2o®' (z0)dp < e and :q(ﬁ(s]‘;; < 1 are satisfied.

If we set

P, :={t€Q,URy||®(x,(t))| < s0}
Py = {t € Qn U Ry || (x0(t))| < 50},

then we obtain in similar fashion as in Theorem 8.5.1

| @) - o)
QnURy

< /Q n YD (x,))dp + /Q o ‘P(ZCD’(:L“O))du)

( YD (zn))dp + / YD (z,))dp
P, (QnURL)\ Py

<

N = N =

+ 4%2¢Kx0»du+:/

‘P(2‘D/($o))du)
Py, (QrURL)\ P/,

1(\1}(280><N<Pn> (P

2
+A < / 2, @ (2,)dp + / :qu)/(a:o)dp>)
(QnURk)\Pn (QnURk)\Pr{L

< 5+ u@waso) + 3 (2

<e(l+3))

IN

A

xod)'(xo)du + 6)
nURk

for n sufficiently large. |

We will now demonstrate that for a finite, not purely atomic measure space the
following statement holds: if (L% (p), || - |(@)) is Fréchet differentiable, then (L® (),
| - ll(@)) is already reflexive. For this purpose we need the following

Lemma 8.54. Let (T,%, u) be a o-finite, not purely atomic measure space. If
(L2(u), || - ll(@)) is Fréchet differentiable, then ¥ is finite.

Proof. For let ¥ not be finite, then @’ is bounded on R, i.e. there are positive numbers
a,b,csuch that a(s — ¢) < @(s) <b-sfors>c.
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If T has finite measure, Theorem 6.2.10 implies
(a) L'(u) = L®(p), and the norms || - || and || - | (@) are equivalent.

(b) L>®(p) = L¥(p), and the norms | - [|o and || - || are equivalent (here we have
also used the equivalence of Orlicz and Luxemburg norms).

Clearly @ satisfies the A3°-condition, hence M®()=L®(11) (see Theorem 6.2.42)
Therefore we obtain

(L () N - he) = (MO (), 1] )"

Let now A be the set of atoms in 7" and let A := (T \ A), then we choose disjoint
sets G, in T\ A with u(Gy) = 27F="\ for k = 1,2,... (see Theorem 6.2.30).
Furthermore let sp € R be large enough that

o(—0 s
(écbl(ﬂ >>
2+u(A)

If we define the functions x,, on T" by

®) (1—1)"so forte Gy, k=1,2,...
T =
" 1 otherwise

forn =1,2,... and xo with

l'()(t) =

0 forteGyg, k=1,2,...
1 otherwise,

then the sequence (x,,) converges to g in the L'-norm. To see this we observe

o0 o0 1 n
/ |m0—xn|du:Z/ |x0—xn|du:)\soz2kl<l —) .
T k=1"Gr k=1 k

Let now ¢ > 0 be given, then we choose a natural number r such that > ;°
< 5. Then

2—k—1

N <~ ., €
/T|330—96nd,u<)\80<<1—r> ZZ F 1+2> < spAe

k=1

for sufficiently large n. Hence also ||z, — ol/(@) — 0, due to the equivalence of the
norms.
Thus the number-sequence (||, [|(@)) converges because of ), 1(Gy,) = % to

1
S D((§ 4 u(A) )

2ol @)
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(see Lemma 7.4.3). We now set y,, := ”w:% forn = 0,1,2,.... The Gateaux
gradient of || - [|(@) at z, is
Yn
Jr yn® (yn)dp

We first consider the sequence (®'(y,,))5°, in L™ (p).
For n sufficiently large we obtain because of the monotonicity of @ and the choice
of S0

19" (yn) — @' (90) lloo > ess sup ' (yn(t)) — @' (10(1))]

1— Ly -2
—cp’<(n)80> Z(D’<€SO> > 0.
(@) 1ol @)

But the number-sequence

o0
( / ynCD’(yn)du) converges to / 0@ (yo)dp,

because apparently {®'(y,,) | n € N} is uniformly bounded in L>° and we have

u/m@wm¢mmmM=/ Jo(®(yn) — ' (40))d
T

T\U;il Gk
L (q)’ <1> i (1))
lzoll(@) [0l (@) lzoll@)
A
= A) .
(3+n)
Thus the Gateaux derivative of || - /(@) is not continuous in yo and therefore || - || (@)

according to Theorem 3.8.6 not Fréchet differentiable.

If T has infinite measure, the we choose a not purely atomic subset 7y of 7" with
finite measure.

If Xy is the subalgebra of X, that consists in the elements of X contained in T,
then we denote the restriction of p to Xy by po. In the same way as above we can
construct a sequence (y,,) of elements of the unit sphere of L% (1) converging to yo
in L® (1), for which the sequence (®'(y,,)) does not converge to @ (yo) in L (p0).
If one considers L®(10) and LY (110) as subspaces of L® () and LY (11) resp., then it
is easy to see that the restriction of the Luxemburg norm of L®(u) to L® (1) and of
the Orlicz norm of LY (1) to LY (110) is equal to the Luxemburg norm on L®(119) and
equal to the Orlicz norm on LY (j19) resp. Thus for ¥ not finite and ;(7") = oo the
Luxemburg norm | - /(@) is also not Fréchet differentiable on L®(u) \ {0}. O
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The Fréchet differentiability of (L®,|| - [|(@)) implies already the A5°-condition
for O@:

Theorem 8.5.5. Let (T,X, 1) be a o-finite, not purely atomic measure space. If
(L2 (), ]| - | (@)) is Fréchet differentiable, then ® satisfies the AS°-condition.

Proof. Assume that @ does not satisfy the A3°-condition, then L® contains according
to Theorem 6.2.39 a subspace, which is isometrically isomorphic to /°°. But ¢ is not
Fréchet differentiable, because otherwise ¢! (according to the theorem of Anderson
(see Theorem 8.4.22)) is an E-space, hence in particular reflexive, a contradiction. O

Therefore we obtain the following

Theorem 8.5.6. Let (T,%, 1) be a finite, not purely atomic measure space. then
the following statement holds: if (L®(p), | - ||(@)) is Fréchet differentiable, then

(L), |- ) is refexive.

Proof. According to Theorem 8.5.5 @ satisfies the AS°-condition. Then, due to The-
orem 6.2.42 we have L® (1) = M®(p). Therefore, if || - l| @) is Fréchet differentiable
on L®(p) \ {0}, then W is finite according to Lemma 8.5.4, hence by Theorem 7.6.2
(MY (), || - )" = (L®(p), | - l|(@)) and thus, according to the theorem of Ander-
son (see 8.4.22), (MY (), | - |lw) is an E-space, hence in particular reflexive. Using
Holder’s inequality we obtain

(LF () - ) © (L), 1 Nwy)* = (ML (), ] )
and so we conclude LY (p) = M™¥(p). O

We are now in the position to characterize the Fréchet differentiable Luxemburg
norms. In order to simplify the wording of our results we introduce the following
notation:

Definition 8.5.7. We call the measure space (T, %, i) essentially not purely atomic,
if u(T'\ A) > 0, and for u(T) = oo even p(T \ A) = oo hold, where A is the set of
atoms.

Theorem 8.5.8. Ler (T,%, 1) be a o-finite, essentially not purely atomic measure
space, and let (L® (1), || - | (@)) be reflexive. Then the following statements are equiv-
alent:

a) (L®(w), || - ll(@)) is flat convex,

b) f® is continuously Fréchet differentiable on L® (1),

¢) || @) is continuously Fréchet differentiable on L® (1) \ {0},
d) @ is differentiable.
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Proof. a) = b) and ¢): According to Theorem 8.2.3 flat convexity for a not purely
atomic measure space implies the differentiability of ®@ and by the theorem of Mazur
8.1.3 the Gateaux differentiability of || - || @

Using Theorem 7.7.1, reflexivity of (L®(s), || - [|(@)) implies the Ay or AS°-condi-
tion for @ and P, if T" has infinite or finite measure respectively, because otherwise L%
has a (closed) subspace, isomorphic to ¢°°, which according to [41] is also reflexive,
a contradiction. We conclude, using Theorem 6.2.42 M® (1) = L®(p).

Due to the equivalence of Luxemburg and Orlicz norm, (L% (), || - ||lo) is also
reflexive. Moreover, ‘¥ has to be finite and hence, according to Theorem 7.6.2

(L), I o)™ = (LY (), I - llwy)-

Being the dual space of (L® (1), || - ||o), the space (LY (1), || - [|(w)) is also reflexive.
By the A, or A5°-condition (depending on infinite or finite measure of 7' respectively)
for ¥ and Theorems 8.5.1 and 8.5.3 it follows that the Giteaux derivative of f® is
continuous on M® (1) and hence, as in Theorem 8.5.1, the corresponding property
for || - [|(). By Theorem 3.8.6 continuous Gateaux differentiability and continuous
Fréchet differentiability are equivalent.

a) < d): According to Theorem 8.2.3 flat convexity for a not purely atomic mea-
sure is equivalent to differentiability of ®.

b) = a): Due to Theorem 8.1.1 the level set Sy (1) is flat convex. On the other
hand S (1) is identical to the unit sphere of M ® — L®. Hence (L®, || - |(@)) is flat
convex.

¢) = a): If || - || () is Fréchet differentiable on L® (1) \ {0}, then (L® (1), || - [/(a))
is in particular flat convex due to the theorem of Mazur 8.1.3. |

For finite measure a somewhat stronger version is available.

Theorem 8.5.9. Let (T, X, 1) be a finite, not purely atomic measure space. Then the
following statements are equivalent:

a) (L), - (@) is flat convex and reflexive,
b) || - |l(@) is Fréchet differentiable on L® (1) \ {0},
¢) @ is differentiable and (L®(u), || - | (@)) is reflexive.

Proof. Theorems 8.5.8 and 8.5.6. m|

For the sequence space [® the above theorem can be proved in somewhat weaker
form.

Theorem 8.5.10. Let the Young function ® be finite and let | be reflexive. then the
following statements are equivalent:

a) (1%, || - ll(@)) is flat convex,
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b) || - |l(@) is Fréchet differentiable on I® \ {0},
¢) @ is differentiable for all s with |s| < ®~(1).

Proof. The equivalence of a) and c) follows with Theorems 8.2.4 and 7.7.2. Let now
(1%, - | (@)) be flat convex. The left-sided derivative @’ of @ in ®~!(1) is finite. If
we continue @' in a continuous, linear, and strictly increasing way beyond ®~!(1),
and denote that primitive function which is zero at the origin by ®, then @ is a dif-
ferentiable Young function. Apparently [® = [® and || - l@ = I ll@). If ¥ s
the convex conjugate of ® then by construction ¥ is finite. ® and hence ® satisfies
the A9-condition, because otherwise (I®, | - [|(@)) contains, according to the theorem
of Lindenstrauss—Tsafriri a subspace isomorphic to £°°, a contradiction to the reflex-
ivity of (I%,] - [|(@))- It follows that m® = ¢®. Due to Theorem 7.6.2 we have

(12,1 llg)* = (I¥, ]|  l(g))- The equivalence of the norms implies that (I®, | -[|) is
also reflexive and hence (17, | - | (¥))» being the dual space of a reflexive space, is also

reflexive. As demonstrated above the Ag—condition for P follows. Using Remark 8.5.2
we obtain b). By Theorem 8.1.2 a) follows from b). O

8.5.2 Fréchet Differentiability and Local Uniform Convexity

In the sequel we need a characterization of strict convexity of the Luxemburg norm
on H®(u).

Theorem 8.5.11. Ler (T, X, 1) be a not purely atomic measure space and let @ a
finite Young function.
@ is strictly convex, if and only if (H®(p), | - l|(@)) is strictly convex.

Proof. Let A be the set of atoms of 7. If @ is not strictly convex, then there are
different positive numbers s and ¢, such that

¢<S;t> _ %((D(S) + D).

We choose pairwise disjoint sets 77, 7>, T3 € X of finite measure with 0 < (7)) =

p(T2) < min(M5AL Sodas) and 0 < u(T3) < p(T\ A) = 2u(Th).
-1 1—p(T7) (D(s)+D(1)) )
w(T3) )

Furthermore, let u := @
The functions

T = sxn +txn + ux,

and

Yy :=1txT + sxn + uxm
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are then elements of the unit sphere, because we have
[ @@ = u(T)®(s) + n(T)0(0) + n(T)0(0)
= W(T)O(s) + p(T)R(E) + u(T)O(w) = [ D) =1

Now, the properties of s, ¢, 7] and 7> imply

/T<p<x ;L y)du - ,u(Tl)dD(SZ—H> + u(Tz)(D<52+t) + u(T3)®(u) = 1.

Conversely, let @ be strictly convex, and let x1, 2, be elements of the unit sphere
with || 2422 || () = 1, then Lemma 6.2.15 implies

1Z/T¢(x1)du=/T¢(xz)du=A¢(xlerm)du,

T1+T2

hence, because of the convexity of ®, we obtain ®(*5%2) — ®(x1) — D(r2) = 0
almost everywhere and due to the strict convexity 1 = x; almost everywhere, i.e. the
Luxemburg norm is strictly convex on H® (). O

Corollary 8.5.12. Let (T,X, 1) be a not purely atomic measure space and let ® be a
finite Young function.

If f® strictly convex, then ® is strictly convex, because then also H® is strictly
convex.

For our further reasoning we need the subsequent theorem (see e.g. [49], p. 350),
which describes the duality between strict and flat convexity:

Theorem 8.5.13. If the dual space X* of a normed space X is strict or flat convex,
then X itself is flat or strict convex respectively.

We are now in the position, to characterize the reflexive and locally uniformly con-
vex Orlicz spaces w.r.t. the Orlicz norm.

Theorem 8.5.14. Let (T X, 1) a o-finite, essentially not purely atomic measure space
and let L® (1) be reflexive. Then the following statements are equivalent:

a) @ is strictly convex,
b) (L®(p),| - |lo) is strictly convex,
o) || - I3 is locally uniformly convex,

d) f® is locally uniformly convex.
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Proof. The reflexivity implies in particular that @ and ¥ are finite.

a) = b): If @ is strictly convex, then its conjugate W is differentiable (see The-
orem 6.1.22). Then due to Theorem 8.2.3 (L¥(u), | - [l () is flat convex, hence
(L®(1), ]| - ||lo) strictly convex (see Theorem 8.5.13).

b) < ¢): If (L®(p), || - ||o) is strictly convex, then (LY (p), || - | (w)) is flat convex
(see Theorem 8.5.13) and hence due to Theorem 8.5.8 || - H%\P) /2 Fréchet differen-

tiable. As || - [|3/2 is the conjugate function of || - ||(2\P>/2 (see Example 3.11.10), then,

according to Theorem 8.4.10 and Theorem 8.4.14 || - || is locally uniformly convex.

Apparently b) follows immediately from c).

b) = d): From flat convexity of (L¥ (), - ||(w)) and reflexivity it follows with
Theorem 8.5.8 that f* is Fréchet differentiable. ® and \V satisfy the Ap- or the AS°-
condition respectively, depending on 1(T) being infinite or finite (see Theorem 7.7.1).
Thus f¥ and its conjugate f® are bounded (see Theorem 7.3.4 and Theorem 6.3.10).
Due to Theorem 8.4.10 and Theorem 8.4.14 this implies the local uniform convexity
of f®.

d) = a): This follows immediately from Corollary 8.5.12. m]

Remark 8.5.15. In Example 8.6.12 we present a reflexive and strictly convex Orlicz
space w.r.t. the Orlicz norm, which is not uniformly convex (compare Milnes in [85],
p. 1482).

For the sequence space [® the above theorem can be proved in a somewhat weaker
version.

Theorem 8.5.16. Let ® and ¥ be finite and let |® be reflexive, then the following
statements are equivalent:

a) (1%, - ||lo) is strictly convex,
b) || - I3 is locally uniformly convex.
Proof. As in Theorem 8.5.14 by use of Theorem 8.5.10. m]

8.5.3 Fréchet Differentiability of the Orlicz Norm and Local Uniform
Convexity of the Luxemburg Norm

Using the relationships between Fréchet differentiability, local uniform convexity and
strong solvability presented in the previous paragraphs, we are now in the position to
describe the Fréchet differentiability of the Orlicz norm.

Theorem 8.5.17. Let (T, %, u) be an essentially not purely atomic, o-finite measure
space, and let L®(11) be reflexive. Then the following statements are equivalent:
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a) (L2(u), || - |o) is flat convex,
b) @ is differentiable,
¢) || - |lo is Fréchet differentiable on L® (1) \ {0}.

Proof. a) = b): Let ¥ be the conjugate of ®.

If (L®(p), || - llo) is flat convex, then (L¥(p), || - [|w)) is strictly convex. Due to
Theorem 8.5.11 ¥ is strictly convex and hence @ differentiable according to Theo-
rem 6.1.22.

b) = c): From the differentiability of ® it follows by Theorem 8.5.8 that f® is
Fréchet differentiable. As in the proof of Theorem 8.5.14 the local uniform convex-
ity of f¥ follows. Strong and weak sequential convergence agree on the set S :=
{z| f¥(x) = 1} because from x,, — x for z,,, x € S it follows for z* € df¥ ()

0= f¥(zn) = f¥(2) 2 (20 —2,0") + 7(||lzn — 2w,

where 7 is the convexity module of f¥ belonging to z and z*, and thus z, — x.
As S is the unit sphere of L (1) w.r.t. the Luxemburg norm, (LY (1), ]| - |(w)) is an
E-space according to Theorem 8.4.18, hence || - |(y) has a strong minimum on every
closed convex set due to Theorem 8.4.23, Apparently, this also holds for || - ||%q,> /2.
Theorem 8.4.10 and Theorem 8.4.14 then imply the Fréchet differentiability of ||-||3,/2
and hence of || - |l in L®(u) \ {0}.

¢) = a): This follows from the theorem of Mazur. m|

It is now a simple task to characterize the locally uniformly convex, reflexive Orlicz
spaces w.r.t. the Luxemburg norm.

Theorem 8.5.18. Let (T,X, 1) be o-finite, essentially not purely atomic measure
space and let Lq’(,u) be reflexive. Then the following statements are equivalent:

a) @ is strictly convex,
b) (L®(p),|| - |(@)) is strictly convex,

o) |- ||%<D> is locally uniformly convex.

Proof. Because of H® (1) = L® (1) the equivalence of a) and b) follows from Theo-
rem 8.5.11. If (L®(y1), || - [|(@)) is strictly convex, then (L¥ (1), || - ||y) is flat convex
and therefore due to Theorem 8.5.17 || - ||y is Fréchet differentiable. Using Theo-
rems 8.4.10 and 8.4.14 c) follows.

¢) = b) is obvious. O

The theorems corresponding to Theorems 8.5.17 and 8.5.18 for I® can be stated in
the subsequent weaker form.



280 Chapter 8 Differentiability and Convexity in Orlicz Spaces

Theorem 8.5.19. Let [® be reflexive, ® differentiable and ¥ finite, then || - ||o is
Fréchet differentiable on 1%\ {0}.

Proof. Because of Theorem 7.7.2 ¥ satisfies the Ag-condition. Hence f? is, due to
Remark 8.5.2, Fréchet differentiable. The remaining reasoning follows the lines of
Theorem 8.5.17 for b) = ¢). O

Remark 8.5.20. If the conditions of Theorem 8.5.19 are satisfied then strong and
weak differentiability of the Orlicz norm on [® agree.

Theorem 8.5.21. Let [® be reflexive, let @ be strictly convex and let P be finite, then
Il - ||(2®) is locally uniformly convex.

Proof. W is due to Theorem 6.1.22 differentiable and hence || - ||y according to Theo-
rem 8.5.19 Fréchet differentiable. Using Theorems 8.4.10 and 8.4.14 the claim of the
theorem follows. |

8.5.4 Summary

Based on the theorems proved above we are now able to describe Fréchet differentia-
bility and local uniform convexity by a list of equivalent statements.

Theorem 8.5.22. Let (T, X, 1) be a o-finite essentially not purely atomic measure
space, let ® be a Young function and ¥ its conjugate, and let L®(11) be reflexive.
Then the following statements are equivalent:

a) @ is differentiable,
b) (L®(p), | - |lo) is flat convex,
c) (L®(w), |- |(@)) is flat convex,
d) || - ||e is continuously Fréchet differentiable on L® (1) \ {0},
e) || - |(w) is continuously Fréchet differentiable on L®(u) \ {0},
f) fo is continuously Fréchet differentiable on L® (1),
g) WV is strictly convex,
h)y LY(u), | - ||\w) is strictly convex,
i) LY(u), | - | (w)) is strictly convex,
i) || - |1 is locally uniformly convex,
kK | - H%\P) is locally uniformly convex,
) f¥ is locally uniformly convex,
m) || - ||w has a strong minimum on K,

n) || - |low) has a strong minimum on K,
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o) fY has a strong minimum on K,
p) LY (w). || - [l) is an E-space,
@ L¥(), || - llow)) is an E-space,
for every closed convex subset K of LY ().

Proof. a), c), e), ) are equivalent according to Theorem 8.5.8; a), b), d) according
to Theorem 8.5.17; g), h), j), 1) according to Theorem 8.5.14; g), i), k) according to
Theorem 8.5.18. The equivalence of a) and g) is well known (6.1.22), the equivalence
of j) and m), k) and n) as well as of ) and o) follow from Theorem 8.4.14. Equivalence
of m) and q) ad of n) and p) follows from Theorem 8.4.23. |

For the sequence space [® we obtain the following

Theorem 8.5.23. Let ® be differentiable, ¥ finite and let I® be reflexive. Then the
following statements hold:

a) || - || is continuously Fréchet differentiable on 1®\ {0},
b) || - lw) is continuously Fréchet differentiable on 1*\ {0},
¢) f®is continuously Fréchet differentiable,

d) || - [ is locally uniformly convex,

e) |- ||(2q,> is locally uniformly convex,

) fY is locally uniformly convex,
2) || - lw has a strong minimum on K,
h) |- log) has a strong minimum on K,

i) fY has a strong minimum on K

for every closed convex subset I of Y.

Proof. b) follows from Theorem 8.5.10, d) with Theorem 8.5.21, a) with Theorem
8.5.19. From reflexivity we obtain using Remark 8.5.2 statement c) and using Theo-
rem 8.4.10 and Theorem 8.4.14 thereby f). Finally e) follows from a). Statements g),
h) and 1) follow using Theorems 8.4.10 and 8.4.14. |

8.6 Uniform Convexity and Uniform Differentiability

Whereas in the previous section we have studied the duality between Fréchet differen-
tiability and local uniform convexity (and the related strong solvability) in particular
in Orlicz spaces, we will now turn our attention to the duality between uniform con-
vexity and uniform differentiability.
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Definition 8.6.1. Let X be a Banach space, then we define the module of smoothness
by

1
x(0)i= s (Gllotryl+ o= ral) 1)
llzll=llylI=1

X is called uniformly differentiable, if
lim px(7) = 0.
T—0 T
Kothe (see [49], p. 366 f.) shows that uniform differentiability implies in particular
Fréchet differentiability of the norm.
In the context of our treatment of greedy algorithms we need the following

Lemma 8.6.2. Let X be a Banach space of dimension at least 2 and let px be the
corresponding module of smoothness, then px(u) > 0 for u > 0. px is convex

(and hence continuous) on R. If X is beyond that uniformly differentiable, then

w2 strictly monotonically increasing.
u

Proof. In order to simplify notation put p := px. The first part follows from p(7) >

(1+ 7')1/ 2 — 1 (see Lindenstrauss [77]). p is convex, being the supremum of convex

functions. Since p(0) = 0 the function u — # being the difference quotient at 0 is

monotonically increasing. Suppose there are 0 < ¢ < u with o) @, then @ is

u
constant on [u, t], i.e. there is a ¢ > 0 with @ = c there, hence p(7) = c7 on [u, t].

Therefore p/, (u) = ¢ and due to the subgradient inequality

clv—u) =p(u)(v—u) < p(v) —c-u

p(v)

o~ forall v > 0. But then ¢ < lim, o @ = 0, a contradiction. O

and hence ¢ <

Definition 8.6.3. Let X be a Banach space, then we define the convexity module by

dx(e) = in

= 2
lzl=llyll=1 @=ll=+ul)

f
llz—yll=e
X is then called uniformly convex, if dx () > 0 for all ¢ > 0.

The following theorem can be found in Lindenstrauss (compare [77]):

Theorem 8.6.4 (Lindenstrauss). X is uniformly convex, if X* is uniformly differen-
tiable. Moreover for arbitrary Banach spaces

px+(1) = sup (1¢/2 —dx(e))
0<e<2

px (1) = sup (76/2 = dx-(e))
0<e<2

SJorT > 0.
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Remark 8.6.5. That uniform differentiability of X™* follows from uniform convexity
of X, can be understood by using the above duality relation between the modules of
smoothness and convexity as follows: at first the parallelogram equality in a Hilbert
space for ||z|| = ||ly|| = 1 and ||z — y|| = ¢ implies

Lo ety =te—Ja—fe—gP)=1-/1-5 =6
3 z+yl) =5 x—y|?) = 7 = onle)

Apparently then 67 (¢) = Ae? 4 o(g?). According to Day (see [24]) Hilbert spaces
are those Banach spaces with largest convexity module: for an arbitrary Banach space
X:0x(e) < dp(e) forall e > 0. Then in particular: lim._,o 6XE(5) =0.

Let now (7,,) be a sequence of positive numbers tending to zero, then the equality

has a solution ¢,, for each n € N large enough. Then (&), due to dx () > 0 for
all € > 0, also tends to zero. Even though dx is in general not convex, the mapping

€ 5XT(E) is monotonically increasing (see [30], Proposition 3). Hence, because of

Tn 6X(E)
o= <Ofore>¢,

SIGD - <€<Tn - 6X(€)>> =3
Tn 0<e<en Tn 2 e 2

Conversely uniform convexity of X can be obtained from uniform differentiability
of X* in the following way: let

SX(E) = sup (1¢/2 — px+(7))
0<7<2

= g (=2~ 27))

If ¢ > 0, then for 7 small enough the expression /2 — px+(7) is positive and hence

dx(e) > 0. On the other hand apparently §x (¢) > Z — px«(7) holds for all T > 0
and 0 < ¢ < 2 and hence dx(¢) > 0x/(¢).

8.6.1 Uniform Convexity of the Orlicz Norm

For non-atomic measures Milne (see [85]) gives the following characterization of uni-
form convexity of the Orlicz norm:

Theorem 8.6.6. (L® (1), || - ||o) is uniformly convex, if and only if ¥ is differentiable
and for each 0 < & < 1/4 there is a constant R. with 1 < R. < N < oo, such that
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(a) for infinite measure
i. ©2u) < N®(u)
i @, ((1—e)u) < 7@, (u)
forallu >0
(b) for finite measure
i. limsup,_,. ®2u)/®(u) < N

e g D’ (u
1. lim SUP, 00 WQM > RE

holds.

A remark of Trojanski and Maleev (see [83]) indicates that the A,-condition for ‘¥
can be expressed in terms of @, in fact:

Lemma 8.6.7. Let ® and ¥ be finite and ¢ < 1, then

D(lt) < ~D(t) & P(25) <

1N

(s)

[NSHIESN

holds.
Proof. By the Young’s equality
W(2s) + (W (25)) = 25V, (23)
holds and hence
14 1
5‘1”(28) = lsW, (2s) — ECD(‘I’Q_(ZS)) < sV (2s) — (MY, (25)).
Young’s inequality ¥(s) — ts > —®(t) then yields for t = (¥’ (s)
14
5‘1’(25) < s (2s) + W(s) — 0¥, (s)s = W(s).

Interchanging the roles of ® and ¥, one obtains the converse:

2 2

Zcb(&t) = z(ztc1>’+(£t)) — (D! (£t)) < 2D, (£t) — (2D, (¢t)) < D(t),
where the last inequality follows from Young’s inequality ®(t) — st > —¥(s) for
s =20/ ({1). ]

Remark 8.6.8. In a similar manner one can show for0 < £ <1 < R < 0o

o(1t) < %(D(t) o W(Rs) < %‘P(s).

By Remark 6.2.27 this is equivalent to the A,-condition for V.
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Hence from condition a(ii) resp. b(ii) in the theorem of Milne 8.6.6 the A,-condition
for ¥ follows:

Remark 8.6.9. From @/, ((1 —¢)u) < R%d);(u) we obtain via integration

1
1—¢

1

o((1 — &)t) :/0 O, (1 — )u)du < ];/0 @, (w)du = (1)

From the theorems of Lindenstrauss and Milne we thus obtain a description of the
uniform differentiability of the Luxemburg norm in the non-atomic case.

Theorem 8.6.10. (L®(u), || - |(@)) is uniformly differentiable, if and only if ® is
differentiable and for each 0 < & < 1/4 there is a constant 1| < R, < N < o0, such
that

(a) for infinite measure
i. Y(2u) < NY¥(u)
i V(1 —e)u) < 3= (u)
Jorallu >0
(b) for finite measure
i. limsup,_,. ¥Y(2u)/¥(u) < N

s Y (u
ii. limsup,,_, WSQ)U) > R..

Remark 8.6.11. Let ® be a differentiable Young function with ¢ := @ and ¢(2s) <
Ap(s) for all s > 0, then @ satisfies the Aj-condition with @(2s) < 2Ad(s) for all
s> 0.

Proof. We obtain by change of variable 7 = 2¢

2s s s
D(2s) = o(T)dr = 2/ o(2t)dt < 2)\/ o(t)dt = 22D(s). O
0 0 0
We now give an example of a reflexive, w.r.t. the Orlicz norm strictly convex Orlicz
space, which is not uniformly convex (compare Milnes in [85], p. 1482).
Example 8.6.12. Let up = v9 = 0and 0 < € < %. Let further u,, := 2" ! and
ul, := (1 + &)uy, furthermore v,, := 2"~ and v}, := (2"~! + 1) for n € N. Let
further ¢ be the linear interpolant of these values, more precisely: ¢(s) = s for
0<s<uwujandforn € N

o(5) U + 10 (s —upy)  foru, <s <ul
S) =
v+ r(s—ul)  forul, <s < upi,

1
’ L
Un+1—Yp — 1 2m

Upt1— UL, l—e °

’
Up~Un = _L
ul, —Un e2mn

/A
and r, =

I
where 7, =
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In particular ¢ is strictly monotonically increasing and for n € N

P(unt1) =2" =2 d(un)

holds and hence for u, < s < w41

P(unt1) = ¢2un) < G(25) < P(unt2) <4 - P(un) < 44(s).

The interval (0, u;) requires a special treatment: let at first 0 < s < %, then ¢(2s) =
2s =2¢(s). For % < s < 1 we obtain

v +7r7(2s —uy)  foruy <2s <
Pp2s) =<, 1 , / 1
vy +r{(2s —u))  foru) < 2s < up.

‘We observe
(L —1)s foru; <2s<uj

2s) < ¢ F
o )_{%Z for u} < 2s < wy.

Since %%i < % we obtain altogether with \ := max{4, é -1}
#(2s) < Ap(s) fors >0,
and hence by Remark 8.6.11
D(2s) < 2\P(s) fors > 0.

We now consider the inverse i of ¢. By Corollary 6.1.16 v is the derivative of the
conjugate ¥ of @. We obtain: ¢(s) = s for0 < s < wvjandforn € N

o(s) Up + 7} (s —vp)  forv, <s <l
s) =
u, + 7 (s—v)) forv], <s <wvpyi,

’

U, —un
/

Vi —Un

!
U —U — .
il — L <. As above we obtain
Un+1—Up 1727

¢(Un+1> =2"=2- "/}('Un)y
and hence for v, < s < v,11
V(vni1) = ¥(2un) < P(28) < P(vni2) < 4-Y(vn) < 4Y(s).

The interval (0, v|) again requires a special treatment: let at first 0 < s < 1, then
¥(2s) = 2s = 2¢(s). For § < s < 1 we obtain

where 7,, = =e2"and 7] =

up +71(2s —wvy) forv; <2s < v
¥(2s) =1 , 1// , . 1
up 47 (2s —vy)  forv) <2s <wp.
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We observe
3s  forv; <2s <)

4s  forv] <2s <y,

and hence in a similar way as above
Y(2s) < 8¥(s) fors>0.
Thus @ and ¥ satisfy the Ay-condition. However

(L +e)un) _ oluy) vy 27" +5

P(un) (un) v 2n-1

Therefore condition b(ii) of Theorem 8.6.6 is violated. Let now (7, %, 1) be a non-
atomic measure space with p(T) < oo, then by the Characterization Theorem of
Milne 8.6.6 (L®(p),] - ||o) is not uniformly convex. But according to the Theo-
rem 8.6.10 (L¥ (1), || - || (w)) is not uniformly differentiable. On the other hand ap-
parently ® and ¥ are strictly convex and differentiable, by Theorem 7.7.1 L®(u)
reflexive, and hence due to Theorem 8.5.22 || - ||3 and || - ||%\P) Fréchet differentiable
and locally uniformly convex and have a strong minimum on every closed convex
subset K of L® resp. LY.

Remark 8.6.13. For the spaces LP(u) for arbitrary measure space (see [77])

(1) = (147 +[1=7p)% = (p— )7?/2+O(r*)  for2 <p < oo
Px (14+7)P —1=1P/p+ O(T?) forl <p<2

holds.

Maleev and Troyanski (see [83]) construct for a given Young function @, satisfying
together with its conjugate a Ap-condition, an equivalent Young function A in the
following way: @ (t) := Ot %du and A(t) :== [, (D'TW)du. A then also satisfies the

Ao-condition and (LA (p), || - [[(a)) is isomorphic to (L®(w), || - l|(@))- They then show

Theorem 8.6.14. Let j1(T) = oo, where T contains a subset of infinite measure free
of atoms, and let L‘D(u) be reflexive. Then one obtains for convexity and smoothness
modules of X = (L*(p1), |||l (a)) the following estimates: 6x (e) > AFg(e), € € [0, 1]
and px (1) < BGo(7), T € [0, 1].

Here Fg and Gg are defined in the following way:

Fo(e) = e?inf{®(uv) /u*D(v) |u € [¢,1],v € R, }
Go(1) = 72 sup{®(uv) /u*®(v) |u € [1,1],v € Ry }.
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For finite resp. purely atomic measures similar conditions are given.
It is easily seen: for ®(¢) = |¢|P one obtains A(t) = #Mp and

2

Gol7) 7> for2 <p< oo
T) =
® ™ forl<p<2

el for2 <p<oo
F¢(€) = { 2 =P
€ forl <p < 2.
8.6.2 Uniform Convexity of the Luxemburg Norm

Definition 8.6.15. A Young function we call §-convex if for all a € (0, 1) there is a
function ¢ : (0,1) — (0, 1), such that for all s > 0, and all b € [0, a]

q)(l—zf—bs> (- 5(@))613(5) +2d)(b - 5)

holds. @ is called §°°-convex, if the above inequality holds in some interval (¢, c0)
for ¢ > 0, and 6°-convex, if the above inequality holds in some interval (0, c).

Remark 8.6.16. According to [3] the J-convexity is equivalent to the following con-
dition: for all @ € (0, 1) there is a function ¢ : (0,1) — (0, 1), such that for all

5>0
¢<1—£as> <0 —(5(@))q)(8) +2<1)(a-s)

holds. A corresponding statement holds for the §°°-convexity and §°-convexity.

Remark 8.6.17. If @ is strictly convex and 0°°-convex for s > d > 0, then ® is
0°°-convex for all ¢ > 0.
Let 0 < ¢ < d, then because of the strict convexity of @

0<®(1;a8> ) (D(S)—i—zq)(a-s)

for all s € [c, d]. Hence

o(Lta
0 < h(s) = () <1

T D(s)+P(as)
2

h is continuous on [c, d] and attains its maximum there. Hence
8 (a) := max(6(a), 1 — max{h(s)|s € [c,d]}).

A corresponding statement is obtained for the §°-convexity.
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Theorem 8.6.18. Let (T, X, 1) be an arbitrary measure space. Then (L?, | - || (@)
is uniformly convex, if ® is §-convex and satisfies the Ay-condition. If u(T) < oo,
then (L2, || - || (@)) is uniformly convex, if ® is strictly convex and is §°°-convex and ®
satisfies the AS°-condition.

Proof. d-convexity of @ is sufficient.
Case 1: let u(T') = oo. We consider at first the modular and show

Ve > 03q(e) : Vo, y  with f®(z) = fO(y) =land f®(z —y) >  (8.15)
f“’( +y> <1—q(e). (8.16)

W.lg. we canassume 0 < ¢ < 1. Let U = {t € T'|[z(t) — y(t)| > §max{|z(t)],

ly()I}}-

Let [s — r| > §max{s,r}, then for s > r > 0 apparently s > r + {s, hence
s(1=5)>r,thusr =b-swith0<b<1—-7%=:a.

If, however » > s > 0, then correspondmgly s = b-r. We then obtain for
|s —r| > 7 max{s,r}

<I><S;T> < <1_5<1_Z>>W7

for the modular this means

f¢<x+y) fe(x) + f*(y) _frb<l"+y)
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_ 2(1 - Z) (/(J@(x)dqu/[Jd)(y)du)
5
2

<1 - j) (f®xxv)+ [Py xv))

Therefore

1—fq’<xz+y) §<1—>(fq’(w xv) + Py xv))- (8.17)

sy (), hence due to the

|
) = y(1) < 50(3(J=(t)] +

Let now t € T\ U, then |z(t) — y(t)] < §max(|z(t)
monotonicity and convexity of the Young function: ®(z(t
ly(t)])). We conclude

POl = e < 517 ( 50l + o

< < (fPlzxrw) + fq)(yXT\U))

(f2(x) + f2(y)) <

2

#\M-P\m

If, as assumed, f‘b(:c —y) > &, we obtain

Pz =y)xv) =@ -y) — Pz —y)xrv) > (8.18)

SRS

Using the A,-condition for @ and Inequality (8.17) we conclude

™

= < fP((@—y)xv) < 2z + lyD)xo) < 5 (fPRaxu) + P (2yxv))

>
A ono)+ 7)) < 555 (1- (552 )

NS}
N\»—‘

l\)\'—‘

Solving this inequality for f q’(%) we obtain

ofT+Y € €
f ( >§1—2A5<1—4). (8.19)

Putting g(c) = 5;0(1 — §) we arrive at Assertion (8 15).

Let now ||x|| @) = llyll@ = 1and [z — y[/(@) > ¢, then there is a n > 0 with
f®(x —y) > n, for suppose there is a sequence (zn) with ||z, || (@) > € and f®(z,) —
0, then by Theorem 6.3.1 z,, — 0, a contradiction. By Inequality (8.19) we then have

fq’(aj;ry) < 1—q(n).
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As a next step we show: there is a § > 0 with ||*1¥ |@) < 1 —¢: for suppose there
are sequences ,, and yy, with ||z, ||@) = [[ynll@) = 1 and fP(F25¥2) <1 —q(n) as

well as || 22722 || ) — 1. If we put up, := £27¥2 then [|uy/@) < 1 and <2

I
unll(@)
for n sufficiently large. Putting z,, := Hu:t% it follows for such n

N (i) S Cl ey
< <|unl|@) - 1>f‘1’(2un) + (2 - W)f“’(un)
R () R G el IR
< (e =)+ - )00
= (1o 1) Jo- s

2 )

a contradiction.
Case 2: Let now p(7') < oo and let ¢ > 0 be chosen, such that ®(2¢)u(T) <
Let

oo|m

U= {t & T |la(t) - y()] = T max(|a(t), ly(t))) A max(la(t)] ly(2)]) > }

Then as above forall t € U
51 —¢
o HO YWY _ 1=501-5)
2 - 2
and hence as above the Inequality (8.17) holds.
Let now ¢ € T\ U, then by definition |x(t) — y(t)| < §max(|z(t)|,|y(t)|) or
max(|z(t)|, |y(t)|) < c. Then the convexity and monotonicity of ® on R, imply

@(at) = 9(0) < (5 max(a(0) () ) < §(@La0) + @(y(0),

(@(z(1)) + (y(1))),

o

®(x(t) —y(t)) < ®2max(|z(t)], [y(t)])) < P(20).

Therefore
g
/T 0 ()i < g ( /T (1)) dpi + /T d’(y(t))du) L ®2e)u(T)

=~ + @20)u(T) <

3 €.

0|
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As above (see (8.18)) we then obtain

(@~ o) > 3

According to Remark 6.2.26 the A5°-condition for @ holds for s > ¢c and hence

gs < 2((w - y)xw) = £° (2“’ 5 ym) = /U ¢<2W>du

<n [ oM < S + 2w

aaop( (7))

Finally we obtain as above

o T+Y Je €
) <1—226(1-2).
/ < 2 )l 8)\6<1 4) .

For non-atomic measures also the converse of the above theorem holds.

<

| >

Theorem 8.6.19. Let (T, %, i) be a non-atomic measure space. If then u(T) < oo

and if (L®, | - |(@)) is uniformly convex, then @ is 0°°-convex and satisfies the A5°-
condition.
If (T) = oo and if (L2, || - ||(@)) is uniformly convex, then @ is strictly convex and

0-convex and D satisfies the Ay-condition.

Proof. Suppose Vd > 03a € (0,1)Vd >0Fus > d

q)<u¢s +2au<s> . _5)(1)(%5) J;q)(aua)_

Let now d > 0 be chosen, such that ®(d)u(T) > 2. Then there are As, Bs € X with
(a) AsNBs=10
(b) p(As) = p(Bs)
(©) (@(us) + P(aus))pu(As) = 1.
If we put x5 := usxa; + ausxp; and ys := usXB; + ausx s, we obtain
1o (If:zé) = f¢(u6(XA5 — XB;)) = P(us)(1(As) + 1(Bs))

> (D(us) + Plaug))u(As) =1,
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and hence |25 — ys||(@) > 1 — a. On the other hand

x5+ Ys 1 s+ Ys
() = ()

1 fq,<u5(1 +a)

(uas + 1))

=5 2
— (M) (utas) + )
> P0s) + DAUs) ) 4y = ((ug) + Blaus))u(As) = 1.

- 2

and hence || “5% ||(p) > 1 — 4. If we put ¢ := 1 — a then for all § € (0,1) there are
functions x5, ys with [|z5 — ys[|(@) > € but [|[25% || o) > 1 — 6, where ||z5]|(@) =
lys|l (@) = 1. since f®(xs5) = @(us)p(As) + P(aus))u(Bs) = 1 = f®(ys) because
of properties (b) and (c).

The proof for 4(T") = oo is performed in a similar way (see [46]). |

For sequence spaces (see [46]) the following theorem holds:

Theorem 8.6.20. (¢®,|| - || (@)) is uniformly convex, if and only if ®@ is §9-convex and
strictly convex on (0, so] with ®(so) = 1, and satisfies the AS-condition.

8.7 Applications

As applications we discuss

o Tikhonov regularization: this method was introduced for the treatment of ill-
posed problems, of which there are a whole lot. The convergence of the method
was proved by Levitin and Polyak for uniformly convex regularizing function-
als. We show here that locally uniformly convex regularizations are sufficient
for that purpose. As we have given a complete description of local uniform
convexity in Orlicz spaces we can state such regularizing functionals explicitly.

In this context we also discuss level uniformly convex regularizations as another
generalization of Levitin and Polyak’s approach.

e Ritz method: the Ritz method plays an important role in many applications
(e.g. in FEM-methods). It is well known that the Ritz procedure generates a
minimizing sequence. Actual convergence of the minimal solutions on each
subspace is only achieved if the original problem is strongly solvable.

* Greedy algorithms have drawn a growing attention and experienced a rapid de-
velopment in recent years (see e.g. Temlyakov [104]). The aim is to arrive
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at a ‘compressed’ representation of a function in terms of its dominating ‘fre-
quencies’. The convergence proof makes use of the Kadec—Klee property of an
E-space.

It may be interesting to note that in the convergence proof of the Tikhonov regulariza-
tion method we make explicit use of local uniform convexity and the convergence of
the Ritz method follows from strong solvability, whereas the convergence proof of the
greedy algorithm follows from the Kadec—Klee property, so, in a way, three different
aspects of E-spaces come into play.

8.7.1 Regularization of Tikhonov Type
Locally Uniformly Convex Regularization

In this section we investigate the treatment of ill-posed problems by Tikhonov’s meth-
od, using locally uniform convex regularizing functions on reflexive Banach spaces.
At first we observe that local uniform convexity of a convex function carries over to
the monotonicity of the subdifferential.

Lemma 8.7.1. Let X be a Banach space, f : X — R a continuous locally uniformly
convex function, then for all x,y € X and all x* € df(x) and all y* € df(y)

T‘/E?Z*(”x - y”) < <.CU - yw%.* - y*>7
if Ty 2+ denotes the convexity module belonging to [ at x, x*.

Proof. As f is locally uniformly convex we have

Tea (|2 —yl) + (¥ —2,2%) < fly) — f(z).

On the other hand the subgradient inequality yields: (x — y,y*) < f(x) — f(y), in
total

as claimed. O

Theorem 8.7.2. Let X be a reflexive Banach space and let f and g continuous,
Gateaux differentiable convex functions on X. Let further [ be locally uniformly
convex, let K be a closed, convex subset of X and let S := M (g, K) # 0.

Let now (au )nen be a positive sequence tending to zero and f,, := «,f + g. Let
finally x,, be the (uniquely determined) minimal solution of f, on K, then the se-
quence (Ty,)neN converges to the (uniquely determined) minimal solutions of f on S.

Proof. According to Theorem 8.4.12 f,, is locally uniformly convex and due to Re-
mark 8.4.2 f;¥ is bounded, hence M ( f,,, IX) consists of the unique element z,.
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Let now x € S, then because of the monotonicity of the derivative of g

(Tn — x,g/(a}n) - gl(x» + an(zn — z, f,(xn»

>0
= (v, — , O‘nf/(xn) + QI(In» —{(2Tn — x?QI(x» <0.
<0 >0
It follows
(0 — , f(22)) < 0. (8.20)

Let now & € S arbitrary, then

0> fn(xn) - fn(i‘) = g(xn) - g(i') + O‘n(f(xn) - f(i‘)) > an(f(xn) - f(;f))

This implies f(x,) < f(Z), hence x,, € S¢(f(z)) foralln € N. As f* is bounded,
it follows according to Theorem 8.4.6 that the sequence (x,,) is bounded. Let now
(z1) be a subsequence converging weakly to zg. Since K is weakly closed (see The-
orem 3.9.18) we have xy € K.

First we show: (y — o, ¢'(x¢)) > 0 for y € K arbitrary, i.e. zyp € S. We observe

(y— 9 (y) — ¢ (xr) + arler —y, f'(zx))
>0

=y — 21,9 ) + (Y — 2k, —fr(zr)) < (v — 2%, 9'(y)).
<0

The expression (xy — vy, f'(xy)) is for fixed y bounded from below because

(zp =y, ['(xr) = (wr =y, f(ar) = F ) + (@ — v, f'(v)

>0

= @lzk =yl = -C.

v

Hence we obtain

—C- oy < aplak —y, f'(r)) < (y — 21,9’ (v)).
On the other hand the weak convergence of x;, — x¢ implies

k— o0

(y — 21, 9'(y)) — (y — x0,9'(v)),

and thus

{y — @0,9'(y)) = 0
forally € K. Letnow 1 >¢ >0,z =y—zpandy = zo+tz = ty+ (1 —t)xg € K,
then the continuity of t — (z, ¢’ (xo+t2)) = %g(xo—ktz) (see Lemma 3.8.2) implies:
0 < (2,9 (zo + tz)) =10 (2, ¢ (x0)), hence (y — x0, ¢'(x0)) > 0,1.e. zp € S.
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Now we show the strong convergence of (xj) to o: due to Lemma 8.7.1 the weak
convergence and Inequality (8.20) yield

Teouf'(ao) (|20 = @[[) < (w0 — 23, f'(20) — f'(2r))

= (w0 — ap, f'(w0)) + (xr — w0, f'(1))
<0

< (wo — xk, f'(20)) — 0,

hence xy — xg.
It remains to be shown: ¢ is the minimal solution of f on S: because of the demi-
continuity (see Theorem 3.8.5) of f it follows with Theorem 5.3.15 for x € S

0< (& — ay, f/(21)) = (& — 20, f (0),

and by the Characterization Theorem of Convex Optimization 3.4.3 the assertion of
the theorem since apparently x,, — xo because of the uniqueness of z. |

Remark. The proof of above theorem easily carries over to hemi-continuous mono-
tone operators (compare [55]).

As an application of the above theorem in Orlicz spaces we obtain

Theorem 8.7.3. Let (T,X, 1) be a o-finite, essentially not purely atomic measure
space, let L®(11) be reflexive, and let ® be strictly convex and differentiable. Let
either f := f® or f := 1| - ||%q)) or f = %[ -||3 and let g : L®(n) — R convex,
continuous, and Gdteaux differentiable. Let I be a closed convex subset of L® (1)
and let S := M (g, K) # 0.

Let now (o )nen be a positive sequence tending to zero and f, == anf + g.
Let finally x,, be the (uniquely determined) minimal solution of f, on K, then the
sequence (T, )neN converges to the (uniquely determined) minimal solution of f on S.

Proof. Theorem 8.7.2 together with Theorem 8.5.22. m|

Level-uniform Convex Regularization

Another generalization of the Levitin—Polyak theorem is the regularization by level-
uniformly convex functionals.

Definition 8.7.4. Let X be a Banach space, then the function f : X — R is called
level-uniformly convex, if for every r € R there is a function 7. : R>9 — R>¢ such
that 7(0) = 0, 7(s) > 0 for s > 0 such that for all z,y € S¢(r)

H(55Y) = 34@+ 376 = nlle = .
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It turns out that boundedness of the level sets is already an inherent property of
level-uniform convexity.

Lemma 8.7.5. The level sets S;(r) of the level-uniformly convex function f are
bounded.

Proof. The function f is bounded from below by « on the unit ball B, since for
xz* € 9f(0) we have —||z*|| < (z — 0,2%) < f(x) — f(0) for all z € B. Suppose
S¢(ro) is not bounded for some 9 > f(0). Then there exists a sequence (z,,) where
|zn|| = 1 and na,, € S¢(ro). Hence

fnan) 2 2f((n = Dan) = f((n = 2)2n) + 277, (2).

Let 8 := 27,,(2). Then we obtain by induction for2 < k <n

flnzn) = kf((n =k + Dan) = (k= 1)f((n = k)an) + ——

For k = n this results in the contradiction

nin—1)

ro > f(nxy) > nf(x,) — (n—1)f(0) + 5

B

n—1
2

>n(af(0)+ 5) + £(0) === 0. o
Theorem 8.7.6. Let X be a reflexive Banach space and let f and g continuous convex
functions on X. Let further f be level uniformly convex, let K be a closed, convex
subset of X and let S := M (g, K) # 0.

Let now (au)nen be a positive sequence tending to zero and [, = anf + g.
Let finally x,, be the (uniquely determined) minimal solution of f, on K, then the
sequence (T, )neN converges to the (uniquely determined) minimal solution of f on S.

Proof. Letnow & € S be arbitrary, then

0> fn(xn) - fn(a_:) = g(xn) - g(i‘) + O‘n(f(xn) - f('i‘)) > an(f(xn) - f('i))

This implies f(x,) < f(Z) =: r, hence x, € S;(f(Z)) for all n € N. Due to the
above lemma the sequence () is bounded. Hence by Theorem 5.6.9 (the compact
topological space C now being S¢(f(Z))N K, equipped with the weak topology) (z,)
converges weakly to the minimal solution zg of f on M (g, K) and f(x,) — f(=x0),
since according to Remark 3.11.8 f is weakly lower semi-continuous. Due to the
level-uniform convexity

1

ol = aol) < 3w + 3 o0 = 1

Tn + X0
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But (I"T”") converges weakly to xg. Since f is weakly lower semi-continuous we
have f(*25%) > f(z¢) — ¢ for € > 0 and n large enough, hence

(f(@n) + f(20)) = f(z0) + &,

| =

Tr(lzn = @ol) <

and thus the strong convergence of

—

Tn) tO X. m|

8.7.2 Ritz’s Method

The following method of minimizing a functional on an increasing sequence of sub-
spaces of a separable space is well known and due to Ritz (compare e.g. [109]). Ritz’s
method generates a minimizing sequence:

Theorem 8.7.7. Let X be a separable normed space, let X = span{p;,i € N}, and
let X,, := span{¢y,...,pn}. Let further f : X — R be upper semi-continuous
and bounded from below. If d := inf f(X) and d,, := inf f(X,,) for n € N, then
limy, o0 dy, = d.

Proof. Apparently d,, > d,4; foralln € N, hence d,, — a € R. Suppose a > d. Let
“T_d >e¢ >0and z € X with f(z) < d+ e. As f is upper semi-continuous, there
is a neighborhood U (x) with f(y) < f(z) + ¢ forall y € U(z), in particular there is
ym € U(x) with y,,, € X,,. It follows that

a<dm < f(ym) < f(z) +e<d+2e
a contradiction. O

Corollary 8.7.8. Let d,, := inf f(X,,), and (0)nen be a sequence of positive num-
bers tending to zero, and let x,, € X,, chosen in such a way that f(x,) < d, + 0Op,
then (xy)neN is a minimizing sequence for the minimization of f on X.

For locally uniformly convex functions the convergence of the Ritz’s method can
be established.

Theorem 8.7.9. Let X be a separable reflexive Banach space with
X = span{y;,i € N},

and let X,, := span{yy,...,on}. Let f and g be continuous convex function on
X. Let further [ be locally uniformly convex. Let d := inf(f + ¢)(X) and d,, :=
inf(f 4+ ¢)(X,,) for n € N, let (§,)nen be a sequence of positive numbers and let
Zn € Xy, be chosen such that f(x,)+ g(x,) < d,, + 8, then the minimizing sequence
(zn)nen converges to the (uniquely determined) minimal solution of f + g on X.
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Proof. Corollary 8.7.8 together with Theorems 8.4.12 and 8.4.11, and Corollary 8.4.7.
[m|

Remark 8.7.10. By the above theorem we are enabled to regularize the minimization
problem min(g, X) by adding a positive multiple af of a locally uniformly convex
function, i.e. one replaces the above problem by min(af + g, X) (compare Theo-
rem 8.7.2).

As an application of the above theorem in Orlicz spaces we obtain

Theorem 8.7.11. Let (T, X, 1) be a o-finite, essentially not purely atomic measure,
let L®(p) separable and reflexive, and let ® be strictly convex. Let L®(u) =
span{y;,i € N} and let X, := span{p, ..., pn}. Let either f := fPorf = II- H%(D)
or f:=| |3 and let g : L®(u) — R convex and continuous.

Let d := inf(f + g)(L®(u)) and d,, := inf(f + g)(X,,) for n € N, let (5,,)ncn be
a sequence of positive numbers tending to zero and let x,, € X,, be chosen such that
flxn) + g(zn) < dp + Oy, then the minimizing sequence (x,)nen converges to the
(uniquely determined) minimal solution of f + g on L®(y).

Proof. Theorem 8.7.9 and Theorem 8.5.22 . |

8.7.3 A Greedy Algorithm in Orlicz Space

For a compressed approximate representation of a given function in L?[a, b] by har-
monic oscillations it is reasonable to take only the those frequencies with dominating
Fourier coefficients into account. This leads to non-linear algorithms, whose gener-
alization to Banach spaces was considered by V.N. Temlyakov. We will discuss the
situation in Orlicz spaces.

Definition 8.7.12. Let X be a Banach space, then D C X is called a dictionary if
(@ |l¢l| =1forallp € D
(b) from ¢ € D it follows that —p € D
(¢) X = span(D).
We consider the following algorithm, which belongs to the class of non-linear m-

term algorithms (see [105]) and in [104] is denoted as Weak Chebyshev Greedy Algo-
rithm (WCGA) by V. N. Temlyakov:

Algorithm 8.7.13 (WGA). Let X strict convex and let 7 = (tx)geny With 0 <t < 1
forall k € N. Let x € X be arbitrary, and let F,, € S(X*) denote a functional with
Fy(z) = ||z
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Let now z € X \ {0} be given, then set ry := z, and for m > I:
(a) Choose ¢, € D with

Frmfl (@m) 2 tm Sup{Frm7] (410)’90 € D}

(b) For U,, :=span{y;,j = 1,...,m} let z,, be the best approximation of = w.r.t.
Un.

(c) Setr,, :=x — x,, and m < m + 1, goto (a).

If X is flat convex, then F) is given by the gradient V||z|| of the norm at x (see
theorem of Mazur 8.1.3). Apparently: || F,|| = 1.

Before we discuss the general situation, we will consider the case 7 = (¢) with
0 <t <1 and denote the corresponding algorithm by GA.

Convergence of GA in Fréchet Differentiable E-Spaces

The subsequent exposition follows the line of thought of Temlyakov in [104]:
Let o := d(z,span{p;,i € N}) and o, := ||| = d(z,U,), then apparently
an | 7 > a. We obtain

Lemma 8.7.14. Let X be flat convex and o > 0, then there isa § > 0 and N € N,
such that F,. (on+1) > B foralln > N.

Proof. Since x,, is a best approximation of x w.r.t. U,,, we have F,. (p;) = 0 fori =
1,...,nand F,. (r,) = ||r| (see Theorem 3.12.6). Letnow D := D\{+p;,i € N}.
Since = € span(D), there are 2’ € span(D;), a N € N, and a 2" € span{p;}, =
Uy, such that ||z — 2’ — 2"| < §.

Letnow n > N, then F,, (¢;) =0for1 <i < N,ie. F,, (z") = 0. Therefore we
obtain, due to

a < B, (ro) = [Imall = B, (2 — 2p) = Fr, (2),
the subsequent inequality
Frn (ml) = FT’!L (‘,'U/ + x”) = Frn (x - ("E - ‘,'C/ - x” ) = Frn (:L') - Frn (x - ‘,'U/ - x”)
> F. _ ol > _g:g‘
> Fyf@) = o =o' —a"| 20— 5 =2

For 2’ there is a representation as a linear combination of elements in Dy: 2/ =

oty iy with i € Dy fori = 1,..., m. We obtain

5 < @) =3 ek, () < 3 lel |F ()]
i=1 i=1

<m-max{|¢||i=1,...,m} -max{|F,, ()| |i=1,...,m}.
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Therefore

= 5
Lm :
0 T 2memax{|g| |i=1,...,m}

max{|F;., (i)|[i=1,..
We finally have

B (pni1) 2 t-sup{Fp, () [ ¢ € D} > - max{|Fy, (i) |[i = 1,...,m} > B,

O

H e o
if we choose 3 :=1 Sremax{[e] =T,

Lemma 8.7.15. Let the norm of X be Fréchet differentiable, then for every convergent
subsequence (xy, )ren of the sequence (zy,)nen generated by GA

lim z,, =
k—o00

holds.

Proof. Suppose, there is a subsequence x,, — y # . Then the norm is Fréchet
differentiable at x — y and therefore by Corollary 8.4.21 the duality mapping x +— F},
is continuous at z — y, i.e. Fz—znk — F,_,. For arbitrary n € N we then have

Fory(pn) = klim Fog,, (on) =0,
— 00
and hence
Fa:fznk (‘Pn;ﬁ»l) = (szznk - way)(wn;ﬁrl) < ||Fw7wnk - Fa:fy” — 0. (821)

Since oy, | v > « it follows that y = ||y — z|| > 0.
But then also o > 0, because assume o = 0, then there is a subsequence u,,, €

Up, with u,,, — z. However au,, = |zm, — z|| < |lum, — x| — 0, hence
Qm,, — 0 = 7, a contradiction. Therefore o > 0. By Lemma 8.7.14 we then obtain
Fy s, (Png+1) > B > 0, a contradiction to (8.21). O

Lemma 8.7.16. Let X be a strictly convex Banach space with Kadec—Klee property
(see Definition 8.4.19), whose norm is Fréchet differentiable, then for the sequence
generated by GA the following relation holds:

Ty — T < (Ty)nen has a weakly convergent subsequence.

Proof. Let x,,, — y, then by Theorem 3.9.18 y € span{yy}32,. Let ry, := & — 2,
then ||r,|| J v > 0. Apparently v > o := d(x,span{yy}7° ;). We will show now
v = o letu, € span{yy}72, and let u, — y, then y < |lu, — || = ||y — x|, hence
ly ==l = .
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If v = 0, then the assertion xz,, — x already holds. Suppose now that v > 0, then
we obtain

Y< |y -zl =Foy(z —y) = lim Fp_y(rp,) < lim |[jry,[| =~
k—o00 k—o00

The Kadec—Klee property then yields: r,, — y — x, hence x,, — y. But by
Lemma 8.7.15 we then obtain x,,, — x, contradicting ||y — z|| > v > 0. O

In the reflexive case we then have the following

Theorem 8.7.17 (Convergence for GA). Let X be an E-space, whose norm is Fréchet
differentiable. Then GA converges for every dictionary D and every x € X.

Proof. Since X is reflexive, the (bounded) sequence () has a weakly convergent
subsequence. Lemma 8.7.16 together with Theorem 8.4.18 yields the assertion. m]

In Orlicz spaces the above theorem assumes the following formulation:

Theorem 8.7.18 (Convergence of GA in Orlicz spaces). Let (T, X, 1) be a o-finite,
essentially not purely atomic measure space, let @ be a differentiable, strictly convex
Young function and \V its conjugate, and let L®(j1) be reflexive. The GA converges for
ever dictionary D and every x in L®(1).

Proof. ¥ is differentiable. Hence by Theorem 8.5.22 also (L¥(p), | - | (w)) and
(LY (), || - |[w) resp. are Fréchet differentiable, thus due to the theorem of Ander-
son 8.4.22 (L®(p), || - |(@)) and (L®(w), ]| - ||lo) resp. are E-spaces, whose norms are
by Theorem 8.5.22 Fréchet differentiable. m|

Remark 8.7.19. Reflexivity of L®(1) can — depending on the measure — be charac-
terized by appropriate A;-conditions (see Theorem 7.7.1).

Convergence of WGA in Uniformly Differentiable Spaces

We will now investigate the convergence of WGA, if we drop the limitation ¢,, =
7. It turns out that this is possible in uniformly differentiable spaces under suitable
conditions on (t,,) (see [103]):

For further investigations we need the following

Lemma 8.7.20. Let x € X be given. Choose fore > 0a x. € X, such that ||x —
ze|| < € and % € conv(D), then

1
sup £, (¢) =
¢eI[)> 2 Ale

)(Hrm—l\l —e).
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If x € conv(D) then

sup Fr,, . (¢) = [[rm—1l-
peD

Proof. A(e) is determined as follows: if € conv(D), then choose A(e) = 1, oth-
erwise choose z. € span(D), z. = > _j._, ¢kPk, where due to the symmetry of D the
coefficients ¢, k = 1, ..., n, can be chosen to be positive, then put A(e) :== Y }_, ¢k
and hence x./A(e) € conv(D). Apparently

1
sup Fr,, ()= sup Fp, _ (¢) > TFTm,—I(xf)
¢eD ¢econv(D) (5)
holds.
Since z,,—1 is the best approximation of = w.r.t. U,,_1, we obtain

Frwz—l (.'1;'5) = F”"m—l (x + Le — x) = F”'m—l (x) - F’Wn—l(x - xa) 2 F”"m—l (.’L‘) -
=Frp (rmet @) —e=Frp((rmet) —€ = [rm—i || — &

The two previous considerations then imply

1
;lelgFrm—l(¢’) > A(E)(Hrmfln - 8)'

For z € conv(D) we have A(¢) = 1 and therefore

sup ., (0) > [rm—1l —¢
peD

for each e > 0. [}

As a consequence we obtain

Lemma 8.7.21. Let X be uniformly differentiable with smoothness module p(u). Let
x € X be given. If one chooses fore > 0 a x. € X, such that ||x — z.|| < ¢ and
% € conv(D), then one obtains for A > 0 arbitrary

A 1 c
ol < il (1420 (20 ) < den s (1= 20,
[[rm—1ll Ale) T

Proof. From the definition one immediately obtains for A > 0 arbitrary and =,y € X
with z # O and |y|| = 1

2(1 +p(|ﬂ)) > e+ Ml + e = M),

]
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For z = rp,_; and y = ¢,,, we then have

A
2(1 ; p()) el = et + Apmll 2 lmet — Agmll
Tl

Moreover, by step 1 of WGA using the previous lemma

1
FT m ztm FT _ Ztmi m— - )
1 (Pm) sup P, 1(9) A(g)(IIT il =e)

and thus
[rm—1 4+ Apm|| > F.. (Tm—1+ Aom) = F.. (rm—1) + AEy, (¢m)

> |lrm—1ll + At [rm—1]l = €)-

1
a0 (1
Altogether we conclude

[rmll < llrm—1 = Apmll

A
<2{1+p( ) JlIrm=ll
7t

1
- Atmm(llm—ll\ = &) = [lrm—1ll

For the convergence proof of WGA we finally need the following

Lemma 8.7.22. Let0 < oy, < 1 fork € Nandlet B, ' = (1 —ay)- (1 —ca)--- (1 —
). If Y pey g = 00, then limy, o0 Bm = 0 holds.

Proof. From the subgradient inequality for —In at 1 we have forx > 0: Inzx <z — 1
and therefore In(1 — ay;) < —ay, for k € N, hence

m
In(Bn) =D In(1 - az) Zak,
k=1
and finally N S
By = e~ Sion e .

Remark 8.7.23. If X is uniformly differentiable with smoothness module p(u), then
for the (strictly monotone and continuous) function ~(u) := % (see Lemma 8.6.2)
it follows that the equation

~v(u) = 0t
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has for 0 < 6 < 1 a unique solution in (0, 2], since for ||z|| = 1 we have

1) 2 3 (30 + 200 + o= 221) = 1) = 3.

Theorem 8.7.24. Let X be uniformly differentiable with smoothness module p(u)
and let for the solutions &, of the equations y(u) = 0t,, for each § € (0, %} the

condition
oo
Z tm&m = o0
m=1
be satisfied. Then WGA converges for arbitrary x € X.

Proof. Suppose there is a > 0 with [|r,|| > . W.l.g. a can be chosen, such that
0 := 2 € (0, 1]. Then by Lemma 8.7.21 we conclude for arbitrary A > 0

8A(e)
A 1 €
< _ _ = .
lrmll < 171l (1 + 2P<a> /\th(E) <1 a))

For A = « - £,,, we obtain

3

1
||Tm|| < ||rm—l|| (1 + 20t Em — atmgm@ (1 — a>>
= |lrm—1l| <1 + 20t 6 — 89tm§m<1 _ 5))
«

= el (1= 2060 (4(1 = 2) =1) ) = a1 = 2002

for e = 5. Using Lemma 8.7.22 we arrive at a contradiction. ml

Remark 8.7.25. Frequently, as in [103], estimates for the smoothness module are
available: ,
If pi(u) < pa(u) and if 57(72) is solution of v;(u) = 0t,, for i = 1,2, then apparently
5(2) < 5(1).
m = m
Condition ) | tm&%) = oo can then be replaced by > tmﬁﬁ,? = oc.

The following theorem describes conditions for the convergence of WGA in Orlicz
spaces:

Theorem 8.7.26. Let (T,X, 1) be a non-atomic measure space. Let ® be differen-
tiable and let for each 0 < € < 1/4 exist a constant 1 < R. < N < oo, such
that
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(a) for infinite measure
i Y(2u) < NY¥(u)
i V(1 —e)u) < W (u)
forallu >0
(b) for finite measure
i. limsup,_,. ¥Y(2u)/¥(u) < N
e . Y (u
ii. lim SUP, 00 WQM > Rg
then (L®(p), | - |l(@)) is uniformly differentiable. Let p(u) be the corresponding
smoothness module and let for the solutions &, of the equations y(u) = 6t,, for
each 6 € (0, 5] be satisfied that

00
Z tm&m = oo.
m=1

Then WGA converges for arbitrary x € (L% (), || - l|(@))-
Proof. Theorem 8.7.24 together with Theorem 8.6.10. m]

A corresponding theorem is available for the Orlicz norm, making use of the de-
scription of uniform convexity of the Luxemburg norm in Theorem 8.6.18.

Theorem 8.7.27. Let (T, X, j1) be an arbitrary measure space. Then let ¥ be 6-convex
and satisfy the Ay-condition.

If ;((T') < oo, let ¥ be strictly convex and 6°°-convex and let ¥ satisfy the A3°-
condition.

Then (L®(p), || - ||o) is uniformly differentiable. Let p(u) be the corresponding
smoothness module and let for the solutions &, of the equations ~y(u) = 0t,, for each

0 € (0, 1] be satisfied that
Z tm&m = 0.
m=1

Then WGA converges for arbitrary x € (L% (1), | - ||o)-
Proof. Theorem 8.7.24 together with Theorems 8.6.18 and 8.6.4. m|

If z € conv(D), then by Lemma 8.7.20 we can replace step (a) of WGA by a con-
dition which is algorithmically easier to verify. In this way we obtain a modification
of WGA:

Algorithm 8.7.28 (WGAM). Let X be strictly convex and let 7 = (¢j)ren With
0<tp <lforall ke N.
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Let further = € conv(D) \ {0} be given, then put r := x, and for m > 1:
(a) Choose ¢, € D such that

F”"m—l (Spm) Z th'rm—l ||

(b) For Uy, = span{y;|j = 1,...,m} let x,, be the best approximation of x
w.r.t. Up,.

(¢c) Putry, :=x — x,, and m < m + 1 goto (a).

According to Theorem 8.7.24 WGAM converges for arbitrary dictionaries and arbi-
trary = € conv(D)\ {0}, since the inequality in Lemma 8.7.21 also holds for WGAM.

If X is separable, D can be chosen to be countable. The condition in step 1 of
WGAM is then satisfied after examining a finite number of elements of the dictionary.
Examples for separable Orlicz spaces we have mentioned in Section 7.8.1.

The speed of convergence of WGA resp. WGAM can be described by the subse-
quent recursive inequality:

Lemma 8.7.29. Let x € conv(D). Let further o(v) := v -y~ (v), then
1
Il < il (1= 20 (Gtmllrnil))

Proof. Let x € conv(D), then A(e) = 1. Therefore by Lemma 8.7.21

A €
onll < 7 (1 T zp() - /\tm(l _ ))
] T

for every € > 0 and arbitrary A > 0, i.e.

A
el < ||rm_1||(1 +zp<> _ Atm).
]

Let now \,,, be solution of
il = (2
~tmllrm—tll = v ——— ).
AN T

1
[rmll < llrm—all{ 1= 5 Amtm |,
2

7_1<1tm||Tm1||> = Am )
4 Irm—1l
1

1 (1 1
3t = stnllrmoil™ (Gtmlrmil) =20 (Gtullrmcil). @

holds.

Then we obtain

and

1.e.
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Remark 8.7.30. For p; < p; the inequality o, < o holds.

In the case of Banach spaces with p(u) < au? for 1 < p < 2 one obtains: o(v) >
bv? where ¢ = -E~. Temlyakov (see [103]) thereby obtains the estimate for WGA

p—1°
m —1/q
7l < c<1 + Zti) .
k=1
Then for the special case GA apparently

[l < (1 +mt?)~1/1 < %m”/q

holds.



Chapter 9
Variational Calculus

In this chapter we describe an approach to variational problems, where the solutions
appear as pointwise (finite dimensional) minima for fixed ¢ of the supplemented La-
grangian. The minimization is performed simultaneously w.r.t. to both the state vari-
able = and z, different from Pontryagin’s maximum principle, where optimization
is done only w.r.t. the & variable. We use the idea of the Equivalent Problems of
Carathéodory employing suitable (and simple) supplements to the original minimiza-
tion problem. Whereas Carathéodory considers equivalent problems by use of solu-
tions of the Hamilton—Jacobi partial differential equations, we shall demonstrate that
quadratic supplements can be constructed, such that the supplemented Lagrangian is
convex in the vicinity of the solution. In this way, the fundamental theorems of the
Calculus of Variations are obtained. In particular, we avoid any usage of field theory.

Our earlier discussion of strong solvability in the previous chapter has some con-
nection to variational calculus: it turns out that — if the Legendre—Riccati differential
equation is satisfied — the variational functional is uniformly convex w.r.t. the Sobolev
norm on a d-neighborhood of the solution.

In the next part of this chapter we will employ the stability principles developed in
Chapter 5 in order to establish optimality for solutions of the Euler-Lagrange equa-
tions of certain non-convex variational problems.

The principle of pointwise minimization is then applied to the detection of a
smooth, monotone trend in time series data in a parameter-free manner. In this context
we also employ a Tikhonov-type regularization.

The last part of this chapter is devoted to certain problems in optimal control,
where, to begin with, we put our focus on stability questions. In the final section
we treat a minimal time problem which turns out to be equivalent to a linear ap-
proximation in the mean, and thus closing the circle of our journey through function
spaces.

9.1 Introduction

If a given function has to be minimized on a subset (restriction set) of a given set, one
can try to modify this function outside of the restriction set by adding a supplement in
such a way that the global minimal solution of the supplemented function lies in the
restriction set. It turns out that this global minimal solution is a solution of the original
(restricted) problem. The main task is to determine such a suitable supplement.
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Supplement Method 9.1.1. Let M be an arbitrary set, f : M — R a function and T
a subset of M. Let A : M — R be a function, that is constant on I'. Then we obtain:

If xg € T is a minimal solution of the function f 4+ A on all of M, then xg is a
minimal solution of f onT.

Proof. For xz € T arbitrary we have
f(xo) + Azo) < f(x) + Alz) = f(x) + Alzo). o

Definition 9.1.2 (Piecewise continuously differentiable functions). We consider func-
tions x € Cfa, b]™ for which there exists a partition {a =ty < t; < -+ < t,, = b},
such that: x is continuously differentiable for each i € {1,...,m} on [t;_;,t;) and
the derivative z has a left-sided limit in ¢;. The value of the derivative of x in b is then
defined as the left-sided derivative in b. Such a function we call piecewise continu-
ously differentiable. The set of these functions is denoted by RCSV[a, b]™.

Definition 9.1.3. Let IV be a subset of R” x [a,b]. We call G : W — R* piecewise
continuous, if there is a partition Z = {a = tp < t; < --- < t,, = b} of [a, b] such
that for each i € {1,...,m} the function G : W N (RY x [t;_1,t;)) — R¥ has a
continuous extension M; : W N (R x [t;—1,t;]) — R,

In the sequel we shall consider variational problems in the following setting: let
U C R?>"*! be such that U; := {(p,q) € R*"|(p,q,t) € U} # O forall t € [a,b],
let L : U — R be piecewise continuous. The restriction set S for given o, 5 € R" is
a set of functions that is described by

S C {x € RCS'[a, b]" | (x(t), (1), 1), (x(t), 2(t—),t) € U Vt € [a, b],
z(a) = a, x(b) = B}.

The variational functional f : S — R to be minimized is defined by

b
f@) = [ Lla(o). 0.ty
a
The variational problem with fixed endpoints is then given by
Minimize f on S.

The central idea of the subsequent discussion is to introduce a supplement in inte-
gral form that is constant on the restriction set. This leads to a new variational problem
with a modified Lagrangian. The solutions of the original variational problem can now
be found as minimal solutions of the modified variational functional. Because of the
monotonicity of the integral, the variational problem is now solved by pointwise min-
imization of the Lagrangian w.r.t. the = and & variables for every fixed ¢, employing
the methods of finite-dimensional optimization.



Section 9.1 Introduction 311

This leads to sufficient conditions for a solution of the variational problem. This
general approach does not even require differentiability of the integrand. Solutions
of the pointwise minimization can even lie at the boundary of the restriction set so
that the Euler—Lagrange equations do not have to be satisfied. For interior points the
Euler—Lagrange equations will naturally appear by setting the partial derivatives to
zero, using a linear supplement potential.

9.1.1 Equivalent Variational Problems

We now attempt to describe an approach to variational problems that uses the idea
of the Equivalent Problems of Carathéodory (see [17], also compare Krotov [74])
employing suitable supplements to the original minimization problem. Carathéodory
constructs equivalent problems by use of solutions of the Hamilton—Jacobi partial
differential equations. In the context of Bellman’s Dynamic Programming (see [6])
this supplement can be interpreted as the so-called value function. The technique
to modify the integrand of the variational problem already appears in the works of
Legendre in the context of the second variation (accessory problem).

In this treatise we shall demonstrate that explicitly given quadratic supplements are
sufficient to yield the main results.

Definition 9.1.4. Let F : [a,b] x R™ — R with (¢,x) — F(t, x) be continuous, w.r.t.
x continuously partially differentiable and w.r.t. ¢ piecewise partially differentiable in
the sense that the partial derivative F} is piecewise continuous. Moreover, we require
that the partial derivative F);, exists and is continuous, and that Fy,, F}; exist in the
piecewise sense, and are piecewise continuous such that Fy, = Fy;.

Then we call F' a supplement potential.

Lemma 9.1.5. Let F': [a,b] X R™ — R be a supplement potential. Then the integral
over the supplement

b
[ Ut (0 + B ale)
is constant on S.

Proof. Let Z| be a common partition of [a, b] for F and , i.e. Z, = {a =y <} <
- < 1; = b}, such that the requirement of piecewise continuity for & and F; are
satisfied w.r.t. Z, then

b
[ U@ (0 + B al0))

J i
=3 [ (o). 50) + Rl
i=1 “ti-1
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(F(ti,z(t)) — F(ti—1,2(ti-1)))

M-

1
(b, 8) — F(a,a). O

<.
Il

I
e

An equivalent problem is then given through the supplemented Lagrangian L

L:=1L—-(F,)—F,.

9.1.2 Principle of Pointwise Minimization

The aim is to develop sufficient criteria for minimal solutions of the variational prob-
lem by replacing the minimization of the variational functional on subsets of a func-
tion space by finite dimensional minimization. This can be accomplished by point-
wise minimization of an explicitly given supplemented integrand for fixed ¢ using
the monotonicity of the integral (application of this method to general control prob-
lems was treated in [63]). The minimization is done simultaneously, with respect
to the z- and the @-variables in R?”. This is the main difference as compared to
Hamilton/Pontryagin where minimization is done solely w.r.t. the z-variables, meth-
ods, which lead to necessary conditions in the first place.

The principle of pointwise minimization is demonstrated in [61], where a complete
treatment of the brachistochrone problem is presented using only elementary mini-
mization in R (compare also [59], p. 120 or [57]). For a treatment of this problem
using fields of extremals see [33], p. 367.

Our approach is based on the following obvious

Lemma 9.1.6. Let A be a set of integrable real functions on [a,b] and let I* € A. If
foralll € Aandallt € [a,b] we have I*(t) < [(t) then

/abl*(t)dt < /abl(t)dt

foralll € A.

Theorem 9.1.7 (Principle of Pointwise Minimization). Let a variational problem
with Lagrangian L and restriction set S be given.
If for an equivalent variational problem

b
Minimize g(x) :—/ L(xz(t),z(t),t)dt,

where
L=1—(F, i)~ F,
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an x* € S can be found, such that for all t € [a, b] the point (pt, q¢) := (x*(t), T*(t))
a minimal solution of the function (p,q) — L(p,q,t) =: v¢(p,q) on U; == {(p,q)
R | (p,q,t) € U}.

Then x* is a solution of the original variational problem.

is
€

Proof. For the application of Lemma 9.1.6, set A = {l; : [a,b] = R|t — [,(t) =
L(z(t),#(t),t), x € S} and I* := l,~. According to Lemma 9.1.5 the integral over
the supplement is constant. |

It turns out (see below) that the straightforward approach of a linear (w.r.t. ) sup-
plement already leads to the Euler-Lagrange equation by setting the partial derivatives
of L (w.r.t. p and ) to zero.

9.1.3 Linear Supplement

In the classical theory a linear supplement is used where the supplement potential F'
has the structure
(t,x) = F(t,x) = (A1), @), 9.1

and \ € RCS!'[a, b]" is a function that has to be determined in a suitable way.

As F(t,z) = A(t) and Fy(t,z) = (A(t), x) we obtain for the equivalent problem

b
Minimize g(z) = / L(x(t), &(t), ) — (\B), () — (A(t), z(£))dt onS. (9.2)

We shall now attempt to solve this problem through pointwise minimization of the
integrand. This simple approach already leads to a very efficient method for the treat-
ment of variational problems.

For the approach of pointwise minimization we have to minimize

(@) = Le(p,q) == L(p, q,t) — (A(t),q) — (A(t),p)

on U;.

Let W be an open superset of U in the relative topology of R x R™ x [a, b], and
let L : W — R be piecewise continuous and partially differentiable w.r.t. p and ¢
(in the sense that L, and L, are piecewise continuous). If for fixed ¢ € [a, b] a point
(pt, ) € IntUy, is a corresponding minimal solution, then the partial derivatives of ¢,
have to be equal to zero at this point. This leads to the equations

Lyp(pe, qt,t) = A(t) 9.3)
Ly(pe,qr, t) = A(2). 9.4)

The pointwise minimum (p;, ¢;) yields a function ¢ — (py, ¢;). It is our aim to show
that this pair provides a solution x* of the variational problem where z*(t) := p; and
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*(t) = q. In the spirit of the supplement method this means that the global minimum
is an element of the restriction set S. The freedom of choosing a suitable function A
is exploited to achieve this goal.

Definition 9.1.8. A function z* € RCS![a, b]" is called an extremaloid (see Hestenes
[38], p. 60), if it satisfies the Euler—Lagrange equation in integral form, i.e. there is a
constant ¢ such that:

/t Lo(@(r), #(r), T)dr + ¢ = Lo((t),4(8),8) Ve (a,b. (95

If the extremaloid =* is a C''[a, b]"-function then z* is called an extremal. An ex-
tremaloid =™ is called admissible if z* € S.

Remark 9.1.9. An extremaloid z* always satisfies the Weierstrass—Erdmann condi-
tion, 1.e.
t— Li(2*(t),2%(t),t) is continuous.

For an extremaloid x* the definition
t
At) = / Ly(z*(7),2" (1), 7)dT + ¢ (9.6)

(c a constant) leads to a A € RCS'.

A fundamental question of variational calculus is, under what conditions an ex-
tremaloid is a minimal solution of the variational problem.

If 2* is an admissible extremaloid then for every ¢ € [a, b] the pair (z*(t), *(t)) €
Int U, satisfies the first necessary condition for a pointwise minimum at ¢. From the
perspective of pointwise minimization we can state the following: if setting the partial
derivatives of the integrand equal to zero leads to a pointwise (global) minimum on
Uy for every t € [a,b], then indeed x* is a solution of the variational problem. The
principle of pointwise minimization also provides a criterion to decide which of the
extremaloids is the global solution.

For convex integrands, an extremaloid already leads to the sufficient conditions for
a pointwise minimum.

If for every ¢t € [a, b] the set U is convex and the Lagrangian L(-,-,t) : Uy — R
is a convex function, then an admissible extremaloid is a solution of the variational
problem. This remains true if the extremaloid lies partially on the boundary of U
(i.e. if the pointwise minimum lies on the boundary of U;). As we require continuous
differentiability in an open superset of U; the vector of the partial derivatives (i.e.
the gradient) represents the (total) derivative, all directional derivatives are equal to
zero at (x*(t),#*(t)). The Characterization Theorem of Convex Optimization (see
Theorem 3.4.3) guarantees that this point is indeed a pointwise minimum.
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Theorem 9.1.10. Let X C R" xR" be open and ¢ : X — R be differentiable. Let K
be a convex subset of X and ¢ : K — R be convex. If for x* € K we have ¢'(z*) = 0
then x* is a minimal solution of ¢ on K.

We summarize this situation in the following:

Theorem 9.1.11. For convex problems every admissible extremaloid is a solution of
the variational problem.

In view of this theorem it turns out that the method of pointwise minimization can
be extended to a much larger class of variational problems, where the integrand can
be convexified by use of a suitable supplement (see Section 9.3).

The invariance property stating that equivalent problems have the same ex-
tremaloids, established in the subsequent theorem, leads to the following principle:

An extremaloid of a problem that is convexifiable is a solution of the orig-
inal variational problem. In particular, the explicit convexification does
not have to be carried out, instead the solvability of certain ordinary dif-
ferential equations has to be verified

(see below).

Theorem 9.1.12. Every extremaloid for the Lagrangian L is an extremaloid for the
supplemented Lagrangian

L:=L—(F,i)—F
and vice versa, where F' is a supplement potential.

Proof. We have

L; = L; — Iy,

and
L,=L,—i"F,, — Fy,.

Moreover

%Fz(t,x(t)) = Fu(t,x(t)) + @) Fup(t, z(t)).

If z satisfies the Euler-Lagrange equation in integral form w.r.t. L, i.e.

t
L; = / Lydr +c,
a
then there is a constant ¢ such that

t
f/j;:/ Ede+E,
a
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which we shall now show, using the continuity of F},

t t t
/ Lydr = / (Ly — T Fpy — Fip)dr = Ly — ¢ — / (T Fpp + Fyp)dr
a a a
=L;—F, +Fy(a,2(a)) —c= L; — ¢ O

As equivalent variational problems have the same extremaloids Theorem 9.1.11
also holds for convexifiable problems. The following theorem can be viewed as a
central guideline for our further considerations:

Theorem 9.1.13. If, for a given variational problem, there exists an equivalent convex
problem, then every admissible extremaloid is a minimal solution.

9.2 Smoothness of Solutions

Theorem 9.2.1. Let L : U — R be such that Lq continuous. Let x € S be such that
(@) Vi :={qeR"|(x(t),q,t) € U} is convex for all t € |a,b].
(b) L(x(t),-,t) be strictly convex on 'V} for all t € [a,b].
(€) A:la,b] = R" wheret — A(t) :== Ly(z(t), &(t),t) is continuous.
Then x is smooth (i.e. x € C'[a, b]").

Proof. Let ¢ — ¢(q) := L(z(t),q,t) — (A(t),q), Then ¢, is strictly convex on V.
We have

G (#(t) = Lg(x(t),2(t), ) — A(t) = 0
for all ¢ € [a, b], hence &(t) is the unique minimal solution of ¢; on V;. Let (¢) be
a sequence in [a, b] with t;, 1 ¢. Then there exists an interval I; := [t,¢) and K € N

such that ¢, € I; for k > K and we have L,(z, 2, -) and z are continuous on ;. We
obtain

0= Ly(x(te), #(tr), tr) — Altr) = Lq(2(t), &(t=),t) — A(t).

Hence #(¢t—) is minimal solution of ¢; on V;. As ¢, is strictly convex, we finally
obtain: &(t) = &(t—) which proves the theorem. O

Corollary 9.2.2. Let x* be an extremaloid, and let
(@) Vi :={q e R"|(2*(t),q,t) € U} be convex for all t € [a,D]
(b) L(z*(t),-,t) be strictly convex on V,.
Then x* is an extremal.

Proof. X\ : [a,b] — R™ with t — A(t) := L4(z*(t),4*(¢),t) is continuous (Weier-
strass—Erdmann condition is satisfied). O
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The following example shows that the above theorem does not hold if the strict
convexity of L(z*(t), -, t) is violated:

Example 9.2.3. Let L(p, q,t) := ((t — $)4)%q + p* for t € [0, 1]. We observe: L is
convex but not strictly convex w.r.t. q.

We want to consider the corresponding variational problem for the boundary con-
ditions z(0) = 0,z(1) = 1.

For the Euler-Lagrange equation we obtain

(D)) e w02 ()

i.e. z* is not smooth.

On the other hand A(t) = L4(t) = ((t — 3)+)? is continuous and hence the
Weierstrass—Erdmann condition is satisfied. Thus x* is extremaloid of the convex
variational problem and hence a minimal solution (Theorem 9.1.12) . The function ¢,
is not strictly convex

oo () Yoot (- oot

i.e. ¢ is constant w.r.t. ¢, which means that every ¢ is a minimal solution of ¢;. In
particular the set of minimal solutions of ¢; is unbounded (beyond being non-unique).

Definition 9.2.4. Let 2 € RCS'[a,b]” be an extremaloid, and let L%, (t) :=
Lii(x*(t),3%(t),t) satisfy the strong Legendre—Clebsch condition, i.e. LY, is pos-
itive definite on [a, b], then x* is called a regular extremaloid.

Remark 9.2.5. The Legendre—Clebsch condition, i.e. LY, positive semi-definite on
[a, b], is a classical necessary condition for a minimal solution of the variational prob-
lem (see [38]).

We would like to point out that a regular extremaloid is not always an extremal, as
can be seen in the following example:

Example 9.2.6. Consider the variational problem on the interval [—27, 27|, with the
boundary conditions z*(27w) = 2*(—2m) = 0 given by the Lagrangian being defined
by (p,q,t) — L(p,q,t) := cosq + % - q for v > 27 and for (p,q,t) € U =
R x (—%77, %77) X [=2m,2x]. Then L, = —sing + % and Ly = — cos g, the latter

being positive for 7 < || < %77. For the Euler—Lagrange equation we obtain

i —sinjc—i—E =0
dt v) 7
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i.e. y
—sinz + — =c.
Y

In particular, any solution of the above equation satisfies the Weierstrass—Erdmann
condition.
Choosing z* to be even (i.e. ©* odd), we obtain according to Equation (9.5)

1 b . . 1 21 L +
c=r— ’ Li(z*(t),z"(t),t)dt = el (— sin(&*(t)) + fy)dt =0,

and hence we have to solve ;
sing = —,

such that 5 < [¢] < %’/T in order to satisfy the strong Legendre—Clebsch condition.
We obtain two different solutions:

l. For2r >t >0and 5 <¢ < %wweobtain

. t
q(t) = — arcsin <> + 7,
v

andfor—277§t<0and—§>q>—%7r

ﬂﬂzz—amﬁn(i)——m

2. For2r >t >0and -5 > ¢q > —%7‘(’ we obtain

t
q(t) = — arcsin <> -,
Y

andfor—27r§t<0and%<q<%7r

. t
q(t) = — arcsin () + 7.
Y

Obviously, both solutions are discontinuous at ¢ = 0. The extremals are then ob-
tained via integration.

1. Fort >0
t £\ 2
x*(t)—t(—arcsin<>+7r>—7 1_(> — Dy,
Y Y

and fort < 0

x%w:t(—mmm<i>—ﬂ>—7 1_(i>é_D“
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where Dy = 27 (— arcsin(%”) +7) =41 — (27“)2 according to the boundary
conditions.
2. Fort >0

and fort < O

7 (1) :t(arcsin (i) +7r> 1 (i)z Dy,

)

where D, = 2m(— arcsin( -) - ) — v4/1 — (27”)2 Both extremaloids are

admissible and both satisfy the strong Legendre condition.

Pointwise Minimization. The method of pointwise minimization (w.r.t. p, ¢ for fixed
t) leads directly to a global solution of the variational problem. For the linear sup-
plement choose the Dubois—Reymond form \(t) = fi27r Lydr + ¢ = c. Let @ :
R x (—%ﬂ', %7’1’) — R with ®(p, q) := L(p, q,t) +\(t)g+A(t)p = cos q—O—%q—i—cq =:
¢i(q), where ¢ : (=3, 37) — R. Choosing z* to be even (i.e. &* odd), we obtain
as above (see Equation (9.5))

1 1 27

b—a

CcC =

/abLg‘c(x*(t),j;*(t),t)dt (Sin(ffﬁ*(t))+i>dt:0.

a 4 2

Fort > 0 and ¢ > 0 we obtain: ¢;(q) > —1 and for ¢;(—7) = cos(—7) — %ﬂ', hence

we must look for minimal solutions on (—%w, —%) On this interval ¢; is convex.
The necessary condition yields

. t
sing = —,
for which we obtain the following solution: let ¢ = —m + 7 where » € [~7, 7] then
sing = sin(—m +r) = —sinr = % hence r = — arcsin %

For ¢ < 0 for analogous reasons minimal solutions are found on (7, %w) Hence,
for2mr >t >0and =5 > ¢ > —%W we obtain

t
q(t) = — arcsin () -,
Y

andfor—27r§t<0and§<q<%7r

. t
q(t) = — arcsin <> + .
Y
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As ¢ does not depend on p, every pair (p, ¢(t)) is a pointwise minimal solution of
@, on R x (—3, 3m). We choose

0 =p) = [ atryar

x* is in RCS![—27, 27], even, and satisfies the boundary conditions. According to
the principle of pointwise minimization, * is the global minimal solution of the vari-
ational problem.

We would like to point out that Carathéodory in [17] always assumes that z* is
smooth.

9.3 Weak Local Minima

For our subsequent discussion that is based on a convexification of the Lagrangian we
need the following

Lemma 9.3.1. Let V be an open and A a compact subset of a metric space (X, d),
and let A C V. Then there is a positive 6 such that

U K(2,0)cv.

z€A

Proof. Suppose for all n € N there exists , € X \ V and a,, € A such that

d(xp,an) < % As A compact there is a convergent subsequence (ay) such that

ap — a € A C V. We obtain

d(zy,a) < d(zg, ax) + d(ag,a) — 0,
a contradiction to X \ V closed. O
Lemma 9.3.2. Let M € L(R>") be a matrix of the structure

T
=)

where A,C, D € L(R™) and D positive definite and symmetric. Then M is positive
(semi-)definite if and only if A — CT D~'C is positive (semi-)definite.

Proof. Let f: R" x R™ — R defined by

T
_(p AcCT P\ T T T
f(p,Q)-—<q> <C D><q>—p Ap+2q¢° Cp+q" Dq.
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Minimization w.r.t. ¢ for fixed p yields: 2Dq = —2C'p and hence
q(p) = —D~'Cp.
By inserting this result into f we obtain
f(p.a(p)) =p"Ap—2p"C" D' Cp+ p"CT D' Cp = p"(A-CTD'O)p.

Using our assumption A — CTD~1C positive (semi-)definite it follows that f(p, g(p))
> 0 forp # 0 (f(p,q(p)) > 0 in the semi-definite case). For p = 0 and ¢ # 0
obviously f(p,q) > 0.

On the other hand, let W be positive (semi-)definite. Then (0,0) is the only (a)
minimal solution of f. Hence the function p — f(p, ¢(p)) has O as the (a) minimal
solution, i.e. A — CTD~!C is positive (semi-)definite. |

Definition 9.3.3. We say that the Legendre—Riccati condition is satisfied, if there ex-
ists a continuously differentiable symmetrical matrix function W : [a,b] — L(R")
such that for all ¢ € [a, b] the expression

Ly, + W — (Lgs + W)(Lgs) ™ (L3, + W) 9.7)
is positive definite.

We would like to point out that Zeidan (see [116]) treats variational problems by
discussing the Hamiltonian. She presents a corresponding condition for W w.r.t. the
Hamiltonian in order to obtain sufficient conditions.

If the Legendre—Riccati condition is satisfied, we shall introduce a quadratic sup-
plement potential based on the corresponding matrix W such that the supplemented
Lagrangian is strictly convex (compare also [33], Vol. I, p. 251). Klotzler in [18]
p- 325 uses a modification of the Hamiltonian, also leading to Riccati’s equation, such
that the resulting function is concave, in the context of extensions of field theory.

Let in the sequel U be open.

Theorem 9.3.4 (Fundamental Theorem). Let L : U — R be continuous and L(-, -, t)
twice continuously differentiable.

An admissible regular extremaloid x* is a weak local minimal solution of the given
variational problem, if the Legendre—Riccati condition is satisfied.

Proof. Let a differentiable W : [a,b] — L(R™) be given, such that the Legendre—
Riccati condition is satisfied for W. Then we choose the quadratic supplement poten-
tial

F:la,b) xR" - R
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with F(t,p) = —5pT W (t)p which leads to an equivalent variational problem with
the modified Lagrange function

f’(pv%t) = L(p7Q7t) - <q,Fp(t,p)> - Ft(t’p)

= Lp,a,) + {0, W) + 5 (0 W (D))

We shall now show that there is a § > 0 such that for all ¢ € [a,b] the function
(p,q) — ¢¢(p,q) := L(p,q,t) is strictly convex on K; := K ((x*(t),#*(t)),5): we
have 10 V10

M = ¢ (z*(t), 2" () = [ [BP pa t

a0 = (70 Ty s ) @

is positive definite using the Legendre—Riccati condition and Lemma 9.3.2 (note that
Lgp = quT). Then ¢} (p, q) is positive definite on an open neighborhood of (z*(t),
*(t)). As the set {(z*(t),z*(t)) U (z*(t),z*(t—))|t € [a,b]} is compact there is —
according to Lemma 9.3.1 — a (universal) § such that on K; the function ¢ is positive
definite, and therefore ¢, strictly convex on Ky, for all ¢ € [a,b]. As the RCS!-ball
with center z* and radius 0 is contained in the set

S5 := {z € RCS'[a, b]" | (z(t), &(t)) € K; Vt € [a, b]},

we obtain that the extremal z* is a (proper) weak local minimum. Thus we have iden-
tified a (locally) convex variational problem with the Lagrangian L that is equivalent
to the problem involving L (Theorems 9.1.11, 9.1.12) . m|

Remark 9.3.5. The Legendre—Riccati condition is guaranteed if the Legendre—Riccati
Matrix Differential Equation

LY+ W — (L + W) (L) (LY, + W) = cI

for a positive ¢ € R has a symmetrical solution on [a, b]. Using the notation R := L?

TT°

Q= Lgm, P .= Lgm and A ;= —R*IQ, B=R'C.=P- QTR*IQ — ¢l then
for V := —W the above equation assumes the equivalent form (Legendre—Riccati
equation)

V+VA+ A"V + VBV —-C=0.
Definition 9.3.6. The first order system

Z=0Y - ATz
Y = AY + BZ

is called the Jacobi equation in canonical form. The pair of solutions (Z,Y") is called
self-conjugate if Z'Y =Y7TZ.
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For the proof of the subsequent theorem we need the following

Lemma 9.3.7 (Quotient Rule).

SAT 1) = —AT (AW AT ()

L (B@A~ (1) = BOA™ (1) - BOAT (H)AWDA™ ()

i
LA )BW) = A OBE) ~ A DAWMA (1)B()

Proof. We have

0= %(I) - %(A(t)A*‘(t)) = A@HA™ (1) + A(t)%(f‘r1 (t))- o

Theorem 9.3.8. If the Jacobi equation has a solution (Z,Y') such that YT Z is sym-
metrical and Y is invertible then V. := ZY ' is a symmetrical solution of the
Legendre—Riccati equation

V+VA+ ATV + VBV —C =0.
Proof. 1f YTZis symmetrical, then V := Z Y—!is also symmetrical, as
YO\ wizyt=zy'=v

V' is a solution of the Legendre—Riccati equation, because according to the quotient
rule (Lemma 9.3.7) we have

V=zy '—-zylyy!
=Y —ATZ2)Y ' —zy Y (AY + BZ)Y !
=C - ATV - VA-VBV. o

Definition 9.3.9. Let x* be an extremaloid and let A, B, C' as in Remark 9.3.5. Let
(z,y) be a solution of the Jacobi equation in vector form

s=Cy— ATz
y=Ay+ Bz,

such that y(a) = 0 and z(a) # 0. If there is a point ¢y € (a, b] such that y(t9) = 0
then we say tg is a conjugate point of x* w.r.t. a.

For the next theorem compare Hartmann ([36], Theorem 10.2 on p. 388).
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Theorem 9.3.10. If the regular extremaloid x* does not have a conjugate point in
(a, b] then there exists a self-conjugate solution (Z,,Y1) of the matrix Jacobi equation
such that Y\ is invertible on |a, b).

Furthermore, the Legendre—Riccati condition is satisfied.

Proof. For any solution (Z,Y) of the matrix Jacobi equation
Z=0Y -A"z
Y =AY + BZ

it turns out that 4 (Z7Y — YTZ) = 0 using the product rule and the fact that the
matrices B and C are symmetrical. Hence the matrix Z7Y — Y7 Z is equal to a
constant matrix K on [a, b]. If we consider the following initial value problem:

(a)
(a) =

then obviously for the solution (Zp, Yp) the matrix K is equal to zero, i.e. (Zy, Yp) is

self-conjugate.
Y Yo
Z Zy

Apparently
is a fundamental system. Hence any solution (y, z) can be represented in the following
way: y = Y + Yoo and 2 = Zey + Zpep. If y(a) = 0then 0 = y(a) = Ie; = ¢
and z(a) = Icp, thus y = Ypep and 2 = Zyep.

It turns out that Y(¢) is non-singular on (a, b], for suppose there is ¢y € (a, b] such
that Y (¢o) is singular, then the linear equation Yy(to)c = 0 has a non-trivial solution
co. Let yo(t) := Yo(t)co on [a,b] then yo(a) = 0 and yo(typ) = 0. Moreover for
20(t) == Zo(t)co we have zo(a) = Ico = co # 0, hence ¢ is a conjugate point of a, a
contradiction.

We now use a construction that can be found in Hestenes: there is an € > 0 such
that #* can be extended to a function Z* on [a — ¢,b] and L;;(Z*,Z*,-) remains
positive definite on [a — €, b]. If we insert * into L,; and L, the matrices A4, B, C
(using the notation of Remark 9.3.5) retain their properties and we can consider the
corresponding Jacobi equation extended to [a — €,b]. Then Lemma 5.1 in [38] on
p. 129 yields an ap < a such that Z* has no conjugate point w.r.t. ag on (ag, b]. But
then, using the same initial conditions at ag and the same argument as in the first part
of the proof, we obtain a self-conjugate solution (Z,Y]) on [ag, b] such that Y] is
non-singular on (ag, b]. The restriction of Y7 is, of course, a solution of the Jacobi
equation on [a, b] that is non-singular there.

Using Theorem 9.3.8 it follows that the Z; Yl_1 is a symmetrical solution of the
Legendre—Riccati equation. m]

S

I, 0
Z(a) =0, I
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Theorem 9.3.11 (Fundamental Theorem of Jacobi—Weierstrass). If the regular ex-
tremal x* does not have a conjugate point on (a,b| then x* is a weak local minimal
solution of the given variational problem.

9.3.1 Carathéodory Minimale
Definition 9.3.12. A function z* € RCS![a, b]" is called a Carathéodory Minimale,
if for every to € (a,b) there are s,t € (a,b) with s < to < ¢ such that 2*|, 4 is a
weak local solution of the variational problem
t
min / L(x(r), i(r), 7)dr
on S, := {x € RCS'[s,t]" | (2(7),&(7), ) € U, V7 € [s,1],
x(s) = a"(s), x(t) = 2" (t)}.

As the consequence of the Theorem 9.3.4 we obtain (compare [17], p. 210) the

Theorem 9.3.13. Every regular extremal is a Carathéodory Minimale.

Proof. The matrix W := r(t—to)- I satisfies, for large r on the interval [to— 1 /7, to+
1/r], the Legendre—Riccati condition: in fact, for p € R™ with ||p|| = 1 we obtain

pL(Pt) +7T — (QT(t) +r(t — to)I) R™')(Q(t) + r(t —to)I))p
>r—(IQT I+ D IR QM) + 1) — |P®)]| >0

for r large enough. |

9.4 Strong Convexity and Strong Local Minima

Definition 9.4.1. Let 7 : R>y — R>( be non-decreasing, 7(0) = 0 and 7(s) > 0 for
s > 0. Then we call 7 a module function.

The following two lemmata can be found in [59]:

Lemma 9.4.2. Let X be a normed space, U C X open, and f : U — R differentiable
and K a convex subset of U. Then the following statements are equivalent:

(a) f: K — Risuniformly convex, i.e. f is convex and for a module function and
allx,y € K

H(55Y) = 34@)+ 370~ e =l
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(b) there is a module function 1| such that for all x,y € K
f) = f@) = (y—z, (@) + ni(llz —yll),
(c) there is a module function 1, such that for all x,y € K
(==, f'(y) = f(@) = nallz =yl
Proof. (a) = (b):

r+y
2

0@+ 56 > £(55Y) 7l =) = ) + 1@

> (T = @) + 1) + (e =l

Multiplication of both sides by 2 yields

fy) = f@) = {y =z, f'(2) + 27 (= = y]).
(b) = (a): Let A € [0, 1] and let z := Az + (1 — \)y then

(@—2f(2)) < f(z) = f(2) = |z — =)

(y—2f'(2)) < fly) = f(2) = nu(llz = yl)-

Multiplication of the first inequality by A and the second by 1 — A\ and subsequent
addition yields

0=1(0,f(2)) = Az + (1 = Ny — 2, f'(2))
SAf(2) + (=N F(y) — f(z) = Anllz —z[) = (1 = N)n(llz = yl),

showing that f is convex and we obtain for A = %

f(x;ry> < %f(x)+%f(?/) - (m;y”>

(b) = (c): we have

(y =, f'()) + ni(llz =y,
(@ =y, f'@) +nllz =yl

Addition of both inequalities yields

(@ =y, f'(@) = f() = 2ni([l= — yl)).



Section 9.4 Strong Convexity and Strong Local Minima 327

(¢) = (b): Let x,y € K. First we show that f is convex. For h := y — x we obtain
by the mean value theorem an « € (0, 1) such that

fly) = f(@) = (h, /(2 + ah)).

Using (c) we have
(ah, f'(z + ah) — f'(z)) =0,

hence

(h, f'(2)) < (D, f'(x + ah)) = f(y) = f(2),

showing that f is convex by a similar argument as above.
Moreover by (c)

Tty Tty / |z -yl
(S5t -ar (F52) - @) = (54,
o-er(732)-
Therefore

1) - 1@ = 10 - 1 () + 1 () - 1w

e () (5 )
1
2

w-a s @)+ n( ) 4 Sy - o)

1.e.

@)+ n( 22

| =

— - )+ n (). -

Lemma 9.4.3. Let X be a normed space, U C X open, and g : U — R twice
continuously differentiable. If for an z* € U and ¢ > 0 we have

(g"(z")h, h) > c|[h|?

forall h € X, there exists a § > 0 such that g is strongly convex on K := K (z*,0).
In particular,

forall z,y € K.
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Proof. As g is continuous, there is a ¢ > 0 such that for all x € K (z*,9): ||¢"(z) —
g"(z*)|| < 5 Hence forall z € K and all h € X we obtain

(g"(@)h, h) = ((¢"(x) = g" (")), h) + (g" ("), h)

~llg" (@) = g" @RI + cllR]® >

C
—|Ih?.
_2|| |

Y

Let z,y € K then the mean value theorem yields

9(y) —g(x) —(y—z,d(x) =y —z,¢"(x+ aly — 2))(y — x))

For 71(s) = §s* in (b) of the previous lemma the assertion follows. ]

Theorem 9.4.4 (Uniform Strong Convexity of the Lagrangian). Let z* be an extremal
and let the Legendre—Riccati condition be satisfied, then there isa § > 0and a c > 0
such that for all (p, q), (u,v) € Ky 1= K((x*(t),2*(t)),d) and for all t € [a,b] we
have

#(D+u q+U - 1. c ) )
L <Lipan+ i 8 — Sy — Wl

Proof. Let ¢; be as in Theorem 9.3.4. As the set K1 := {(p,q) € R*™|||p||>*+|lq||> =

1} is compact and as t — ¢} (x*(t), 2*(t)) is continuous on [a, b] there is a positive
¢ € R such that for all ¢ € [a, D]

(S)T e w)(7) e 68

on Ky, i.e. t — ¢ (x*(t),£*(t)) is uniformly positive definite on [a, b].
According to Lemma 9.3.1 there is a p > 0 such that on the compact set in R>**!

U K@ @),i(t),t).p) CU

t€la,b]

we have uniform continuity of (p, ¢,t) — &} (p, q). Hence there is a 6 > 0 such that
forall t € [a,b] and all (u,v) € K; := K((x*(t),4*(t)),d) we have

167 (u, v) = ¢¢ (@ (6), #" () < 3,

and hence on that set
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Thus we obtain that (p,q) ~ L(p,q,t) is uniformly strongly convex on K; for all
t€la,b),ie

=(ptu qg+v

L

( 2 2
for all (p, q), (u,v) € Ky and all ¢ € [a, b]. O

| 1. c
) < 520.0.0) + 5L 8) = 50— ul? + la - olP)

For the corresponding variational functional the above theorem leads to the

Corollary 9.4.5 (Strong Convexity of the Variational Functional). Let
B(x*,68) := {z € RCS'[a, b]" [ [Jo(t) — " ()|” + [l (t) — () |* < 6 ¥t € [a, b]},

then the variational functional f belonging to the Lagrangian L is uniformly strongly
convex with respect to the Sobolev norm

~ 1. 1
F(55Y) = 37w+ 370 - le —

2

Let V := {x € B(z*,d) | x(a) = a,x(b) = B} be the subset of those functions sat-
isfying the boundary conditions then on 'V the original functional f is also uniformly
strongly convex w.r.t. the Sobolev norm

1 1
F(55Y) < 3@+ 30 - gllo — ol

Furthermore, every minimizing sequence converges to the minimal solution w.r.t. the
Sobolev norm (strong solvability).

Proof. For the variational functional f(z) := f: L(z(t),&(t),t)dt we then obtain

(e - [ (00 050 ),

2
b
g/a <;I~/(az(t),5v(t)7t)+;E(ZJ@)ay(t))t))dt

C

b
~ 5 | Ue0) = s + 16— i) Py

Ry 1~ S C
= S F@) + 570 ~ gz~ wlfy

for all x y € B(x 5) Thus f is strictly convex on B(z*,§). On V the functional
f L(x ), t)dt differs from the functional f only by a constant, hence
has the same mmlmal solutlons. On V the inequality

1(55Y) = 35@+ 3700 glle ol

is satisfied, i.e. f is strongly convex on V w.r.t. the Sobolev norm. m|
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Using Theorem 9.3.10 we obtain the following corollary (retaining the notation of
the previous corollary):

Corollary 9.4.6 (Strong Convexity). If the regular extremal x* does not have a con-
jugate point then there is a & > 0 such that on B(x*,d) the modified variational
functional f is uniformly strongly convex with respect to the Sobolev norm: and on'V
the original functional f is also uniformly strongly convex w.r.t. the Sobolev norm.

9.4.1 Strong Local Minima

We now investigate the question under what conditions we can guarantee that weak
local minimal solutions are in fact strong local minimal solutions. It turns out that such
a strong property can be presented and proved without the use of embedding theory.
We will show that strong local minima require a supplement for the Lagrangian that
is generated by the supplement potential

(t,9) & F(t,p) = 50, W(0)p) — (A0, ),
where T () is symmetrical and the linear term is chosen in such a way that — along
the extremal — the necessary conditions for optimality for L coincide with the fulfill-
ment of the Euler-Lagrange equation and the quadratic term, with its convexification
property, provides the sufficient optimality conditions.
The supplemented Lagrangian then has the following structure:

L(p,q.t) = L(p,q.t) + Fy + (F}. q)

= L ast) + 0. WOP) = (30),) + W (0p.0) — (A1), ).
If we define

A() 1= Ly(z*(£), &% (1), £) + W (t)z* (1),

then — using the Euler—Lagrange equation for the original Lagrangian L, i.e. %Lq =
L,, we obtain in fact the necessary conditions

IS

Ly(a* (1), 37 (),1) = Lg(a™(¢), 3"(t), ) = 0.
In the subsequent theorem we make use of the following lemma.

Lemma 9.4.7. Let r > 0 and the ball K (z¢,7) C R™ Let U > K(z0,7) open. Let
g : U — R be continuous, and let g be for all x € S(xo,r) directionally differentiable
with the property g'(z,x — xo) > 0. Then every minimal solution of g on K (x¢,7)
is in the interior of that ball. In particular, if g is differentiable then ¢'(x*) = 0 for
every minimal solution x* in K (xg,r).
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Proof. Since K (¢, r) is compact, g has a minimal solution z* there. Suppose ||z* —
xo|| = r then the function ¢ : [0, 1] — R with

t— o(t) = glz* 4+ t(xg — %))
has a minimal solution at 0, hence ¢’(0) > 0. Since

ren pio 9@ +t(wo —2%)) — g(z)
¢'(0) = lim ;

=g (2", 20 — %) = —¢' (2%, 20 — 2*) < 0,
a contradiction. O

Theorem 9.4.8 (Strong Local Minimum). Let z* be an admissible, regular extremal
and let the Legendre—Riccati condition be satisfied.

Let there exist a k > 0 such that for all t € [a,b] and all p with ||p — z*(t)|| < K
the set Vi, == {q € R" | (p, q,t) € U} is convex and the function L(p, -,t) is convex
on Vi p. Then x* is a locally strong minimal solution of the variational problem, i.e.
there is a positive d, such that forall v € K := {z € S| ||z — 2*||cc < d} we have

b b
/ L(z*(t),&*(t), t)dt < / L(x(t), &(t), t)dt.

Proof. In Theorem 9.4.4 we have constructed positive constants ¢ and § such that for
all (p,v), (u,v) € Ky := K(z*(t),4*(t),0) we have

E(p+u q+v

1= 1.
2 ; P ?t> < 7L(p7q7t)+§L(uer7t)_§(||p_u“2+Hq_v”z)

-2
But L differs from L only by the linear term

—(A(®),p) — (A(®), q)-

In particular L/ = L, ie. the convexity properties remain unchanged, and hence
L(-,-,t) is strongly convex on K; := K ((z*(t),2*(t)),d) with a uniform constant ¢
forallt € [a, b].

From Lemma 9.4.2 we obtain for this ¢ that

A

(Lo(a"(t),q.t) — La(a*(1), 27 (t), 1), q — 2" (1)) = {Lq(a"(8), ¢, 1), ¢ — &* (1))

lg —a* ()]

(strong monotonicity of Ly(x*(t),-,1)).
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The uniform continuity of ﬁq guarantees that for0 < e < ¢-d/4 thereisa0 < d <
min{d/2, x} such that for all ¢ € [a, b]

1Zq(2* (1), q:t) = Ly(p, g,1)|| < &
forall p € 2*(t) + K(0, d). We obtain

A

(Lo(a*(t),0,) = Ly(p,a,1).0 — 2™ (1))
< N Lg(a* (), 0,1) = La(p,a. t)llla — «* @) < ellg — =" @)]]-

Let p = §/2, then on the sphere {q|||¢ — #*(¢)|| = p} it follows that for all p €
a*(t) + K(0,d)
N Cx - % * C
(Lo(p,a,1),q = °(1)) = cllg = &*(O]* = ellg — 2" (O] = 50* — p > 0.

Hence from Lemma 9.4.7 we obtain for every p € 2*(¢) 4+ K (0, d) a minimal solution
of ¢*(p) € K(&*(t), p) such that

Ly(p,q"(p):t) = 0.
From the convexity of L(p,-,t) we conclude that ¢*(p) is a minimal solution of
L(p,-,t) on Vip- (Note that L(p, -,t) differs from L(p,-,t) only by an affine term
inq.)
We shall now show that for all ¢ € [a, b] we have that (*(¢), #*(¢)) is a minimal
solution of L(-, -, ) on W; := {(p, q) € R"xR™ | (p, q,t) € U and |[p—z*(t)|| < d}.
For, suppose there exists (p, q¢) € Wy such that

L(z*(t),2%(t),t) > L(p,q,1).

As z* is extremal , and as L(-, -, t) is convex on K; we have (z*(t), 2*(t)) is minimal
solution of L(-, -, t) on K; by constructlon of L. As (p, ¢*(p)) € K; we obtain

A

L(z*(t),3*(t),1) < L(p,q*(p),t) < L(p, q,t) < L(2*(8), 37 (¢), 1),

a contradiction.
Forallz € K = {z € S|||2* — x|/ < d} we then have

b b
/ﬁ(x*(t),g'c*(t),t)dt</ L(x(t), &(t), t)dt

and, as the integrals differ on S only by a constant, we obtain the corresponding
inequality also for the original Lagrangian

b b
/L(m*(t),:t*(t),t)dtg/ L(x(t), & (t), t)dt,

which completes the proof. m]
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The previous theorem together with Theorem 9.3.10 leads to the following

Corollary 9.4.9 (Strong Local Minimum). Let x* be an admissible and regular ex-
tremal without conjugate points.

Let there exist a k > 0 such that for all t € [a,b] and all p with ||p — z*(t)| < k
the set Vi, == {q € R" | (p,q,t) € U} is convex and the function L(p, -,t) is convex
on Vi p. Then x* is a locally strong minimal solution of the variational problem, i.e.
there is a positive d, such that forall v € K = {x € S| ||z — 2*||oc < d} we have

b b
/ L(x*(8), (1), t)dt < / L(x(t), #(t), t)dt.

Remark 9.4.10. If in particular U = U; x U, X [a, b], where U; C R™ open, U, C R™
open and convex, and L(p, -, t) : U, — R convex for all (p,t) € U; X [a, b] then the
requirements of the previous theorem are satisfied.

9.5 Necessary Conditions

We briefly restate the Euler—Lagrange equation as a necessary condition in the piece-
wise continuous case. The standard proof carries over to this situation (see Hestenes
[38], Lemma 5.1, 70).

Theorem 9.5.1. Let L, L, L; be piecewise continuous. Let x* be a solution of the
variational problem such that its graph is contained in the interior of U. Then z* is
an extremaloid, i.e. there is a ¢ € R"™ such that

Lgb(x*(t)7a'c*(t),t)—/ Ly((z*(7),2* (1), 7)dT + .

9.5.1 The Jacobi Equation as a Necessary Condition

A different approach for obtaining the Jacobi equation is to consider the variational
problem that corresponds to the second directional derivative of the original varia-
tional problem:

Let z* be a solution of the original variational problem, let

V := {h € RCS!'[a,b]" | h(a) = h(b) = 0},

and let

b
d(a) = f(z* + ah) = / L(a*(t) + ah(t), i*(t) + ah(t), t)dt.

a
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Then the necessary condition yields

b
0< ¢"(0) = f"(a* ) = / (L, b + 2(Lh, by + (L0 h, By

b
= / (Rh,h) +2(Qh,h) + (Ph, h)dt,
a
using our notation in Remark 9.3.5. Then the (quadratic) variational problem
Minimize f”(z*, ) on V

is called the accessory (secondary) variational problem. It turns out that the corre-
sponding Euler—Lagrange equation

L (Ri+ On) = QTh + Ph

dt
or in matrix form p
ﬁ(RY +QY)=Q"Y + PY
yields the Jacobi equation in canonical form
Z=cCcy -A"z
Y =AY + BZ

by setting Z := RY + QY and using the notation in Remark 9.3.5.

Lemma 9.5.2. If h* € V is a solution of the Jacobi equation in the piecewise sense
then it is a minimal solution of the accessory problem.

Proof. Let
Q(h, h) := (Rh, h) + 2(Qh, h) + (Ph, h)

h* is extremal of the accessory problem, i.e. (in the piecewise sense)
d . .
—(2RR" +2Qh%) = 2Ph" + 2Q7h*.

Hence

QI ) = (R + Q)+ GBI+ QU7 1) = B (Ri + Qn', 1)

Using the Weierstrass—Erdmann condition for the accessory problem, i.e. Rh* + Qh*
continuous, we can apply the main theorem of differential and integral calculus

b
/ Q(h*, h*)dt = (Rh* + Qh*, h*)|® =0,

as h*(a) = h*(b) = 0. Hence h* is minimal solution as f”(z*,-) is non-negative. O
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Theorem 9.5.3 (Jacobi’s Necessary Condition for Optimality). If a regular extremal
x* is a minimal solution of the variational problem on S, then a has no conjugate

point in (a,b).

Proof. For otherwise, let (h*, k*) be a non-trivial solution of the Jacobi equation with
h(a) = 0, and let ¢ € (a, b) be such a conjugate point. Then h*(c) = 0 and k*(c) #
0. Because k*(c) = Rh*(c) + Qh*(c) = Rh*(c) it follows that h*(c) # 0. We
define y(t) = h*(¢t) for t € [a,c], and y(t) = O for ¢t € [c,b]. In particular y(c) #
0. Obviously, y is a solution of the Jacobi equation (in the piecewise sense) and
hence, according to the previous lemma, a minimal solution of the accessory problem,
a contradiction to Corollary 9.2.2 on smoothness of solutions, as € is strictly convex
w.r.t. h. O

9.6 Cl-variational Problems

Let
Sy = {z € C'a,b]" | (z(t),&(t),t) € U, z(a) = a, z(b) = B},
and
Vi == {h € C'[a,b]" | h(a) = 0, h(b) = 0}.
As the variational problem is now considered on a smaller set (S| C .5), sufficient

conditions carry over to this situation.
Again, just as in the RCS'-theory, the Jacobi condition is a necessary condition.

Theorem 9.6.1. If a regular extremal x* € C'[a,b]" is a minimal solution of the
variational problem on Sy, then a has no conjugate point in (a,b).

Proof. Let ¢ € (a,b) be a conjugate point of a. We consider the quadratic functional

b
h— g(h):= / Q(h, h)dt
a
for h € V;, where
Q(h, h) == (Rh, h) +2(Qh, h) + (Ph, h).

We show that there is & € V with g(h) < 0: for suppose g(h) > 0 forall h € V
then, as in Lemma 9.5.2 every extremal h* is a minimal solution of g, and we use
the construction for y as in the proof of Theorem 9.5.3 to obtain a solution of the
Jacobi equation in the piecewise sense (which is, again according to Lemma 9.5.2
a minimal solution of the accessory problem) but is not smooth, in contradiction to
Corollary 9.2.2, as Q is strictly convex w.r.t. h. Hence there is i € V with g(h) <o0.
Now we use the process of smoothing of corners as described in Carathéodory [17].
Thus we obtain a h € C'[a, b]” with g(h) < 0. Let a +— ¢(a) = f(z* + ah) then
g(h) = ¢"(0) > 0 as x* is minimal solution of f on S}, a contradiction. a
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9.7 Optimal Paths

For a comprehensive view of our results we introduce the notion of an optimal path.
Our main objective in this context is, to characterize necessary and sufficient condi-
tions.

Definition 9.7.1. A function 2* € RCS![a,b]" is called an optimal path, if it is a
weak local solution of the variational problem

min/ L(x(7),z(7), 7)dr
on
St i= { € RCS!a " | (2(7), (7). 7) € U, ¥r € [a, 1], w(a) = a,a(t) = o (1)
forallt € [a,b).

Theorem 9.7.2. Consider the variational problem

b
min / L(w(r), (), 7)dr
S := {x € RCS![a,t]" | (z(7),&(7),7) € U, Y7 € [a,b], z(a) = a,z(t) = B}

Let z* € RCS! [a,b]™ be a regular extremal, then the following statements are

equivalent:

(a) x* is an optimal path.

(b) The variational problem has an equivalent convex problem in the following
sense: for the original Lagrangian there is a locally convexified Lagrangian L
such that for every subinterval [a, ] C [a,b) there is a 6 > 0 with the property
that L(-,-,t) is strictly convex on the ball K (z*(t),&*(t),8) for all t € [a,T].

(¢) The variational problem has an equivalent convex problem (in the sense of (b))
employing a quadratic supplement.

(d) For every subinterval [a,T] C [a,b) there is a 6 > 0 with the property that
(z*(t), #*(t)) is a pointwise minimum of L(-,-,t) on the ball K (z*(t),i*(t), )
forallt € [a,T].

(e) The Legendre—Riccati condition is satisfied on [a, D).

(f) The Jacobi matrix equation has a non-singular and self-conjugate solution on
[a,b).

(8) a has no conjugate point in (a,b).
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9.8 Stability Considerations for Variational Problems

For many classical variational problems (Brachistochrone, Dido problem, geometrical
optics) the optimal solutions exhibit singularities in the end points of the definition
interval. A framework to deal with problems of this kind is to consider these singular
problems as limits of “well-behaved” problems. This view requires — aside from a
specification of these notions — certainty about the question whether limits of the
solutions of the approximating problems are solutions of the original problem.

We will now apply our stability principles to variational problems and at first only
vary the restriction set.

Continuous convergence of variational functionals requires special structures. If
e.g. the variational functionals are continuous and convex, then by Remark 5.3.16 the
continuous convergence already follows from pointwise convergence.

We will now show that from standard assumptions on the Lagrangian L the conti-
nuity of the variational functional on the corresponding restriction set follows, where
the norm on C'![a, b]™ is defined as the sum of the maximum norm of 4 and 3

HyHCl = HyHmax + HyHmax~

Let in the sequel U ¢ R?™*! and let M = {z € C[a, b]™ | (x(t), &(t),t) €UVt €
[a, b]}. Then the following theorem holds (compare [35]):

Theorem 9.8.1. Let L : U — R be continuous. Then the variational functional

b
z— f() ::/ Lx(t), &(t),t) dt

is continuous on M.

Proof. Let the sequence (z,) C M and x € M and let

nl;ngo |z — x| =0, 9.9
hence by definition (z,,, &,,) — (x, &) uniformly on C|a, b]™. Uniform convergence
implies according to Theorem 5.3.6 continuous convergence, i.e. for ¢, — % it fol-
lows that (xy,(ty,), Tn(tn), tn) — (2(to), Z(to), to). From the continuity of L on U it
then follows that

L(zp(tn), Tn(tn), tn) — L(x(to), Z(to), to)-

Let now @, := L(xy,Tp,) : [a,b] — Rand ¢ := L(x,4,-) : [a,b] — R, then
©n, and @ are continuous on [a,b] and we conclude: (¢,,) converges continuously
to . Again by Theorem 5.3.6 uniform convergence follows. Therefore L(zy,, &y, -)
converges uniformly to L(x, z, -), whence f(z,) — f(z). O
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We obtain the following stability theorems for variational problems:

Theorem 9.8.2. Let V. C R*™ and U := V X [a,b] be open. Let L : U — R
be continuous. Let the sequence (au,, 3,) € R*™ of boundary values converge to
(o, B) € R?™,

Let further

b
f@)i= [ Llatt).ite).0) at

S:={xe M|z(a) =, 2(b) = §},
Spi={x € M|z(a) = an, x(b) = Bn}.
Then every point of accumulation of minimal solutions of the variational problems

“minimize f on S,” is a minimal solution of the variational problem “minimize f on

S”.

Proof. According to theorems (Stability Theorem 5.3.19 and Theorem 9.8.1) we only
have to verify

lim S, = S.
Let foreachn € N

Of—an"‘ﬁn_ﬁ
b—a ’

Cp = dp = ap — . —Cp - a,

then
t—=o(t) i=t-cp +dy

converges in C'1)[a, b]" (w.r.t. the norm ||| ;1) to 0. Let z € S.
By Lemma 9.3.1 (see also [35], p. 28) we have for sufficiently large n € N

Ty =+ v, €M,

and hence by construction z,, € S,,. Apparently (z;,)nen converges to . Therefore
lim, S, O S.

On the other hand, uniform convergence also implies pointwise convergence at the
end points, whence lim,, . S,, C S follows. Since lim,, o S, D lim,, S,, we obtain

lim S, = S.

n—00

The assertion follows using the stability Theorem 5.3.19 and Theorem 9.8.1. m|
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As an example we consider

9.8.1 Parametric Treatment of the Dido problem

We consider the following version of the Dido problem, which in the literature is also
referred to as the special isoperimetric problem (see Bolza [12], p. 465). We choose
Bolza’s wording:

Dido problem. Among all ordinary curves of fixed length, connecting two given
points P and P>, the one is to be determined which — together with the chord P, P, —
encloses the largest area.

This general formulation requires a more specific interpretation. In a similar man-
ner as Bolza we put the points P, % on the x-axis, symmetrical to zero and maximize
the integral (Leibniz’s sector formula, s. Bohn, Goursat, Jordan and Heuser)

1

b
fo) =5 [ (i~ vy ©0.10)

under the restriction
b
Gla.y)i= [ VETPd =t 2(@) = ~a. o) = a. v(a) = y0) =0
a

where o, / € Ryo (2a < {) are given. Along the chord P; P, the integrand is equal
to 0 (y = ¢ = 0), since [Py, P»] lies on the x-axis. Hence also for the closed curve,
generated through the completion of (x, y) by the interval [P}, P;| we have

fa) = [ (e yi) di + / i i) di = / (i yi) dt.

Py

Discussion of Leibniz’s Formula. For arbitrary “ordinary” curves it is debatable,
what the meaning of Formula (9.10) is. For all (z,) € C)[a,b]? (resp. (x,y) €
RCSV[a, b]?) the integral is defined (and for counterclockwise oriented boundary
curves of normal regions in fact the value is the enclosed area) but we avoid this
discussion and maximize f on the whole restriction set

S = {(z,y) € CVa,b]" | x(a) = Pr,x(b) = P2, Gla,y) = £}
As a first step we show that Formula (9.10) is translation invariant for closed curves.

Lemma 9.8.3 (Translation invariance). Let piecewise continuously differentiable func-
tions (z,y) € (RCSW|t,, t,])? be given with x(ty) —z(t,) = 0 and y(ty) —y(ts) = O.
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Let the translation vector (r1,12) € R? be given and (u,v) = (x + 71,y + 72) the
closed curve (x,vy) shifted by (r1,7172). Then

t t
/ (xy —yz)dt = / (u® — va)dt.
ta ta

Proof. Apparently . = 2, v = y and hence

ty ty tp tp
/ (w0 + vu)dt = / (xy — yz)dt +ry / ydt — 7“2/ Zdt.
ta ta tq ta

The curve is closed, i.e. x(t,) = x(tp), y(ta) = y(tp), Whence

/tbydt:y(tb)—y(ta):O and /tb;vdt—x(tb)—x( ) =0,

and hence the assertion. O

Leibniz’s sector formula is meant for closed curves. Therefore we have extended
the curves under consideration (which will be traversed in counterclockwise direction)
by the interval (—c«, o). The curve integral in Formula (9.10) is homogeneous w.r.t.
(2, 9) and hence independent of the parameterization.

For our further treatment we choose the parameterization w.r.t. the arc length. Since
the total length of the closed curve is given by ¢ + 2, we have to consider piecewise
continuously differentiable functions (z,y) € (RCSV(0, £ 4 2a])? with 22 + ¢ = 1
on the interval [0, ¢ 4 2.

On the subinterval [¢, ¢ + 2a/] the desired curve runs along the z-axis and has the
parameterization y = O and ¢t — x(t) ==t — £ — «.

Apparently s ,
(0%
/ (zy —yx)dt = / (zy — yx)dt
0 0

holds, since the integral vanishes on [¢, £ + 2a/].
If the restriction set is shifted parallel to the z-axis by 5 € R, then due to Lem-
ma9.83foru:=zxandv:=y+

{+2a {42
/ (u> — vit)dt = / (w3 — yib)dt.
0 0

On [/, ¢ + 2a] we have v = /3 and hence

{2 Z+20¢
/ (w0 —vu)dt = —B/
L

= u(l 4+ 2a) —u(l)) = =B(a+ a) = —2ap.
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(2
/ uv — vudt
0

¢
/ ut — vudt
0

differ for all (u, v) only by the constant (independent of u and v) 2a0.
Therefore we obtain: if a minimal solution of f on the unshifted restriction set is
shifted by (0, 3) then it is a minimal solution of f on the shifted restriction set .S.

Therefore the integrals

and

9.8.2 Dido problem

We will now deal with the Dido problem using a parametric supplement. We are
looking for a curve, which — together with the shore interval [Py, P»] — forms a closed
curve and encloses a maximal area. Let £ be the length of the curve.

We want to determine a smooth (resp. piecewise smooth) parametric curve

(z,y) :[0,¢] — R?

with preassigned start («, 0) and end point (—c, 0), which maximizes

0
flay) = /O () — dy)dt, ©.11)

where the parameterization is done over the length of the curve, i.e. for all ¢ € [0, /]
we have

22 (t) + 92 (t) = 1. (9.12)
Let0 < a< %. The restriction set is given by
S = {(z,y) € CV0, 0 |&* + ¢ = 1,2(0) = a,x(¢) = —a, y(0) = y(£) = 0}.

We now apply the approach of pointwise minimization (see Theorem 9.1.7) to the
supplemented functional f + A, with the supplement

¢
Az, y) = / (r(@? +§%) = A& — 0y — Az —ny) dt, 9.13)
0
for A, and r € C(V[0, 7].

As soon as A, 7 and r are specified, the supplement A is constant on S.
For the corresponding Euler-Lagrange equation we obtain

d
Zri—y) =3 9.14)
i(%y +x) = —i. 9.15)

dt
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Together with Equation (9.12) we obtain for r = % and the boundary condition

«a = 0 the parameterized circle as an admissible extremal

2(t) = —rsin <i> y(t) = r(l — cos (i)) 9.16)

But the function f 4+ A is not convex. We shall try to treat this variational problem
by use of successive minimization for a quadratic supplement. The minimization will
essentially be reduced to the determination of the deepest point of a parabola. For
a suitable supplement we choose a function y € C' (1)(0, ¢l and ar € R, leading to
a quadratically supplemented functional f

4
Fla) = [ i =+ r(2 4 ) 0+ i)+ 300G+ O17

(see Section 9.3). For the supplemented Lagrangian L we then obtain

5 1.
L(p.q,t) = p1a> — p2qi +7(q7 + @3) + p(t) (pra1 +p2) + Eu(t)(p? +p3). (9.18)

Minimization w.r.t. ¢ = (q1, ¢2) for fixed p (successive minimization) of the convex
quadratic function

g (@ +g3) + (u(O)pr — p2)ag1 + (p1 + p(t)p2) g2, (9.19)

setting the partial derivatives w.r.t. ¢; and ¢, to zero, leads to the equations

— u(t
Ptpr —pr +2rq =0 ie. g = Z%T()pl. (9.20)
and .
P+ 2rgp+ ppr =0 e gp = — 2 +2‘;( P2 9.21)
Insertion into Equation (9.18) yields
—(u(t)p1 — p2)? — (p1 + p(t)p2)* | 1.
w(p) = O P RO L2 4
r 2
() + DI +p3) 1.
== o T+ pd)
1/ WO+, 5, o
=3 (M(t) T (p1 + p2)-
If now 1 is chosen such that the following ODE
2
1
=t 9.22)

2r
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is satisfied on all of (0, £), then W is constant equal to zero and every p € R? is a min-
imal solution of . The Differential Equation (9.22) (ODE with separated variables)
has a general solution of the form

(t) = tan t-C
e = 2r )’
where C is a constant.

We can try to choose C' € R, € R> in a suitable way and put C' := g However,

J(t) = tan (; (i - w)) 9.23)

is a solution of Equation (9.22) on the open interval (0, ¢) but y has a singularity at
t =/, i.e. for the original problem the convexification fails (at least in this manner).
We now consider the situation for r > %. Using the formulae

s sin s 1 —-coss
s—tan| <= | = = - s
2 1+ coss sin s

if we choose r := %, then

and z(t) = p1,y(t) = p2,& = ¢ and § = ¢ we obtain with Equations (9.20)
and (9.21) by direct insertion the following candidate for an optimal solution:

x*(t) = rsin (t—?aC*) and y*(t) = r(l + cos <t—rC)>

If we succeed in choosing the constants C' and 7 in such a way that (z*, y*) is inside
the restriction set and y is defined on the whole interval [0, ¢], then we have found the
optimal solution.

We want to make the domain of definition for p as large as possible, and in order to
achieve this we choose its center for C' := g. For the boundary condition w.r.t. z we
then obtain the equations

sin —£ = — and sin £ =
r ) = « r o = .

For0 < a < %, there is always a unique r(«) > %, to satisfy these conditions, since

forr = % we have 7 sin (%) = 0 and for r > % the mapping

r > 7sin <2€> =: ¢(r)

is strictly increasing on [%, 00). In order to compute the limit for » — oo, we intro-
duce the new variable R := -. > 0. Using the rule of de L’Hospital we obtain

1
b
- RE [ RC
sin( %= = cos( = 4
ﬁmM: 1im27(2):7_
R—0 R R—0 1 2
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Apparently lim,—,o () = %, due to the strict monotonicity and continuity of ¢.
_t
Let f(a) := y*(0) = r(a)(1 + COS(TO%))).
According to the principle of pointwise minimization (z*, y*) is a minimal solution

of the variational functional f on the restriction set, shifted by (0, 3(«))
§ = {(z,9)eCV0, 0| + §* = 1,2(0) = a, 2(0) = —a,y(0) = y(¢) = H(e)}.

Since shifting of the restriction set leads to optimal solutions (see introductory remark
to Leibniz’s formula) (z*,y*) — (0, 8(cv)) is a solution of the problem for o > 0.
Furthermore

o g
Bla) 225 5 (1 +cos(m) = 0
0
holds. Altogether we observe that the solutions for o > 0 converge for o — 0 to
the Solution (9.16) in C''[0, £]?: in order to see this, let (,,) be a sequence tending to

zero with ay, € (0, /) for all n € N and let (x,, y,) be solutions for «,,, then using
the notation r,, := r(c,) we have

() = 1 sin (t - 5/2) and yn(t) = <1 + cos <t€/2>) ~ Blan).

T'n T'n

i—r sin i —i sini—sin t
27 " Tn 27 ™ L2

14 [t R t
+7r,|l cos— +1])sin{ — | —r,sin — cos —
2ry, n 2ry, n

| (t) — x(8)] =

< ¢ + ! sin t sin f
= = ¢ —
“\2r " 2 Tn 02w
l
+ 1| c0S — + 1| + 7, | sin —|.
21, n
Since [sin ;- — sin Z/%\ < E\i — ﬁ| it follows that
max |z, (t) — z(t)| 2= 0.
te[0,¢]
Correspondingly we obtain
max |d,(t) '(t)|<€1 ! +cos£ +1+sin€ -0
X |z — T —_—— — — ,
el o 427 21y T
and in a similar manner
l 211 1
t)—yt)] <2|— — in—| +—|—— ——
[9n(t) —y()] < ‘277 Tn| o Tn) S0 27, * 2w |ry  4)2w

+

l
n -~ 1 n
Tn €OS 7= + '—Fﬁ(a )

n

— 0,
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as well as
max |y, (t) — y(t)| < cosi—i—l—i— sin—éi—iﬁ
te[0,0) Un YWl = 2r, 2rn | |t 4)27W '

According to stability Theorem 9.8.2 it follows that (9.16) is a solution of the Dido
problem.

Remark. The above stated solution (z, y) of the Dido problem is, because of the neg-
ative orientation of the curve a minimal solution (with negative ‘area’). The boundary
conditions of the Dido problem do not determine a unique solution (contrary to the
approximating problems for o > 0, the solutions of which also have a negative orien-
tation), since fixing a point on the circle does not determine its position. Interchanging
e.g. x and y also leads to a solution of the Dido problem (rotated circle by 90°), since
the ‘area’ is the same.

If one requires in addition ¥ > 0, then the opposite circle with parametric represen-
tation z(¢) = rsin(L) and y(t) = r(1 —cos(%)) is a (maximal)-solution, if we choose
the supplement

l
Alz,y) = / —r(@? + 97) — A& — ny — Az — 1y dt. (9.24)
0
For the corresponding Euler-Lagrange equations we then obtain
d
Loy —ay =i (9.26)
2y — @) =3 .

9.8.3 Global Optimal Paths

For many variational problems the end points of the curve to be determined play a
particular role. Here we often encounter singularities. Let for V' C R?™ open and
a, B € R™ the restriction set be defined as

S = {x e CW[a,b]"|z(a) = a,z(b) = B, (x(t),#(t)) € V forall ¢ € [a,b]}.

On each subinterval of the interval (a,b) the curves we are looking for are mostly
well-behaved.

In order to avoid difficulties (singularities) in the end points, we will now introduce
the following notion of optimality.

Definition 9.8.4. A z* € S is called a global optimal path, if for each 7 € [0, I’*T“)
x* is a solution of the following variational problems
b—T
Minimize / L(xz(t),z(t),t)dt
a+T1
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on the restriction set S, defined by

Sy i={x e CYa,b]" |z(a+7) =2 (a+7),2(b—7)=2"(b— 1),
(x(t),2(t) e VVte€a+T1,b—7]}.

Then the following stability theorem holds:

Theorem 9.8.5. Let L : V X [a,b] be continuous. Then every global optimal path is
a minimal solution of the variational problem

b
Minimize f(x) = / L(z(t),x(t),t)dt on S.

Proof. Let (7,,)nen be a sequence tending to zero in (0, b*Ta) andx € S.

Let a, = 2*(a + 70), by = 2*(b — 7), un(t) = (t — a)20=2n0) and o, (1) =
(t—b+ T")a(i%:rin‘

Since z(a) = x*(a) and z(b) = x*(b) the function sequences

(Un)nens (Vn)neN, (Un)nen and (0, )pen converge uniformly to 0.
For an ny € N we have by Lemma 9.3.1
Tp =2+ Uy + vy €5,

This means lim S, O S. By Theorem 5.3.20 the assertion follows. ]

9.8.4 General Stability Theorems

So far we have in our stability considerations only varied the restriction set. We will
now consider varying the variational functional. We obtain the first general stability
assertion in this context for monotone convergence (see Theorem 5.2.3).

Theorem 9.8.6. Let V C R™ x R™, L:V x [a,b] — R continuous and for all n €
N L,, : V x [a, b] X R continuous, where (Ly,),cn converges pointwise monotonically
to L. Let

W= {z € CW[a,b]™ | (x(t), i(t)) € V Vi € [a,b]},

b
FiW SR, e f(z) = / Lx(t), &(t), t) dt,

and

b
fo W =R - fi(x) = / Ly (x(t),x(t),t) dt



Section 9.8  Stability Considerations for Variational Problems 347

be defined. For a set S C W and the sequence (S, C W), en let lim
satisfied.

Then each point of accumulation of the sequence of minimal solutions of the vari-
ational problems “minimize f, on Sy,”, which is in S, is a minimal solution of the
variational problem “minimize f on S”.

Sn D S be

N—> 00

Proof. Let x € W. The sequence of continuous functions L, (x(+), 4(+), -)nen con-
verges pointwise monotonically on [a, b] to the continuous function L(x(-),Z(+),-).
The corresponding functionals are by Theorem 9.8.1 also continuous. According to
the theorem of Dini for real-valued functions on [a, b] the convergence is uniform.
Therefore f,(z) — f(z). The convergence of the values of the functionals is also
monotone. By the theorem of Dini in metric spaces (see Theorem 5.2.2) this conver-
gence is continuous. The Stability Theorem 5.3.20 then implies the assertion. |

‘We also have the

Theorem 9.8.7. Let U C R*™*! and let the sequence of continuous functions (L, :
U — R),en converge continuously to the continuous function L : U — R. Let

R:={z e CWla,0]™| (x(t),2(t),t) € U forall t € [a,b]}.

Then the sequence of functionals

b
fula) = / Lo(a(t), i(t), 1) dt

converges continuously to

on R.
Let S C R and (Sy)nen be a sequence of subsets of the restriction set of R with

lim S, O S. (9.27)

Let for each n € N x,, be a minimal solution of f,, on Sy,
Then each point of accumulation of the sequence (Ty,)nen, lying in S, is a minimal
solution of f on S.

Proof. Let z,, — x be convergent w.r.t. ||-|| 1.

We show that the sequence ¢, ‘= Ly(z,(-),Z,("),:) : [a,b] — R converges
uniformly to ¢ := L(z(-),2(:),-) : [a,b] — R. As a composition of continuous
functions ¢ is continuous. It suffices to verify continuous convergence of (©p,)nen,
since this implies uniform convergence.
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Lett, € [a,b]beatot € [a,b] convergent sequence, then
(@n(tn), n(tn), tn) = (x(t), £(1), 1).
Since the functions L,, : U — R converge continuously to L : U — R, we have
Ln(@n(tn), n(tn), ta) “—— L(z(t), (t), ).

Uniform convergence of (¢,)nen to ¢ implies continuous convergence of the se-
quence of functionals (fy,)nen to f.
The remaining part of the assertion follows from Stability Theorem 5.3.20. m]

Remark 9.8.8. Let R be open and convex. If for every ¢ € [a, b] the subsets U; :=
{(p,q) € R*™™|(p,q,t) € U} are convex, L : U; — R is convex and the sequence of
functions (L, (-,-,t) : Uy — R),en is convex, then continuous convergence already
follows from pointwise convergence of the functionals

b
fn(m) ::/ Ln(‘r(t)vx.(t)at) dt
to b
f(@) ::/ L(x(t), #(t), 1) dt
(see Remark 5.3.16).

More generally:

Remark 9.8.9. A pointwise convergent sequence (L,, : U — R),cn converges con-
tinuously to L : U — R, if U is open and convex and for every n € N the Lagrangian
L,, is componentwise convex. The convexity in the respective component can be
replaced by requiring concavity (see section on convex operators in the chapter on
stability).

By Theorem 9.8.7 and Remark 9.8.9 we obtain

Theorem 9.8.10. Let U C R*™*! open and convex. Let the sequence of continuous
Sfunctions (L, : U — R),en be componentwise convex and pointwise convergent to
L:U—R
Let
R:={z e CWla,b]™| (x(t),2(t),t) € U forall t € [a,b]}.

The sequence of functionals

b
fulz) = / Lo(x(t), i(t). £) dt
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converges continuously to

on R.
Let S C R and (Sy)nen be a sequence of subsets of the restriction set R with

lim S, O S.
n

Let for every n € N x,, be a minimal solution of f,, on Sy,
Then each point of accumulation of the sequence (xy)nen, which is in S, is a
minimal solution of f on S.

As an example for the above stability theorem we consider

9.8.5 Dido problem with Two-dimensional Quadratic Supplement

We treat the problem: minimize the functional (which represents the 2-fold of the
negative Leibniz formula)

flz) = / T st st (9.28)
on ’
S = {z = (z1,22) € CV[0, 27| |&]| = 1, 21(0) = z;(27) = 1,
22(0) = x(2m) = 0}.

As supplement we choose a sum of a parametric and a (two-dimensional) linear sup-
plement, i.e. for a positive p € C'1)[0, 27] and A € C(V[0, 27]? let

2 1 .
Az) = / <2p l&))* = AT — acTA) dt, (9.29)
0

which is equal to the constant 27 fozﬂ p(t)dt — X\ (2m) + A1(0) on S.
According to the approach of pointwise minimization we have to minimize the
function below for fixed ¢ € [0, 27|

] .
(p.q) —~ ¢'(p.q) == —p1g2 + p2q1 + Ep(t)(qf +@3) = N'(t)g —p" A1) (9.30)

on R*. A necessary condition is that the partial derivatives vanish. This results in the
equations

a1 — M(t) 9.31)

—qo — A (t) = 0; =0
0; —p1 + p(t)q2 — Ma(t) = 0. (9.32)

P2+ p(t)qr — Mi(t)



350 Chapter 9 Variational Calculus

Just as Queen Dido, we expect the unit circle as the solution with the parameterization
x7(t) =cos(t) and x5(t) = sin(t)
and we obtain the following equations for specification of p and A

A1(t) = — cos(t), Ma(t) = —sin(t)  (9.33)
sin(t) — p(t) sin(t) = A\ (¢), —cos(t) + p(t) cos(t) = Aa(t). (9.34)

For p = 2 and A(t) = (— sin(t), cos(t)) these equations are satisfied. But the function
f + A is not convex and the Conditions (9.31) and (9.32) do not constitute sufficient
optimality conditions.

In order to obtain those, we will now employ the approach of convexification by a
quadratic supplement.

For C' = (9 7,') and a p € R~ we will now (for fixed ¢ € [0,27]) try to convexify

) 10
the function

|
¢'(p,q) =" Ca+ 5pllal®

using a quadratic supplement.
In other words, we attempt to find a continuously differentiable matrix function

Q:[0,27] = R* x R?
such that for all ¢ € [0, 27| the function
1 1 -
R*3 (p,q) = ¥(p,q) = —pi2 + @2 + 5 lall + a" Qp + 50" Qp,

is convex, where p = (p1, p2) and ¢ = (q1, ¢2)-
The quadratic supplement function E : R? x R? x [0, 27r] — R we choose to be of
the form (compare Section 9.3)

(p.q,t) = E(p,q,t) = ¢" Q(t)p + %pTQ(t)p,

where @ = pf witha p € C[0,27] and T is the 2 x 2-unit matrix.
Then @ = ;] and for all ¢ € [0, 27]

1 1.
o'(p,q) + E(p,q,t) = p" Cq + quTq +q"Q(t)p+ EpTQ(t)p-
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This function is convex on R? x R?, if and only if for all (p, q) € R* the Hessian

matrix . c
H'(p,q) = (CQTQ ;;Q)

is positive semi-definite.
According to Lemma 9.3.2 this is the case, if and only if

Mw:qw—;0+mmﬂc+mm

is positive semi-definite. We have

= (40,0) (1040 (40 )
1
<
p

This matrix is positive semi-definite, if

mw—;u+M@»zo

holds.
The differential equation of Riccati-type
1 2
fr=—(1+p")
p

has for p > 2 on all of [0, 27] the solution fu,(t) = tan(*-7).

But for p = 2 we observe that i (t) = tan(’5%) is only defined on the open interval
(0,2m).

For a complete solution of the isoperimetric problem we need the following stability
consideration:

Let (pn)nen be a sequence in (2, 00), converging to 2. Based on the above consid-

erations we will establish that for every n € N the variational problem

Loa@+iddt (P

27
Minimize f,(z) :/ (—x1d2 + woq + >
0

on

&,:{xecmazwwwcﬂkazw)Hinzl,xm):(LOL

o= (o () ()}




352 Chapter 9 Variational Calculus

has a minimal solution

Fis () = <cos (Z) sin (Z;))

At first we observe that x,, is an extremal of (P,), since for the Euler-Lagrange
equations we have

Pn1 + T2 = —In (9.35)
Pny — T = 1. (9.36)

The extremal is a solution, because the problem (P,) has an equivalent convex varia-
tional problem w.r.t. the supplement potential

F,(t,p) = p" Qup,

On(t) = (“”O(t) S )

where

and pu, (t) = tan(%:r).
Moreover, for each € S the function

s ) —x(t>+2t7r(—1+cos (Z)’Sm (iﬁ»

is an element of .S,,.
Apparently lim,, o 3, = « in C''[0,27]? and hence lim, S, D S. Let

27
folz) ;:/0 (—z1@y + 2oy + 47 + 23)dt.

Apparently f and fy only differ by a constant on S. The functions f,, and fj are
by Theorem 9.8.1 continuous. The corresponding Lagrangians are componentwise
convex and pointwise convergent. The stability Theorem 9.8.10 yields that xz(t) is
solution of the original problem, since the sequence (x,) converges in C'[0,27]?
tox.

9.8.6 Stability in Orlicz—-Sobolev Spaces

Definition 9.8.11. Let 7' C R" be an open set and p the Lebesgue measure and let
w(T) < oo, let ® be a Young function. Then the Orlicz—Sobolev space W™ L® (1)
consists of all functions u in L®(p), whose weak derivatives (in the distributional
sense) D%u also belong to L®(1). The corresponding norm is given by

[ullme == max [[D%l|q).
0<]al<m
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W.r.t. this norm W™ L® (1) is a Banach space (see [2]).

Theorem 9.8.12. Let T' C R" be an open set and i the Lebesgue measure and let
u(T) < oo, let @ be a Young function, satisfying the AS°-condition. Let J be set of
all mappings
L:TxRxR"—=Rx

satisfying the following properties:

(a) forall (w,z) € R x R™ the mapping t — L(t,w, z) : T — Rx( is measurable

(b) forallt € T the mapping (w, z) — L(t,w,z) : R x R™ — R is convex

(c) thereis a M € Rxq such that for all (t,w,z) € T x R x R"

L(t,w,z) < M<1 + @ (w) + iz:d)(zi))

holds.

Then the set
F = {f ’ 3LeJ: f:W'L®(u) = Rso,u — f(u) :/TL(t,u(t),Vu(t))du(t)}

is equicontinuous.

Proof. Due to (b) F' is a family of convex functions. For each f € F' and each
u € WHL® (1)

0< flu) < /TM(I +®(u) +Z¢(Diu)du = M<N(T) + f®(w) +Z f‘l’(DZ—u)>
i=1 i=1

holds. If w is in the W'L®(y)-ball with radius R, then ||u||@) and ||D;ul/@) < R
fori =1,...,n. The modular f® is because of Theorem 6.3.10 bounded on bounded
subsets of L (1), i.e. there is a K € R such that

fu) < M(u(T) + (n+ 1)K).

Therefore F is uniformly bounded on every ball of W!L® () and according to The-
orem 5.3.8 equicontinuous. |

Existence results for variational problems in Orlicz—Sobolev spaces can be found
in [8].
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9.9 Parameter-free Approximation of Time Series Data by
Monotone Functions

In this section we treat a problem that occurs in the analysis of Time Series: we deter-
mine a parameter-free approximation of given data by a smooth monotone function in
order to detect a monotone trend function from the data or to eliminate it in order to
facilitate the analysis of cyclic behavior of difference data (“Fourier analysis”). In the
discrete case, this type of approximation is known as monotone regression (see [13],
p. 281.).

In addition to the data themselves, our approximation also takes derivatives into
account, employing the mechanism of variational calculus.

9.9.1 Projection onto the Positive Cone in Sobolev Space

b
Minimize / (v —x)*+ (0 — i)*dt on S,
a

where S := {v € RCS'[a, b] |9 > 0}.

Linear Supplement. Let F'(¢,p) = n(t) - p, then

d L .
ﬁF(', v(-)) = Fy + F, - v = nv +no.

Using the transversality conditions for free endpoints: n(a) = n(b) = 0, we obtain
that the supplement is constant on S

b
/ i + nodt = [n(t)v(t)]2 = 0.

Let L(p. q) := L(p,q) —7p — ng = 3(z —p)* —ip + 3(& — g)* — ng. Pointwise
minimization of L w.r.t. p and ¢ is broken down into two separate parts:

1. min{%(m —p)? —np|p € R} with the result: 7 = p — =
2. min{3(% —q)* —ng|q € Rxo}.
In order to perform the minimization in 2. we consider the function

1

=@ - q9)* — ng.

¥(q)
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Setting the derivative equal to zero, we obtain for ¢ := = + 7
Yg=q-t-—n=qg-c=0.

For ¢ > 0 we obtain a solution of the parabola .

For ¢ < 0 we have ¢ = 0 because of the monotonicity of the parabola to the right
of the global minimum.

For ¢ > 0 we obtain the linear inhomogeneous system of linear differential equa-

SR DIONG)

For ¢(t) = &(t) + n(t) < 0, this inequality holds, because of the continuity of ¢, on
an interval I, i.e. v(t) = 0 on I, hence. v(t) =  there. We obtain 7(t) = v — z(t) on
I, 1i.e.

n(t) — n(ts) = / (y — 2(r))dr = (t — 1) / £(r)dr.

t t

Algorithm (Shooting Procedure)

Choose v = v(a), notation: ¢(t) = &(t) + n(t), note: n(a) = 0.
Start: c(a) = &(a).

If 2(a) > 0 then set t; = a, goto 1.

If #(a) < O then set ty = a, goto 2.

1. Solve initial value problem

ny (01 i -z
()= (o) () + ()
with the initial values 7(t1),v(¢;), for which we have the following explicit
solutions (see below):

n(t) = (v(t1) — x(t1)) sinh(t — t1) + n(t1) cosh(t — t)
v(t) = z(t) + (v(t1) — z(t1)) cosh(t — ¢1) + n(t1) sinh(t — ¢;).

Let to be the first root with change of sign of ¢(t) such that ¢y < b, goto 2.

2. n(t) = v(to)(t —to) — fti x(7)dT + n(to). Let t; be the first root with change
of sign of ¢(¢) such that t; < b, goto 1.

For given v = v(a), this algorithm yields a pair of functions (7, v, ). Our aim is, to
determine a + such that 7),(b) = 0. In other words: let v — ¢(7y) := 71(b), then we
have to solve the (1-D)-equation ¢(~y) = 0.
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Solution of Differential Equation in 2. Let U(¢) a fundamental system then the
solution of the (inhomogeneous) system is given by

V() =U() / t U~ (r)b(r)dr + U(t)D

ty

where D = U~!(t;)V(t;). In our case we have the fundamental system
cosht sinht
ult) = ( sinht cosht )’

U-l(t) = < co§ht —smht)’

and hence

—sinht cosht

which yields (using corresponding addition theorems)

B ([ cosh(t —7) sinh(t — )
UnU(r) = ( sinh(t —7) cosh(t — 1) > |

We obtain
vo= [ (S0 e ) (G )
(St ) ()

n(t) = / &(7) sinh(t — 7) — (1) cosh(t — 7)dr

t
+ n(ty) cosh(t — t1) + v(ty) sinh(t — 1)

u(t) = / &(7) cosh(t — 7) — () sinh(t — 7)dr

t
+ n(ty) sinh(t — t1) 4+ v(t;) cosh(t —t;).
The integrals can be readily solved using the product rule
n(t) = [z(7) sinh(¢t — 7)];, + n(t1) cosh(t — t1) + v(t;) sinh(t — ¢;)
v(t) = [z(7) cosh(t — 7)];, + n(t1) sinh(t — ¢1) + v(t;) cosh(t — t;).
We finally obtain the following explicit solutions
n(t)
v(t)

(v(t1) — «(t1)) sinh(t — t1) + n(t1) cosh(t —t;)
x(t) + (v(t1) — x(t1)) cosh(t — t1) + n(t1) sinh(t — ).
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Existence. If we minimize the strongly convex functional f(v) := ff(v —z)? +
(0 — &)*dt on the closed and convex subset .S of the Sobolev space W, [a, b], where

S = {v € Wj,[a,b] [0 > 0}, then, according to Theorem 3.13.5 f has a unique
minimal solution in S. But the proof of Theorem 9.9.3 carries over to the above
problem, yielding that both v and 7 are in C'[a, b].

9.9.2 Regularization of Tikhonov-type

In practice it turns out that fitting the derivative of v to the derivative & of the data has
undesired effects. Instead we consider the following problem:

1 /b
Minimize f,(v) := 2/ a(v —2)? + (1 + a)i*dt

on the closed and convex subset .S of the Sobolev space Wzl,l [a, b], where
S:={ve Wzlyl[a, bl| v > 0}.
Let L(p, q) := L(p,q) —np—ng = az(x —p)* —ip+ 5(1 +a)¢* —ng. Pointwise
minimization of L w.r.t. p and ¢ is broken down into two separate parts:
1. min{al(z — p)> —np|p € R} with the result: 7 = a(p — x)

> —nq|q € Ro}.
In order to perform the minimization in 2. we consider the function

2. min{HTaq

1+«
v(g) = — 7 —nq.

Setting the derivative equal to zero, we obtain for ¢ := 7

Yg=(1+a)g—n=(1+a)g—c=0.

For ¢ > 0 we obtain a minimal solution of the parabola .

For ¢ < 0 we have ¢ = 0 because of the monotonicity of the parabola to the right
of the global minimum.

For ¢ > 0 we obtain the inhomogeneous system of linear differential equations

()=(5) ()« (57)

For ¢(t) = n(t) < 0, this inequality holds, because of the continuity of ¢, on an
interval I, i.e. 0(t) = O on I, and we obtain v(¢) = ~ there. Hence 7)(t) = a(y—x(t))
onl,i.e.

t

n(t) —n(t) = a/ (v —z(r))dr = ay(t —t;) — a/ x(7)dT.

t t
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Algorithm (Shooting Procedure)

Start: Choose v = v(a) # z(a), notation: c(t) = n(t), note: ¢(a) = n(a) = 0.
Putt; = a, if v > z(a) goto 1, else goto 2.

1. Solve initial value problem

(2)=(55) ()= (%)

with the initial values 7(¢;), v(¢,), for which we have the following solutions:

n(t) = —« /tx(r)coshﬁ(t —T1)dT

t

+n(ty) cosh B(t —t1) + v(t;) B sinh B(t — t;)
t

v(t) = —% x(7) sinh B(t — 7)dr
t
+ gt sinh 3(t — 1) + o(ty)cosh B¢ — 1),
where 5 := 1%{ (see below).

Let £y be the first root with change of sign of ¢(t) such that ¢y < b, goto 2.

2. n(t) = av(ty)(t—ty) —« ft T)dT+n(to). Let ¢ be the first root with change
of sign of ¢(¢) such that t; < b goto 1.

For given v = v(a), this algorithm yields a pair of functions (7, v,). Our aim is, to
determine a ~y such that 7, (b) = 0. In other words: let v — ¢(y) := 14(b), then we
have to solve the 1-D equation ¢(y) = 0 (see discussion below).

Solution of the Differential Equation in 2. Let U(¢) be a fundamental system then
the solution of the (inhomogeneous) system is given by

V(t)=U(t) /t U~Yr)b(r)dr + U(t)D,

t

where D = U~1(¢,)V (t,). For the eigenvalues of

(4:0)
0

we obtain 5y » := £, /1%, resulting in the following fundamental system:

[ Bcosh gt Bsinh 3t
ut) = ( sinh 5t  cosh 5t >
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and hence 1 B B g
B cosh 8t —[3sinh 5t
U~'(t) = B (_sinhﬁt f cosh Bt )

which yields (using corresponding addition theorems)

B cosh3(t — 1) [Bsinh3(t —7)
unu(r) = <ésinh5(t—7') cosh B(t — 7) >

We obtain
o= [ (st S ) (757

( cosh B(t — t1) BSinhB(t—tl)) <77(t1)>
%sinhﬁ(t—tl) cosh B(t — t1) )

1.e.

t
n(t) = —a/t x(7)cosh B(t — 7)dT

+n(t1) cosh B(t —t1) + v(t1)Bsinh B(t — t;)
=3 tlt x(7)sinh B(t — 7)dr

+ ;n(tl) sinh 3(t — t1) + v(t1) cosh B(t — t1)).

Discussion of Existence, Convergence, and Smoothness. We minimize the convex

functional
1

b
fa(v) == 2/ a(v —z)? + (1 + a)i?dt

on the closed and convex subset .S of the Sobolev space I/Vi1 [a,b], where S := {v €
Wzly 1la,b]| v > 0}. For f, we have the following representation:

1 [t
falv) = 5 / (a(v? + 9% = 2vz 4 22) + 0*)dt.
The convex functional
1 b
fv) = 3 / (v + 0* — 2uz + 2?)dt

is apparently uniformly convex on W21 1la, b], since

| 1
f(u : U) = 3 (f) + £@) = gl = vl oy
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Let further g(v) := % f; v?dt, then apparently f, = af + g. By the Regularization

Theorem of Tikhonov-type 8.7.2 we obtain the following statement: Let now «,, be a
positive sequence tending to zero and f,, := a, f + g. Let finally v,, be the (uniquely
determined) minimal solution of f,, on S, then the sequence (v,) converges to the
(uniquely determined) minimal solutions of f on M (g, S), where M (g, S) apparently
consists of all constant functions (more precisely: of all those functions which are
constant a.e.). On this set f assumes the form

b b
flw) = ;/ (v* = 2vx 4 2°)dt = ;/ (v — z)*dt.

The minimal solution of f on M (g, S) is apparently the mean value

1 b
= t)dt.
p b_mlxu

We now turn our attention to solving the (1-D)-equation ¢(v) = 0.
We observe fort > a

;sinh B(t—a)= /at cosh B(t — 7)dr,

hence for v = v(a) and t; = a:

(@) If v > (1 4+ o) max x(¢) then n(t) > 0 for all t > a, since
t 52
n(t) = a/ (aﬂy - m(7)> cosh B(t — 7)dr,

and %2 = 1-%04 We conclude ¢(y) = n(b) > 0.
(b) If v < minx(¢) then n(t) < 0 since

mw:a/kv—MﬂmT

for all t > a, hence ¢(y) = n(b) < 0.

The decision whether 1. or 2. is taken in the above algorithm can be based on the
equation /) = a(v — z), in particular: 7(a) = a(y — z(a)).

In order to establish the continuity of the function ¢ we consider the following
initial value problem for the non-linear ODE system

n=alv—u1)

_ L n+nl
l+a 2
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for n(a) = 0 and v(a) = =y, which — for non-negative 7 — corresponds to the above
linear system, whereas for negative 1 the second equation reads v = 0. The right-
hand side apparently satisfies a global Lipschitz condition. Due to the theorem on
continuous dependence on initial values (see [59]) the solution exists on the whole
interval [a, b], both v and 7 belong to C''[a, b] and depend continuously on the initial
conditions, in particular n(b) depends continuously on . Since 7(b) changes sign
between v > (1 + «) max z(¢) and vy < min x(¢) there is a 7o such that for v(a) = o
we have n(b) = 0, where 7y can be determined e.g. via the bisection method.

Remark 9.9.1. The above smoothness result is essentially a special case of Theo-
rem 9.9.3.

The question remains, how a positive trend in the data = can be detected. We define:

Definition 9.9.2. x does not contain a positive trend, if the monotone regression, i.e.
the minimal solution of h(v) := % fab(v —x)2dt on S is the constant function identical
to the mean value p.

Apparently, in this case the minimal solution of f,(v) = % f; alv—z)? 4+ (1 +
a)v?dt on S is also equal to  for all a > 0.

In other words: the existence of a positive trend can be detected for each positive «.
The corresponding solutions can also be obtained via appropriate numerical methods
applied to the above non-linear ODE system.

An Alternative Approach

We minimize the convex functional
e 2 2
9o (V) =3 (14 a)(v—2a) + av-dt
a
on the closed and convex subset .S of the Sobolev space W2171 [a,b], where S := {v €

Wil [a,b] | © > 0} under the assumption that h(v) := 3 ff(v — x)%dt has a minimal
solution on .5, the monotone regression. For g, we have the following representation:

b
ga(v) 1= % / (a(v® + 0% = 2vz + %) + (v — x)?)dt.

As was pointed out above, the convex functional

1 b
fv):= 2/ (v + 9% — 2vz + 2?)dt

is uniformly convex on W217l [a,b]. Let () be a positive sequence tending to zero,
then due to Theorem 8.7.2 the sequence (z,,) of minimal solutions of g, = ga,
converges to the monotone regression.
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9.9.3 A Robust Variant

We can modify the functional f,, in the spirit of robust statistics by introducing a
differentiable and strictly convex Young function ®

b
fa(v) := / a®(v —x) + %bzdt

using the same linear supplement as above we obtain the following initial value prob-
lem:

N =ad (v—21)
. _ ]
YT

for n(a) = 0 and v(a) = ~. If @ is twice continuously differentiable with bounded
second derivative, then the right-hand side satisfies a global Lipschitz condition. In
particular this results in a continuous dependence on initial conditions.

Let v > maxz(t). Since © > 0 we have v > ~ hence n(t) = af; ' (v(1) —
x(7))dr > O for all @ < ¢t < b, in particular n(b) > 0.

If v < minz(t) =: p, thenn(a) = a®’(y—x(a)) < 0. Hence there is a non-empty
interval (0, 7) such that 77(¢) < 0 on (0, 7). Let ry be the largest such r and suppose
ro < b. Then n(t) < 0 on (0,79), thus © = 0 on (0,79), i.e. v(t) = v on [0,79). But
then 7(t) = a®'(y — z(t)) < ad®'(y — p) < 0 forall t € [0,79), hence 7(ry) < 0
and there is an € > 0 such that 7)(rg + €) < 0, a contradiction.

We conclude: 7(b) < 0 for v < minz(t). Due to the continuous dependence on
initial values the intermediate value theorem again guarantees the existence of a 7,
such that n(b) = 0.

Now we consider the convergence question for & — 0:

Since 7y, € [minz(t), max x(t)] there is a convergent subsequence v, := V4, —
Y- Let y, = (vn, nn)T be the sequence of solutions obtained for each «,, then
according to the theorem (Folgerung B.2 in [59])

—a Qn —a
\WMﬂ—%@WSVm—%WMt)+77??¢WM0—$@M@Mt)—U
where yo = (vo,70)” is the solution of
n=20
o ]
2

for the initial conditions n(a) = 0 and v(a) = 7. Apparently n9(t) = 0 for all
t € [a,b], hence ©p = 0 on [a, b] and thus vo(t) = ~o. Hence (v,,n,)? converges to
(70,0)" in (Cla, b]).
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But v, — vy also in C'[a,b]: we have n,(t) = ay, f(f @' (v, (1) — x(7))dr and
hence

t b
o (£) 0 ()] < an / @ (0 (7) —(r))|dr < / @ (0 (7) —2(r)) dr < nC,

a a

since {|®' (v, — x)|} is bounded.
Now, our theorem on second stage solutions 5.6.2 yields that vy is a minimal solu-
tion of

b
f) ::/ O(v(1) —x(1))dT on M(g,S),

with g(v) := % f;(i))zdt. Apparently M (g, S) consists of all constant functions.

Since @ is strictly convex, the strictly convex function \ +— fab ®(\ — z(7))dT has a
uniquely determined solution \g. Hence A\g = 7o, and this holds for every convergent
subsequence, thus 7, —+as0 Ao and v, — vo = A in C'[a, b].

We have thus proved the following existence and convergence theorem:

Theorem 9.9.3. Let @ be a strictly convex and twice continuously differentiable
Young function with bounded second derivative. Then the problem

b
1
Minimize fqo(v) := / ad(v —x) + Ev}zdt on S :={veCa,b]|v>0}

has a unique solution v,, € S for each o > 0.
For a — 0 we obtain vy, — vg = Ao in C! [a,b], where \g is the uniquely deter-
mined minimal solution of the function \ — f; DO\ — z(7))dr.

Remark 9.9.4. The proof above also shows that the corresponding 7, of the linear
supplement belongs to C''[a, b].

9.10 Optimal Control Problems

In contrast to variational problems we cannot assume that the controls « are in C(T").
For convex-concave Lagrangians we obtain the following assertion about equiconti-
nuity of the corresponding functionals:

Theorem 9.10.1. Let (T, %, ) be a finite measure space, where T is a compact set.
Let J be a family of mappings L : R" x R™ — R, satisfying the following properties:

(@) L(p,-) : R™ — R is convex for all p € R"
(b) L(-,7) : R" — R is concave for all r € R™
(¢) L(p,r) < M(1+>_D(r;)) forallp € R*,r € R™
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where @ is a Young function, satisfying the AS°-condition. Let V' be an open convex
subset of (C(T))" and U an open convex subset of (L®(1))™ then the family F of all
Sunctions f 1V x U — R with

flz,u) = /L(x,u)du with L € J

is equicontinuous, provided that F' is pointwise bounded from below.

Proof. Let Uy C U be open and bounded. Let x € V and u € Uy, then (see Theo-
rem 6.3.10) there is a constant K, such that

fz,u) = /TL(x,u)du < M/T (1 + i@(uﬁ)du
i=1

< M)+ 'Y [ o)
=1

= Mu(T) + MY fO(ui) < Mu(T) +m- K.

i=1

In particular f(z,-) is continuous for all x € V. Moreover, the family F' is point-
wise bounded. On the other hand —L(-,7) : R™ — R is convex and hence contin-
uous according to Theorem 5.3.11 for all » € R™. Let now z,, — z in (C!(T))",
then as in Theorem 9.8.1 L(x,,u) — L(x,u) uniformly, hence [, L(x,,u)dy —
J7 L(x, u)dp, ie. f(-,u) continuous on V for all w € U. With Theorem 5.4.9 the
assertion follows. m|

For convex-concave Lagrangians pointwise convergence already implies pointwise
convergence of the corresponding functionals using the theorem of Banach—Steinhaus:

Theorem 9.10.2. Let (T, %, 1) be a finite measure space, where T' is a compact set
and let ® be a Young function, satisfying the AS°-condition.

Let the sequence (Lyi)ken of mappings Ly : R™ x R™ — R have the following
propetrties:

(@) Li(p,-) : R™ — R is convex for all p € R"

(b) Li(-,7) : R™ — R is concave for all r € R™

(©) Li(p,r) < M(1+ > ®(r;)) forallp € R",r € R™
(d) Li(p,r) —k—oo Lo(p, ) forall (p,r) € R™ x R™.

Let V be an open subset of (C(T))"™ and U an open subset of (L®(11))™ then the
sequence (fi, : V xU — R)pen with fi(x,u) == [, Ly(x,u)du converges pointwise
10 fo(z,u) == |5 Lo(x,u)dpu.
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Proof. Letu € (L®(u))™ be a step function, i.e. u := > 5, a;xp, with i_; T, =T
and T; N T = () for i # j, then

fu(z,u) = kz A Laa(0), )
Let gyi = — [ L(2(t), ai)dp(t), then

i 2 g = = [ Io(a®).00dn(t)
holds, since —Lg(+, a;) is convex and hence according to Theorem 5.3.6 —Lg(-, a;)
— koo —Lo(+, a;) continuously convergent and therefore (— Ly (x(+), a;)) on T; also
uniformly convergent.
In all we obtain fx(x,u) — fo(z,u). Using the theorem of Banach-Steinhaus
5.3.17 the assertion follows. i

9.10.1 Minimal Time Problem as a Linear L'-approximation Problem

A minimal time problem is obtained if the right end point of the time interval can be
freely chosen, and we look for the shortest time 7, such that via an admissible control
the given point ¢ € R™ with ¢ # 0 is reached from the starting point.

If the function f(z) = ||z(b) — c||? is viewed in dependence of b, we look for the
smallest b, such that a minimal solution with minimal value O exists. In particular
we encounter optimal controls which are of bang-bang type. This is specified more
precisely in Theorem 9.10.5.

An important class of such problems can be treated by methods of linear L'-ap-
proximation. Let RS[0, 7| denote the set of all piecewise continuous functions, such
that the right-sided limit exists. Let K, := RCS([0, 7], X, := RS[0, 7]" and

Qr ={ue X, ||lu®)<l,ie{l,...,m},t€[0,7]}. (9.37)
Let A € RS[0,00)"*", B € RS[0, 00)™*™. Let further

R ={ue X; |Fx e K;Vt€[0,7]: 2(t) = A(t)x(t) + B(t)u(t),
xz(0) =0, z(7r) = c}. (9.38)

The minimal time problem (MT) is now posed in the following form:
Minimize 7 under the condition Q,; N R, # 0. (9.39)
If the vector space X is equipped with the norm

[ullr = sup{[wi(®)] [ i € {1,...,m}, t €[0,7]} (9.40)



366 Chapter 9 Variational Calculus

then @, is the unit ball in the normed space (X, || - ||-). In particular for those 7 with
Q- N R, # () we have

w(r) = inf{[|ull, | v e R} <1, (9.41)

and for 7 with @, N R, = () we obtain for all u € R ||u|l; > 1 and hence w(7) > 1.
We will now attempt to prove that for the minimal time 7

w(m) =1 (9.42)

holds.

A sufficient criterion will be supplied by Theorem 9.10.6.

Let H be a fundamental matrix of the ODE in (9.38), where H (0) is the n-th unit
matrix. Then the Condition (9.38) using Y (t) := H(7)H '(t)B(t),i € {1,...,n}
can be expressed in the form of n linear equations

/TYi(t)u(t)dt =¢ forie{l,...,n}, (9.43)
0

where Y] is the ¢-th row of Y.
Using the above considerations we arrive at the following problem:
Find a pair (7, u*) with the following properties:

u* is an element of minimal norm in

Sr:={u € X, | u satisfies Equation (9.43)}, (9.44)

and
u*]| = 1. (9.45)

In order to draw the connection to the above mentioned approximation in the mean,
we will reformulate for each 7 the optimization problem given by Equations (9.43)
and (9.44). Since ¢ # 0, there is a ¢;, # 0. In the sequel let w.l.o.g. ip = n. Then
Equation (9.43) can be rewritten using the functions

Z:=Y,/c, and Zi::Y;—ﬂYn fori e {1,...,n—1} (9.46)
c

n

as
/TZi(t)u(t)dt—O, ic{l,. . n—1), /TZ(t)u(t)dt—l. 9.47)
0 0

In addition to the problem

Minimize |||, under the Conditions (9.47) (D1)
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we consider .
Maximize ¢, (u) :—/ Z(t)u(t)dt (D2)
0

under the conditions

/Zi(t)u(t)dt:O fori€{l,....n—1}and Jull, = 1.  (9.48)
0

Remark 9.10.3. One can easily see that problems (D1) and (D2) are equivalent in the
following sense:

If W is the maximal value of (D2), then 1/W is the minimal value of (D1) and a
up is a solution of (D2), if and only if ug/W is a solution of (D1).

We will now establish that problem (D2) can be viewed as a dual problem of the
following non-restricted problem in R~ !

T n—1
Minimize @, (g, ..., 0n_1) = / HZT(t) — Z o ZE ()| dt (P1)
0 =0 1
on R"~!, where || - ||; denotes the norm p — Y"1, |p;] in R™.
Apparently we have for all p,oc € R™
m m
szﬂi < (lgégnbﬂ) Z |pil. (9.49)

i=1

Remark 9.10.4. (P1) is a problem of approximation in the mean, treated in Chapter 1
form = 1.

The following theorem holds:

Theorem 9.10.5. The problems (P1) and (D2) are weakly dual and (P1) is solvable.
If a* is a solution of (P1) and if each component of h = (hy,...,hy)" = ZT —
Z?:_ll ot ZL has only finitely many zeros in [0, 7, then a solution u* of (D2) can be
constructed in the following way:

Leti € {1,...,m} fixed, and let {t; < ... < ty} the zeros with change of sign of
the i-th component h; of h. Let tg := 0, ty11 := 7 and

{1, if hy on [0, 1) non-negative
g 1=

—1, otherwise.
Then the following componentwise defined function
up(t) = ;(—1)77", fort€[tj_1,t;), j€{l,..., k+1} (9.50)

is a maximal solution of (D2), and - (u*) = @ (a*) holds, i.e. the problem (D2) is
dual to (P1).
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Proof. Let a = (ay,...,a,1) € R"! and let u satisfy Equation (9.48). With
Equation (9.49) we obtain

et = [ 2o = [ (20 §Iazz )Juttya

g/OT <Z(t)—riaiZ¢(t)>ut) dt
< ['|7o- zpz
< /OT ‘ZT(t) —:;Zlaizf(t) ldt: o (a), 9.51)

and hence weak duality has been established. According to the theorem of Weierstrass
(P1) has a minimal solution o*. Due to the Duality Theorem of Linear Approximation
(see Theorem 3.12.4) problem (D2), extended to the space (L>°[0,7]™, || - ||+), has a
solution % with ||@||; = 1 and

/ Zi(®)a(t) =0 forallic {1,....,n—1}.
0

Apparently (L*°[0,7]™, | - ||-) is the dual space of (L'[0,7]™, [ [|=(t)]|1dt) (see
Theorem 7.6.3). For @ the inequality corresponding to (9 5 1) is satisfied as an equality.

In particular
e (1) = /O BT (#)a(t)dt = /0 (i |h¢(t)|> dt
i=1

n—1

> @izl ()
i=1

From the above equality it follows that & = u™* a. e. , for

/OT h(t)Ta(t)dt = /OT (Zm: |hi(t)|)dt _ /OT Bt (1) dt.
i=1

For assume there is Ty C [0, 7] with u(7Tp) > 0 with @(t) # w*(t) for all ¢ € Ty.
Then there is

dt = - (a™). (9.52)

hig (8)0i5 (£) < [hig (8)] = hig (£)uz, (¢)
forall t € Ty \ N,,, where N;, denotes the zeros of h;,(t). Hence

AmwMNW<AUWMM

leading to a contradiction, since |h(t)Ta(t)| < Y1, |hi(t)| for all t € [0, 7].
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Therefore u* satisfies the Condition (9.48). Since u* € RS0, 7], u* is a solution of
(D2), for which ¥~ (u*) = ¢, (a*) holds, i.e. (D2) is dual to (P1). O

We obtain the following sufficient criterion for minimal time solutions:

Theorem 9.10.6. Let 7o be such that a minimal solution o« of (P1) has the value
n—1 _x

on(a*) = 1 and each component of h := Z1 — Y7 a: ZT has only finitely many
zeros. Then 1y solves the minimal time problem and the function u* defined by (9.50)
is a time-optimal control. By

t
x*(t) ::/O Y(s)u*(s)ds forallt € [0, 7] (9.53)

a time-optimal state-function is defined.

Proof. LetT < 79. Then
T T0
r iz or(a®) = /O 1h(s)llids < /O I(s)lids = 1

holds. Let c; be a minimal solution of ¢, then 7 := ¢, (a;) < r. Let u® = u* (0,7
be a solution of (D2), then according to Theorem 9.10.5 we obtain

Ur(u’) = pr(ar) =77 < 1.

By Remark 9.10.3 we recall u° is a solution of (D2) with value 7 if and only if iuo
is a solution of (D1) with value % More explicitly: for all w € R,

L<1/r; = HI/TTUOHT < |lul|~,

but then 1/ rrul ¢ -, and hence 7 < 7y cannot be a minimal solution of (MT). O

Example 9.10.7. We consider the control of a vehicle on rails. We want to arrive at
the point ¢ = (1,0)7 in the shortest possible time. The ODE system in this situation
is given by

Ty =x and I =u, (9.54)
ie. A= (J})and B = (9). A fundamental matrix H with H(0) = E is immedi-
ately obtained by H (¢) = (|} {). For the inverse H~'(t) = (") holds. This leads

(DGO (- ()

Y (t) =7 —t and Yz(t) =1. (9.55)

i.e.
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Using (9.45) and (9.46) we have Z = Y| and Z; = Y. For problem (P1) we obtain
in this case minimize -, on R, where

70
O () :—/ |70 — t — «|dt.
0

According to the characterization theorem of convex optimization it is necessary and
sufficient that for all h € R

70
0 < (a,h) = h/ sign(o — t — a)dt
0

holds. For a = 7/2 we have [, sign(79/2 —t)dt = 0. Hence o = 79/2 is a minimal
solution of (P1) with value W = Tg /4. From requirement W = 1 the minimal time
70 = 2 follows.

The function 79 — t — 79/2 = 79/2 — t changes sign at ¢ = 1. By (9.50) the control

1 fort € [0,1)
wit) = {—l fort € [1,2] ©:30)

2 (t) == /Ot <2 | 5) u*(s)ds.

Due to Theorem 9.10.6 the pair (x*, u*) is the solution to our problem.
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